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ABSTRACT: A simple modeling approach was developed to
calculate colloid adhesive parameters for chemically heterogeneous porous media. The area of the zone of electrostatic
inﬂuence between a colloid and solid−water interface (Az) was
discretized into a number of equally sized grid cells to capture
chemical heterogeneity within this region. These cells were
divided into fractions having speciﬁc zeta potentials (e.g.,
negative or positive values). Mean colloid adhesive parameters
such as the zeta potential, the minimum and maximum in the
interaction energy, the colloid sticking eﬃciency (α), and the
fraction of the solid surface area that contributes to colloid
immobilization (Sf) were calculated for possible charge realizations within Az. The probability of a given charge realization in Az
was calculated using a binomial mass distribution. Probability density functions (PDFs) for the colloid adhesive parameters on
the heterogeneous surface were subsequently calculated at the representative elementary area (REA) scale for a porous medium.
This approach was applied separately to the solid−water interface (SWI) and the colloid, or jointly to both the SWI and colloid.
To validate the developed model, the mean and standard deviation of the interaction energy distribution on a chemically
heterogeneous SWI were calculated and demonstrated to be consistent with published Monte Carlo simulation output using the
computationally intensive grid surface integration technique. Our model results show that the PDFs of colloid adhesive
parameters at the REA scale were sensitive to the size of the colloid and the heterogeneity, the charge and number of grid cells,
and the ionic strength.

■

INTRODUCTION

A variety of surface integration techniques have been
developed and utilized to account for the inﬂuence of
microscopic physical and/or chemical heterogeneity on
interaction energies.10,11,15,18−21 For example, the grid surface
integration (GSI) technique utilizes known solutions for
particle interactions between two parallel plates to compute
the interaction between a particle and a heterogeneously
patterned surface.13 The plane and particle surfaces are
discretized into small, equally sized, elemental areas to capture
desired features on the surfaces. Each elemental area can be
assigned a diﬀerent surface charge and/or Hamaker constant.
The GSI technique calculates the total interaction energy on
the particle by summing the contribution on each of the
discretized surface elements over the entire particle surface.
Some researchers have attempted to explicitly account for the
inﬂuence of microscopic heterogeneity on colloid transport and
retention in trajectory simulations.15,22 Determination of the
forces and torques that act on colloids in these trajectory
simulations requires full knowledge of the ﬂow ﬁeld, the
heterogeneity, repeated surface integration calculations, and

Interaction energies between particles (clays, metal oxides,
humic substances, nanoparticles, and microorganisms) and
environmental surfaces play a critical role in colloid transport,
retention, release, and aggregation that is of great importance in
many environmental and industrial processes. The interaction
energy of particles with the solid−water interface (SWI) and
the stability of particle suspensions is commonly quantiﬁed
using theory developed by Derjaguin−Landau−Verwey−Overbeek (DLVO).1,2 Standard DLVO calculations employ
information from measured or estimated zeta potentials of
particle suspensions and the SWI that at best reﬂect only the
net electrokinetic properties of the particle and the SWI.3
These DLVO calculations do not account for intrinsic surface
microheterogeneity on the SWI and particle that can generate
localized regions where the interaction is favorable, even
though the medium’s average interaction is unfavorable.4,5
Thus, there are more retention sites for negatively charged
particles when the SWI is coated with clay particles, which
might have patch-wise surface heterogeneities due to
isomorphic substitutions, and/or metal oxides.4,6−8 Nanoscale
heterogeneities have often been implicated in observed
attachment under unfavorable conditions.9−17
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on its spatial location and distance from the SWI. However, only a
small portion of the SWI contributes to the interaction energy at any
particular location and this is referred to as the zone of electrostatic
inﬂuence.15 The area of the zone of electrostatic inﬂuence (Az, L2)
depends on the colloid size and the double layer thickness as15

very small spatial grid sizes and time steps. Although these
simulations have provided valuable information on the role of
microscopic physical and chemical heterogeneity in colloid
transport and retention, limitations also exist. For example,
detailed information about the distribution of microscopic
heterogeneity is generally not available, so simpliﬁed random
representations are typically considered. Furthermore, colloid
trajectory simulations over heterogeneous surfaces are very
computationally intensive. This is especially true when the
surface heterogeneity varies temporally with changes in solution
chemistry as a result of processes such as protonation/
deprotonation of hydroxyl groups, adsorption of diﬀerent
ions, and organics. Consequently, colloid trajectory simulations
over heterogeneous surfaces have been limited to the pore-scale
and to constant solution chemistry conditions.15,22
Continuum models average heterogeneous ﬂow and transport properties that occur at the pore-scale over a
representative elementary volume (REV) or area (REA) to
obtain eﬀective lumped parameters. Continuum models are
therefore much more computationally eﬃcient than trajectory
models, and are commonly employed to simulate colloid
transport, retention, and release at larger spatial and temporal
scales,23−25 and for temporally variable solution chemistry
conditions.26,27 Colloid adhesive parameters that inﬂuence
colloid retention and release in a porous medium at the REV
scale include the colloid sticking eﬃciency (α) from ﬁltration
theory28 and the maximum solid phase concentration of
retained colloids (Smax) in the Langmuirian blocking model.29
In addition, microscopic heterogeneity at the REA scale will
produce adhesive parameter values that are not single valued,
but rather associated with a probability density function (PDF).
Methods to determine the inﬂuence of microscopic chemical
heterogeneity on the PDF of α and Smax are still lacking.
Consequently, continuum models frequently require optimization of adhesive parameters to experimental data.26,27
The overall objective of this research is to overcome some of
the outlined limitations by developing a simpliﬁed model to
account for the inﬂuence of microscopic chemical heterogeneity
on colloid adhesive parameters for continuum models.

■

Az ≅

4πrc
κ

(1)

where rc [L] is the colloid radius and κ [L−1] is the Debye−Huckel
parameter. Note that the surface charge can be heterogeneously
distributed within Az. The value of Az can be therefore discretized into
a number of equally sized cells to account for this charge
heterogeneity. The total number of cells (Nt) is determined by the
ratio of Az to the area of the heterogeneity size (Ah, L2). Each cell is
associated with a zeta potential (and/or Hamaker constant) of type 1
(e.g, negative zeta potential value) or type 2 (e.g., positive or less
negative zeta potential).
As the colloid moves along the microscopically heterogeneous
surface diﬀerent numbers of type 1 and 2 cells occur within Az. Each
spatial location on the SWI constitutes a realization of the microscopic
heterogeneity. The mean zeta potential within Az (ζ, mV) is easily
determined as

⎛
N ⎞
N
ζ = ⎜1 − 2 ⎟ζ1 + 2 ζ2
Nt ⎠
Nt
⎝

(2)

where N2 is the number of cells associated with type 2, and ζ1 (mV)
and ζ2 (mV) are the zeta potentials associated with types 1 and 2,
respectively. Bendersky and Davis21 found that GSI results for the
mean dimensionless (divided by the product of the Boltzmann
constant, kB, and the absolute temperature, TK) interaction energy (Φ)
on heterogeneous surfaces were not consistent with the use of mean
values of ζ because of the nonlinear dependence of Φ on ζ. However,
these authors found that a linear combination of the dimensionless
interaction energies associated with type 1 (Φ1) and type 2 (Φ2) cells
provided good agreement with GSI results. The mean value of Φ
within Az is therefore determined as

⎛
N ⎞
N
Φ(h) = ⎜1 − 2 ⎟Φ1(h) + 2 Φ2(h)
Nt ⎠
Nt
⎝

(3)

where h is the separation distance. Values of Φ1 and Φ2 were
calculated using DLVO theory and a sphere-plate assumption.1,2
Electrostatic double layer interactions were quantiﬁed using the
expression of Hogg et al.30 using ζ1 and ζ2 in place of surface
potentials. The retarded London−van der Waals attractive interaction
force was determined from the expression of Gregory.31
Mean values of ζ, Φ(h), the energy barrier height (Φmax), and the
depth of the secondary minimum (Φ2 min) were calculated for possible
charge distribution realizations (N2 = 0,1,...Nt) within Az using eqs 2
and 3. The particular location of the type 2 cells within Az was not
needed to determine these statistically mean values.21 Conditions are
unfavorable for attachment within Az when Φmax > 0 and favorable
when Φmax = 0. The value of Φ2min may be greater than zero under
unfavorable conditions, but Φ2min = 0 under favorable conditions.
DLVO theory assumes that the depth of the primary minimum
(Φ1min) is inﬁnite. However, it may be possible to included non-DLVO
interactions (e.g., Born repulsion) in eq 3 to produce a ﬁnite value of
Φ1min.
Equation 3 indicates that attachment conditions will depend on the
values of N2 and Nt=Az/Ah, as well as properties that inﬂuence Φ1 and
Φ2. When the left-hand side of eq 3 is set equal to zero the critical
value of N2 to achieve favorable attachment conditions (N2crit) can be
determined as:

THEORY

Modeling the Inﬂuence of Chemical Heterogeneity on the
SWI or Colloid. Figure 1 presents a schematic of a homogeneous
colloid interacting with a SWI having microscale charge heterogeneities. The interaction energy that the colloid experiences depends

Figure 1. Schematic of a homogeneous colloid interacting with a
heterogeneously charged SWI. The area of the zone of electrostatic
inﬂuence (Az) depends on the colloid size and the double layer
thickness.

N2crit =

NtCΦ
1 + CΦ

(4)

where CΦ is a constant given as:
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Φ1(hmax )
Φ2(hmax )

equivalent to these same charge heterogeneity realizations. Additional
information is needed to determine the PDFs for these adhesive
parameters on a chemically heterogeneous porous medium at the REA
scale. If the total fraction of type 2 sites is known on the SWI at the
REA scale of a porous medium (Ps) and the charge heterogeneity is
randomly distributed as shown in Figure 1, then the probability for the
occurrence for each charge realization (Prob(N2)) within Az is
obtained from the binomial mass distribution as:

(5)

and hmax is the distance that corresponds to Φmax. Favorable
attachment conditions (Φmax = 0) occur within Az when N2 ≥ N2crit,
whereas conditions are unfavorable (Φmax > 0) when N2 < N2crit.
However, only truncated values of N2crit contribute to the number of
favorable categories in the PDF because N2 is an integer.
Calculated values of Φ2min or Φ1min (Φmin) within Az are used to
determine the corresponding resisting (adhesive) torque (Tadhesion,
ML2T−2 where M, L, and T denote units of mass, length, and time,
respectively). The value of Tadhesion = lxFA, where lx (L) is the lever arm
and FA (M L T−2) is the pull-oﬀ adhesive force that is required to
mobilize a colloid from Φmin.32 Derjaguin and Langbein approximations may be used to estimate FA as (ΦminkBTK)/h.33,34 Some
researchers have assumed an empirical value of lx to account for
friction arising from surface roughness and/or chemical heterogeneity.15,35 Alternatively, theory by Johnson, Kendall, and Roberts
(JKR) may be used to estimate lx as a result of resistance due to
deformation at separation36,37 for colloid attachment under favorable
or unfavorable conditions.34,38−42 We have therefore chosen to
estimate lx from the JKR model. Additional details about the
determination of Tadhesion are available in the literature.39,42
The fraction of the solid surface area that contributes to colloid
immobilization (Sf) can be linearly related to Smax.43 Values of Sf were
determined by considering the eﬀects of the velocity distribution at the
SWI in a homogeneous porous medium with Φ(h) equivalent to a
charge heterogeneity realization. The value of Sf was determined from
a torque balance by evaluating the log-normal cumulative density
function (CDF) of applied hydrodynamic torque (Tapplied, ML2T−2) at
Tadhesion as:42

Sf =

1 ⎛ ln(Tadhesion) − μ ⎞
1
+ erf⎜
⎟
⎠
2
2 ⎝
σ 2

Nt

ζ * = ⟨ζ ⟩ =

(6)

Here T50 [ML T ] corresponds to the median value of Tapplied on the
SWI. Bradford et al.42 presented a detailed approach to predict the
CDF of Tapplied on packs of smooth, spherical collectors for diﬀerent
velocities, collector sizes and colloid sizes. The value of Tapplied varies
spatially within a porous medium due to diﬀerences in the pore space
geometry. Consequently, only a fraction of the SWI may contribute to
colloid immobilization for a given value of Tadhesion. On heterogeneous
surfaces the value of Sf can be divided into contributions from a
primary (Sf1) and secondary (Sf2) minimum as Sf = Sf1 + Sf2. When
Φmax = 0 the value of Sf1 = 1 (or eq 6) and Sf2 = 0. Conversely, when
Φmax > 0, the value of Sf1 = 0 and Sf2 is determined by eq 6.
Values of α were determined to predict the eﬀects of colloid
diﬀusion in a homogeneous porous medium with Φ(h) equivalent to a
charge heterogeneity realization. The kinetic energy method44−46
estimates the fraction of colloids that will diﬀuse over the energy
barrier (α1) and the fraction that will interact with the secondary
minimum (α2) based on the kinetic energy distribution of diﬀusing
colloids as

α2 = erf( Φ2min ) −

4Φ2min
exp(−Φ2min)
π

Prob(N2) ζ(N2)
(11)

Here the superscript * is used to denote the mean value of a given
parameter at the REA scale. The variance of ζ is given as ⟨ζ2⟩ − ⟨ζ⟩2,
and the associated standard deviation is equal to the square root of the
variance.47 Similar expressions were used to determine the mean,
variance, and standard deviation of Φ2 min, Φmax, α, α1, α2, Sf, Sf1, and
Sf2 at the REA scale by replacing ζ* and ζ terms in eq 11.
The above approach assumed no charge heterogeneity on the
colloid surface. When the surface charge of the SWI is uniform, a
similar approach may be applied to a heterogeneously charged colloid
population by simply reversing the roles of the SWI and colloid. In this
case, each colloid that approaches the solid surface constitutes a
realization of the charge heterogeneity. The charge heterogeneity of
the colloid population is again quantiﬁed by the binomial distribution.
Modeling the Inﬂuence of Chemical Heterogeneity on the
SWI and the Colloid. This model may be further extended to include
the inﬂuence of a heterogeneously charged colloid and SWI after
making several assumptions. As a ﬁrst approximation, we select Az to
be the same value (eq 1) for both the SWI (cf. Figure 1) and colloid.
This implies symmetry in the electrostatic zone of inﬂuence on the
SWI and colloid. Similar to GSI calculations, a value of Ah is chosen to
reﬂect the smallest sized heterogeneity of interest on either the SWI or
colloid. The determination of the mean value of Φ(h) within Az is now
a linear combination of four values of Φ (instead of two in eq 3) as

(7)

⎞
4ΔΦ
exp(−ΔΦ)⎟
π
⎠

∑
N2 = 0

2 −2

⎛
α1 = 1 − ⎜erf( ΔΦ ) −
⎝

(10)

The associated PDF for ζ(N2), Φ2min(N2), Φmax(N2), α(N2), and
Sf(N2) at the REA scale of a porous medium are obtained by plotting
versus Prob(N2). It follows that the mean value of ζ on the entire
heterogeneous surface at the REA scale is given as

where μ and σ are the mean and variance of the log-normal CDF of
Tapplied. The value of μ for the log-normal distribution is deﬁned as:
μ = ln(T50)

Nt!
Ps N2(1 − Ps)Nt − N2
N2! (Nt − N2)!

Prob(N2) =

Φ(h) = f11 Φ11(h) + f12 Φ12(h) + f21 Φ21(h) + f22 Φ22(h)

(12)

Here Φ11, Φ12, Φ21, and Φ22 denote the interaction energy between
type 1 and/or 2 cells on the colloid and SWI. The values of f11, f12, f 21,
and f 22 reﬂect the fractions of type 1 and 2 cells on the colloid and
SWI as
⎛
N c ⎞⎛
Ns ⎞
f11 = ⎜1 − 2 ⎟⎜1 − 2 ⎟
Nt ⎠⎝
Nt ⎠
⎝

(13)

N2c ⎛
Ns ⎞
⎜1 − 2 ⎟
Nt ⎝
Nt ⎠

(14)

⎛
Nc ⎞ Ns
f12 = ⎜1 − 2 ⎟ 2
Nt ⎠ Nt
⎝

(15)

f21 =

(8)

f22 =
(9)

Ns2

N2c

N2s

Nt Nt

(16)

Nc2

and
are the number of type 2 sites in Az on the SWI and
where
colloid, respectively.
Mean values of Φ(h) within Az were calculated for possible charge
distribution realizations using eq 12, and Φ2 min, Φmax, α, α1, α2, Sf, Sf1,
and Sf2 were determined using the same procedures described above.
However, the total number of realizations of charge heterogeneity on
both the SWI and colloid is now equal to Nt2.

where ΔΦ = Φ2min + Φmax. The total value of α = α1 + α2. When Φmax
= 0 the value of Φ2min = 0, α1 = 1, and α2 = 0.
The above information describes the determination of mean values
of ζ, Φ2 min, and Φmax for possible charge heterogeneity realizations
(N2 = 0,1,...Nt) within Az. This information was subsequently used to
estimate α and Sf in homogeneous porous media having Φ(h)
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The probability for occurrence for each charge realization on the
SWI and the colloid at the REA scale is given by the joint binomial
mass distribution as

shown in Figure 2 are nearly identical to that reported by
Bendersky and Davis,21 providing a validation of our simpliﬁed
modeling approach on a chemically heterogeneous SWI.
Chemical Heterogeneity on the SWI. Numerical experiments were conducted to investigate the inﬂuence of chemical
heterogeneity on colloid adhesive parameters. Unless otherwise
noted all of the simulations considered below used a value of
Darcy water velocity of 0.1 cm min−1, a porosity of 0.34, a
median grain size of 360 μm, a colloid zeta potential of −30
mV, and a Hamaker constant of 4.04 × 10−21 J.
The value of Sf1* at the REA scale of a porous medium (eq
11) is controlled by the number of favorable categories in the
PDF which occur when N2 ≥ N2crit (eq 4), and the probability
of occurrence of these categories which is determined by eq 10.
Figure 3 presents values of Sf1* as a function of ζ2 when ζ1 =

⎛
⎞
Nt!
N2s
Nt − N2s
Prob(N2s , N2c) = ⎜ s
⎟
s Ps (1 − Ps)
⎝ N2! (Nt − N2)!
⎠
⎛
⎞
Nt!
N2c
Nt − N2c
⎜ c
⎟
c Pc (1 − Pc)
⎝ N2 ! (Nt − N2 )!
⎠

(17)

where Pc is the total fraction of type 2 sites on the colloid at the REA
scale. Equation 17 assumes that the charge heterogeneity on the
colloid and SWI act independently from each other.
The associated probability density functions for Φ2 min(Ns2, Nc2),
Φmax(Ns2, Nc2), α(Ns2, Nc2), α1(Ns2, Nc2), α2(Ns2, Nc2), Sf(Ns2, Nc2), Sf1(Ns2,
Nc2) and Sf2(Ns2, Nc2) at the REA scale are obtained by plotting versus
Prob(Ns2, Nc2). It follows that the mean value of Φ2 min on the entire
heterogeneous SWI and colloid surface at the REA scale, ⟨Φ2min⟩, is
given as
Nt

Φ*2min = ⟨Φ2min⟩ =

Nt

∑ ∑

Prob(N2s , N2c)Φ2min(N2s , N2c)

N2c = 0 N2s = 0

(18)
The variance of Φ2min is again given as
− ⟨Φ2min⟩ , and the
associated standard deviation is equal to the square root of the
variance.47 Similar expressions were used to determine the mean,
variance, and standard deviation of Φmax, α, α1, α2, Sf, Sf1, and Sf2 at the
REA scale by replacing the Φ2min and Φ2min* terms in eq 18.
⟨Φ2min2⟩

2

■

RESULTS AND DISCUSSION
Model Validation. Bendersky and Davis21 conducted
multiple GSI simulations (∼200) on a randomly generated
chemically heterogeneous SWI. Speciﬁc parameter values used
in these GSI simulations included ζ1 = −27 mM, ζ2 = 54 mV,
IS = 5.8 mM (κ−1 = 4 nm), rc = 500 nm, Az = 25 133 nm2, Ah =
78.5 nm2, and Ps = 0.196. The zeta potential of the colloid was
−27 mV, and the Hamaker constant equaled 5 × 10−21 J. Figure
2 presents our simulation model output for Φ* as a function of
dimensionless distance (κh) using equivalent properties for the
chemically heterogeneous SWI. The error bars in this ﬁgure
represent ±1.5 standard deviations. The value of Φmax* = 42.2
and Φ2min* = 0.5 in Figure 2. The mean values and error bars

Figure 3. Values of Sf1* as a function of ζ2 for a homogeneously
charged colloid (−30 mV) on various heterogeneously charged porous
media. Simulation properties included the following: ζ1 = −70 mV, IS
= 10 mM, rc = 500 nm, Nt = Az/Ah = 10, a Hamaker constant of 4.04 ×
10−21 J, and Ps = 0.1, 0.2, 0.4, and 0.6.

−70 mV, IS = 10 mM, rc = 500 nm, Nt = Az/Ah = 10 and Ps =
0.1, 0.2, 0.4, and 0.6. The value of ζ2 has a strong inﬂuence on
N2crit (eq 4), and thereby inﬂuences the number of categories in
the PDF that are favorable for attachment (Nt − N2crit). Step
changes in Sf1* with ζ2 are due to the presence of incremental
increases in (Nt − N2crit) after exceeding a value of ζ2 that
induces a reduction in the truncated value of N2crit. The value of
Ps determines the probability of occurrence of the favorable
categories in eq 10. Consequently, the value of Sf1* increases
with Ps for a given ζ2. Figure 3 implies that changes in solution
chemistry that inﬂuence Ps and ζ2 (e.g., cation exchange and pH
variations) are expected to inﬂuence Sf1*.
In addition to Ps and ζ2, the values of Prob(N2) (eq 10) and
N2crit (eq 4) are also functions of Nt = Az/Ah. It is worthwhile to
mention that Nt is directly related to the colloid radius and
inversely related to the solution IS as is evident in eq 1. Figure 4
presents values of Sf1* as a function of Nt when ζ1 = −70 mV,
ζ2 = 0 mV, and Ps = 0.1, 0.2, 0.4, and 0.6. The value of Sf1* is
strongly dependent on Nt, and rapidly decreases as Nt increases.
The value of Sf1* increases with Ps at a given value of Nt, and
Sf1* = Ps when Nt = 1. These trends can be explained by the
probability of the occurrence of favorable categories in the PDF
which decreases with Nt and increases with Ps (eq 10). In
Figure 4 the value of (Nt − N2crit) = 1. More complex behavior
is obtained at higher ζ2 when (Nt − N2crit) changes with Nt
(similar to Figure 3). In general, increasing ζ2 at a given Nt
produces higher values of Sf1* because of its inﬂuence on N2crit
(eq 4).

Figure 2. Simulated mean values of Φ* as a function of dimensionless
distance (κh) on a chemically heterogeneous solid−water interface.
The error bars in this ﬁgure represent ±1.5 standard deviations. Model
parameter values used in this simulations included ζ1 = −27 mM, ζ2 =
54 mV, IS = 5.8 mM, rc = 500 nm, Az = 25 133 nm2, Ah = 78.5 nm2,
and Ps = 0.196. The zeta potential of the colloid was −27 mV, and the
Hamaker constant equaled 5 × 10−21 J.
13646
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discussed above. Note that this prediction is consistent with
conventional ﬁltration theory28 that assumes colloid immobilization occurs instantaneously with collision on the SWI.
However, values of α* ≫ Sf* have been reported in the
literature for unfavorable attachment conditions.49,51 This
condition implies that colloid immobilization is not instantaneous on the SWI. Rather, colloids may interact with a porous
medium by a secondary minimum in unfavorable locations, and
become immobilized or roll on the SWI depending on the local
balance of applied hydrodynamic and resisting adhesive
torques. Rolling colloids may subsequently detach from the
SWI or encounter regions that are chemically and/or
hydrodynamically favorable for retention.40,42,52
Calculated colloid adhesive parameters for chemically
heterogeneous porous media provide additional insight on
the importance of rolling and the secondary minimum on
colloid retention. Similar to eq 2, the value of ζ* changed in a
linear fashion with Ps, ζ1, and ζ2. This trend has been
experimentally veriﬁed and is consistent with the mean
properties of the SWI.50,53 Increasing ζ* (less negative) occurs
with increasing Ps and/or ζ2. DLVO theory predicts that Φ2min*
increases with ζ*, IS, rc, and Hamaker constant. Below we
demonstrate that the value of Φ2min* can have a strong
inﬂuence on predicted values of α* and Sf*.
Figure 6 shows predicted values of α* (Figure 6a) and Sf*
(Figure 6b) with IS for Ah = 500 nm2, ζ1 = −70 mV, ζ2 = 20
mV, Ps = 0.1, and rc = 5000, 2500, 1250, 500, and 250 nm. In
this example, the value of α* = α2* and Sf* = Sf2* because α1*

Figure 4. Values of Sf1* as a function of Nt for a homogeneously
charged colloid (−30 mV) on various heterogeneously charged porous
media. Simulation properties included the following: ζ1 = −70 mV, ζ2
= 0 mV, a Hamaker constant of 4.04 × 10−21 J, and Ps = 0.1, 0.2, 0.4,
and 0.6.

Figure 5 presents values of Sf1* as a function of rc when Ah =
2500 nm2, ζ1 = −70 mV, ζ2 = 20 mV, Ps = 0.1, and IS = 2, 25,

Figure 5. Values of Sf1* as a function of rc for a homogeneously
charged colloid (−30 mV) on various heterogeneously charged porous
media. Simulation properties including the following: Ah = 2500 nm2,
ζ1 = −70 mV, ζ2 = 20 mV, Ps = 0.1, a Hamaker constant of 4.04 ×
10−21 J, and IS = 2, 25, and 100 mM.

and 100 mM. Simulated values of Sf1* increased with
decreasing rc and increasing IS. Consequently, one important
conclusion is that a given sized chemical heterogeneity will
produce larger values of Sf1* for smaller colloids and higher IS.
These trends have been experimentally observed,27 and can be
explained by the observed dependency of Sf1* on Nt = Az/Ah
(Figure 4). In particular, eq 1 indicates that values of Nt
decrease for smaller rc and higher IS. Similar to the Figure 4,
values of Sf1* therefore increase with decreasing Nt (smaller rc
and higher IS) due to an associated increase in the probability
of favorable categories in the PDF (eq 10). Interaction in the
primary minimum is expected to be independent of the
solution IS when Nt < 1.48 However, attachment in the primary
minimum may change with solution IS when Nt > 1.49 Results
shown in Figures 4 and 5 predict these trends.
The value of α1* was typically equal to Sf1* as has been
experimentally observed by Elimelech et al.50 This indicates
that α1* was controlled by the presence of favorable regions
and that there was a signiﬁcant energy barrier in unfavorable
regions. Consequently, α1* exhibited the same dependency as
Sf1* on Ps, ζ2, Nt = Az/Ah, IS, and rc shown in Figures 3−5 and

Figure 6. Predicted values of α* (a) and Sf* (b) as a function of IS for
a homogeneous colloid (−30 mV) on a heterogeneous porous
medium. Simulation properties included Ah = 500 nm2, ζ1 = −70 mV,
ζ2 = 20 mV, Ps = 0.1, a Hamaker constant of 4.04 × 10−21 J, and rc =
5000, 2500, 1250, 500, and 250 nm. In this example, the value of α* =
α2* and Sf* = Sf2* because α1* = Sf1* = 0.
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= Sf1* = 0. Similar to Φ2min*, the value of α* rapidly increases
with IS and rc. In contrast, the value of Sf* only increases with
IS as rc decreases. The value of Sf2* depends on the balance of
Tapplied and Tadhesion according to eq 6. Both Tapplied and Tadhesion
are functions of rc,39 but Tapplied decreases more rapidly
(proportional to rc3) than Tadhesion with rc. Consequently, Sf*
is larger for smaller rc, even though Φ2min* is also smaller. This
prediction is supported by the observation that α* was around
50 times greater than Sf* for nanoparticles.49,51 The predicted
trends for α1* and Sf1* were already discussed above (Figures 4
and 5). Based on this information, the values of α2* and Sf2*
are expected to dominate the determination of α* and Sf*,
respectively, at higher values of Nt = Az/Ah and for smaller
values of Ps and ζ2.
It should be mentioned that the value of Nt = Az/Ah increases
with smaller Ah, larger colloids, and lower IS. All of these factors
will directly inﬂuence Φ2min* and thus the determination of
α2*. Experimental values of α* have also been reported to
decrease with increasing water velocity.41,54 Shen et al.41
accounted for this velocity dependency by multiplying α1*and
α2* by Sf1* and Sf2*, respectively. It is clear from the above
results that Sf2* is strongly inﬂuenced by the system
hydrodynamics (increasing with decreasing rc). It is interesting
to note that Sf* was frequently found to be zero for larger
colloids (>1 μm). This suggests the importance of other factors
in controlling the immobilization of larger colloids that were
not fully accounted for in the torque balance calculations. For
example, microscopic observations and theoretical calculations
demonstrate the importance of surface roughness comparable
in size to the colloid and grain−grain contacts on colloid
immobilization in porous media under unfavorable attachment
conditions.55−58 These physical factors will inﬂuence the
calculation of applied and resisting torques that act on colloids
near the SWI.59,60 In addition, eddy zones have also been
demonstrated to contribute to colloid retention in porous
media.40,61,62
Hysteresis in Sf* with IS has been reported in the
literature.27,63,64 The above results indicate that this is likely
due to the diﬀerent dependence of Sf1* and Sf2* on IS. In
particular, colloids immobilized within a secondary minimum,
Sf2*, are expected to be reversibly retained because Φ2min*
decreases with a reduction in IS. In contrast, colloid release
from a primary minimum, Sf1*, depends on the diﬀerence in the
depth of the primary minimum and the height of the energy
barrier, and this diﬀerence needs to be less than a few kBTK for
colloids to escape the SWI via diﬀusion and/or hydrodynamic
forces. Non-DLVO forces, such as Born repulsion, need to be
considered in interaction energy calculations to achieve a ﬁnite
depth of the primary minimum that changes with IS. However,
an increase in Φmax* is actually predicted with a reduction in
solution IS. Colloids in a primary minimum are therefore
expected to be largely irreversible with a reduction in IS.
However, it should be mentioned that colloid release from a
primary minimum has been observed with cation exchange
when divalent cations are replaced by monovalent cations.65,66
In this case, it is likely that cation exchange is actually altering
the chemical heterogeneity on the SWI to eliminate some
primary minimum interactions by reducing Ps and/or ζ2.
Additional research is needed to fully resolve this issue.
Chemical Heterogeneity on Colloids and SWI. The
above simulations considered only chemical heterogeneity on
the SWI. Simulations shown in Figures 4 and 6 were rerun for
the case of chemical heterogeneity on both the SWI and the

colloid. Parameter values for the SWI were the same as in
Figures 4 and 6. In contrast, heterogeneous colloid properties
were selected to be ζ1 = −70 mV, ζ2 = 0 mV, and Pc = 0.57 to
yield a mean ζ for the colloid equal to −30 mV to be consistent
with Figures 4 and 6.
Figure 7 presents values of Sf1* at the REA scale as a function
of Nt = Az/Ah for the chemically heterogeneous colloids and

Figure 7. Values of Sf1* as a function of Nt for heterogeneous charged
colloids and porous media. Simulation properties included the
following: ζ1 = −70 mV and ζ2 = 0 mV for both the colloid and
the SWI, a Hamaker constant of 4.04 × 10−21 J, Pc = 0.57 to yield a
mean ζ for the colloid equal to −30 mV to be consistent with Figure 4,
and Ps = 0.1, 0.2, 0.4, and 0.6.

SWI. The value of Sf1* tended to be larger in Figure 7 than
Figure 4 especially for lower values of Ps, indicating that Sf1*
was strongly inﬂuenced by heterogeneity on both the SWI and
the colloid. In this case, Sf1* was determined by the probability
of occurrence of high values of Ns2 and/or Nc2 that depended on
Ps and Pc, respectively. When Ps < Pc values of Sf1* followed a
similar trend with Nt = Az/Ah because they were primarily
controlled by Pc. Conversely, when Ps > Pc values of Sf1* were
also dependent on Ps. However, it should be mentioned that
these trends also depended on the value of ζ2 (data not shown).
As discussed previously, the value of α1* follows similar trends
as Sf1*.
Figure 8 shows predicted values of α2* (Figure 8a) and Sf2*
(Figure 8b) with IS for Ah = 500 nm2, ζ1 = −70 mV, ζ2 = 20
mV, Ps = 0.1, Pc = 0.57, and rc = 5000, 2500, 1250, 500, and 250
nm. In contrast to Figure 6, the value of α1* = Sf1* does not
always equal zero in this situation. Comparison of Figures 6 and
8 reveals that α2* and Sf2* exhibited similar behavior with IS
and rc. The main inﬂuence of chemical heterogeneity on the
colloid and SWI was on the determination of Sf1* (Figure 7),
and this slightly inﬂuenced the calculated values of α2* and Sf2*.

■

CONCLUSIONS
Charge heterogeneity on the surface of porous media and
colloids is ubiquitous in natural environments, and has been
widely recognized to inﬂuence colloid retention.3−17 However,
previous attempts to account for charge heterogeneity by
surface integration techniques have been applied at the scale of
only a few micrometers because these approaches are
computationally intensive.10,11,15,18−21 A simple modeling
approach, that is consistent with ﬁndings from surface
integration techniques, was presented herein to estimate colloid
adhesive parameters on chemically heterogeneous surfaces at
the REA scale which is much more relevant for predicting
colloid transport and fate in the environment. Furthermore, this
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