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4BSTRACT

Several finite difference and Galarkin-type finite elsment solu-
tions of the one-dimensicnal saturated-unsaturated flow equation aras
presanted. Both zero-order continuous linear and first-order coantinu-
qus Hermitlan (cubic) finite element formulations are considered. It
1s concluded that the linsar (LFE) and Hermitian finite element (HFE)
schemes may cause some oscillations near the toe of the moisture front
when infiltration in dry soil is sirulated., This Ls especlally the
case when a first type (constant pressure) boundary conditicn ia
inposed'on tha aystem, ¥No such oscillaticons were observed with a
finite difference scheme (FD). By applying mass-lumping to ths time
darivative in tha linear finita slement formulation (MFE), one can alsg
effactively remove the;e undesjired oscillations. The HFE-schems always
gensrated the most accurate sclutién of the moisturae front, but at the
expense of more computat;on time. The FD- and MFE-schemes are prefarrad
when infiltration {n extremely dry soil neesds to ba simulatad. The
HFE-scheme becomes very competitive with the various zerc-order continucus
schemaes for somawhat less axtreme cises, both with respact to accuracy
and computational afficiency.

The listing of a generalized Harmitian finits slemant computar
modal (U;SATL) i3 given in 2n apvendix of this raport. The model may
be usad to simulacs moisture movemant in a one-dimensional, saturatad-

unsaturated and non-hcmogenecus scil profile. Both abrupt layering and

smoothly changing profile properties are considered in the model.
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NOTATION

a Parameter defined by Eg. (35a).

aj Entries in unknown coefficient matrix {x}.

[a) Coefficient matrix in global matrix equaticn,

b Parametey defined by Eg. (35b).

(B]) Coefficient matrix of time derivative in global matrix

equaticn.

c Parameter defined by Eq. (35c¢c}.

C, C* Specific soil meisture capacity (L-I).

Ei Value of C at i-:th node (L-l).

C Spatial distribution of C over an arbitrary element {L_l).
f Parameter defined by Eq. (354),.
{r} Right-hand side vector of glcbal matrix eguation.

h Pressure head (L).

hi Initial pressure head (L}.

hy Pressure head at x = & (L).

hO Pressure head at x = 0 (L).

; Finite element approximation of pressure head (L).

h? Estimated pressure head at i~th node and k-th iteration (L).
hz Value of pressure head at i-th node and time t (L}.

I-Ii Nodal wvalues of pressure head (L).

k Number of numerical integration points.



NOTATION (oontinued):

, .. -1
K Hydraulie conductivity (LT 7).
KA’KB Hydraulic conductivity of s0il types A and B (LT"l).
Kcl'Kls Hydraulic conductivity of clay loam and loamy sand {LT—l).
Ks Saturated hydraulic conductivity (LT-l}.
K Hydraulic conductivity distribution over an arbitrary
element (LT-l).
2 Depth of soil profile (L).
L Operator on h as defined by Eq. (1).
m Parameter defined by Eq. (39).
n Parameter in Eq. (45); alsc used for the number of equations
in the finite element solution.

(2] Global coefficient matrix for new time level.

. -1
q Volumetric f£lux (LT 7).,

, -1
q Volumetric flux at x = £ {7 7).

) -1
qo Volumetric flux at x = ¢ (LT 7).
- ~1
q Distribution of g over an arbitrary element (LT ).
[Q] Global ccoefficient matrix for old time level.
ss Specific storage coefficient (th).
Sw Degree of fluid saturation.
t Time (T).
X Vertical distance (L).

vi



NOTATION (continued):

X x-coordinate of i-th node (L).

{x} Vector of unknown coefficients.

wi Weighting factor for i-th numerical integration point.
At Time increment {T}.

&tn New time increment (T).

&to 0ld time increment (T).

Ax Nodal distance (L).

£ Porosity.

9 Volumetric moisture content.

Bi ’ initial moisture content.

82 Moisture content at x = L.

80 Moisture content at x = 0.

Eir Residual moisture content.

85 Saturated moisture content.

5 Moisture content distribution over an arbitrary element.
® Dimensionless moisture content.

By Absolute convergence criterion (L).

W, Relative convergence criterion.

£ Local coordinate.

ED Parameter appearing in definition of basis functions.
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NOTATION (continued):

Ei
&

0
b5

0 1
4057413
)

E-coordinate of i-th integration point.
General basis functions,

Linear basis functions.

Hermitian basis functions,

Weighting coefficient.
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1. INTRODUCTION

A quantitative understanding of moisture flow in unsaturated or
partly saturated soils is of considerable importance for scientists
woxking in irrigation and drainage, soil science, groundwater hydrology,
and water resources. Much literature exists today that deals with the
mathematical solution of the governing flow equation, using both
analytical and numerical techniques. In the analytical approcach the
governing equations, the analytic representation of the soil-hydraulic
properties, and the initial and boundary conditions imposed on the
simulated system are suitably simplified or approximated such that
exact or "quasi-analytical" solutions can be derived. Some typical
examples of this approach are given in the list of references (1-11).
An important advantage of the analytical approach, even if based upon
simplifying assumptions, is that its solutions often more clearly
demonstrate the fundaméntal nature of the flow processes and its
dependence upon certain flow and soil parameters. In addition, analyti-
cal solutions are invaluable tools for verifying the accuracy of
numerical solutions.

Important advantages of numerical solutions, on the other hand,
are that actual soll properties and less restrictive initial and
boundary conditions can be included in the solution procedure. Many
studies can be cited where this tool has been used tc solve the one-
dimensional unsaturated flow equation (see references 12-43), 1In
many others numerical techniques have been used for sclution of the
two~dimensional flow equation, as well as for solution of the combined

water and solute transport equations, both in one and two dimensions.



Most of the earlier studies on unsaturated flow have used finite
difference techniques for solution of the flow equation. In this
approach, one approximates the partial derivatives in the governing
partial differential equaticn by appropriate difference guotients. A
close examination of some of the cited references shows that in this
way, and depending upon the type and accuracy of the approximation,
several different schemes can be developed. In a recent review article,
Haverkamp et aZ.42 compared six of the most frequently used schemes and
found that considerable differences in computational efficiency existed
between the different formulations. Depending upon the infiltration
experiment considered, the less efficient schemes consumed up to ten
times more computer time than the more efficient ones.

Lately Galerkin and equivalent finite element technigques have
been used also to‘solve the unsaturated flow equation. In this approach
the dependent variables, such as pressure head or moisture content, are
approximated by a series of basis (or shape) functions and associated,
time-dependent coefficients. The approximating series are then substi-
tuted into the governing equations and the resulting errors ({"residuals")
minimized through the use of weighted-residual thecrems. The integral
equations derived in this way are evaluated using the finite-element
method of discretization, resulting in a set of (quasi-) linear equa-
tions which can be solved by using appropriate matrix equation solvers.
Several finite element schemes can be developed, depending upen the
type of basis functionsg used (linear, gquadratic, zero- or first-order
continucus cubic basis functioﬁs}, and the method by which the integrals

in the numerical formulation are evaluatad (closed-form or numerical



evaluation; number and type of integration points).

In this report a finite element solution of the one-dimensicnal
saturated-unsaturated flow eguation is developed which uses first-order
continuous cubic (Hermitian) polynomials as its basis functions. A

fully documented listing of the program (UNSAT1) is given at the

end of
this report. Results obtained with the Hermitian finite element scheme
are compared with those based on ("standard") finite differences and

linear finite elements. An example problem, furthermore, demonstrates

how the Hermitian finite element code can be used to study meisture

flow in non-homogeneous and layered field soils.



2. THEQRETICAL DEVELOPMENT

2.1. Governing equations

The partial differential equation governing the one-dimensional

vertical flow of moisture in a saturated-unsaturated medium is given by

SRR
Lih) 2 2% (K K) - (2

where

K is

nh is

8 is

5 is
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£ is
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5S + C) = 0 (1)

ax ot

hydraulic conductivity (LT-I)r

pressure head (L), |

volumetric moisture content,

specific storage coefficient (L-l],

porosity,

l]= N Bsw

C =e¢ :

specific soil moisture capacity (1.~ h

degree of fluid saturation,

vertical spatial coordinate (positive down) (L), and

time (T).

Equation (1) contains several assumptions. For example, it is

assumed that the air phase dynamics plays an insignificant role in the

unsaturated zone, and that as a consequence a single equation can be

used to describe saturated-unsaturated flow. The fluid density,

furthermore, is assumed to be concentration and temperature independent,

while spatial variations in the fluid density are assumed to be insignifi-



cantly small. Eguation (1) is highly non-linear, especially in the
unsaturated zone, due ko the dependency of the hydraulic conductivity,
K, the specific moisture capacity, C*, and the scil moisture content,
6, on the pressure head, h. This study does not consider hysteresis in
any of these functional relationships. The term containing Ss in (1)
is generally insignificantly small compared to C* when only an unsatu-
rated zone is considered. The coefficient of the time derivative may

then be approximated by

a8
8 * w
ESS+C_€§E._ (2)
~ g€
- <)
. . a6
Denoting the slope of the moisture content - pressure head curve (aﬁ] by
C, equation (1} becomes
3 gh 3h
= 8 el _ -0 22 (3
L{h)_ax (Kax K) cat 0 )
The initial conditior. imposed on the system is
hi{x,0) = hi(x). (4)

Any of the two following boundary conditions may be imposed at the soil

surface (x=0):

h(0,t) = h, (t} {5a)



{5b)

where qo{t) is the actual (net) flux at the soil surface (i.e., precipi=-
tation + irrigation - evaporation). Boundaxy condition (5b) can be
rearranged in terms of the pressure gradient:

ah

.a_x' =1 - qoit)/K. (SC)
x=0

Essentially the same conditions may be applied to the lower boundary of

the soil profile (x=%), i.e.
hif,t) = hﬂ,(t) (6a)

{-K %-2- + K) = qg(t) {6b)
: x=l

where qR(t) is the imposed drainage flux. If boundary condition (&h)

applies, the pressure gradient at x={ becomes

dh _
E™ =1 - q, (t) /X. (6c)

x=£

Finally, when a free draining soil profile is considered, 94 equals K at

x=£, and (6¢) reduces to

= Q. (6d)




2.2, Galerkin approzimation

Because details of the Galerkin finite element method have been

4,45

. 4 , , .
discussed at lencth elsewhere + only its basic concepts will be

reviewed here. In the finite element approach the dependent variable,

h, is approximated by a finite series of the form

It
Bix,t) = hix,t) =} 640 2 (e) (N
j=1
where the ¢j{x] are the selected basis functions and the aj(t) the
associated, unknown, time-dependent coefficients which represent
solutions of (3) at specified points ("nodes") within the domain. The
approximate solution g(x,t) converxges to the correct solution hix,t)
when n approaches infinity. Because only a finite number of hasis
functions are used in expansion (7), the residual L(gj arising when (7)
is substituted into (3) will generally not be zerc. This residual,
however, may be minimized by requiring that L(ﬁ} be orthogcnal to a set
of mutually independent weighting functions. In the Galerkin method
these weighting functions are chosen to be identical to the basis func-

tions ¢j(x) in (7}. From the definition of orthogonal functions, this

can be expressed as

2 ~
f L(h} ¢i(x) dx = 0 (i=1,...,n) (8}
0

or, with Eg. (3):

L o "
3 .3 _ . _ _3h . _



Integration by parts of the spatial derivations gives

'3 ~ de, A " ~ 2
dh i 8h N
J (K—a';—l(] 'dx—“‘*dX+J Cg‘E ¢)idx—--q¢i (10}
0 #] 0]
where
qg == (K 3% K). (11)

When the series expansion (7) is substituted into (10} the following matrix

equation results

dx
[a] {x} + ([B] {7 = 7} {12)
where

2 b, Ao,

{Aij] = JO X a;" E;_ dx (13a)
2

L el = . 9. 13b)

{xi} =a; (13c)
N 2 g a,

{Fi} = -q ¢i . + JO K p dx. (134)

The unknown coefficients ai are obtained by first evaluating the integrals
in (13) and subsequently solving (12). The approximate solution hi{x,t)
follows then directly by substitution of these coefficients into (7).

Equation (12) defines a set of n ordinary differential equations with



non~linear coefficients. A finite difference scheme may be introcduced

to approximate the time derivative in the matrix equation. Define for

that purpose the following approximations

t+lﬂl_\.t {X}t+&t - 4’X}t
= AL - {l4a)

ax
v

e L TR L ) ot (14b)

where At is the time step and w a temporal welghting coefficient
{0 £w < 1). By defining matrix Eq. (12) at the half-time level {t+hAt),
and introducing approximations (l4a) and (14b), the follewing set of n

algebraic equations results

[p] EHRbty qErbe [Q]t+’:!_\t- (x)T 4 {p)EPE (15)
where

[e] = wla] + z (8] (16a)

[o) = w-1) [a] + &2 [8]. (160)

When w=1 essentially an implicit in time (backward) finite difference
scheme results, even though the various coefficient matrices still are
evaluated at the half-time level (t+hAt). By evaluating the coefficients
at the half-time level an under-relaxation technigue is, in effect,
employed, leading to less oscillations and generally a much faster

. . . 4
convergence. Such implicit schemes were previously used by Segol 6



and Frind et aZ.47 When, on the other hand, =%, a time=-centered,
Crank-Nicolson type algorithm is obtainzd from (13) {Neumanza).

To be able to solve (15), one needs estimates of the coefficients
K and C in (13) at the half-time level (t+4At). Because these co-
efficients depend on the pressure head, it is in turn necessary to
have an estimate of the pressure head distribution, ;, at the half-

time level. For each new time step this distribution is obtained

through linear interpolation from the old distributions as follows:

~ Eal &t Fad ~
pttedt _ ft o " (nt - ntat, (17)
20t

where &to and &tn are the old and new time increments, respectively.
Because (15) is non-linear, the initial estimate must be improved by

means of an iterative process. During each iteration the most recent

distribution of Ht+&t, obtained by solving (15) and making use of (7),

is used to obtain a new estimate for the half-time level:
h = =~ (h + h). (18)

The iterative process continues until a satisfactory degree of convergence
is obtained. The criterion of convergence, in its most general form, is

given by

~

k+1 ~x S k+l
hy u PR R T TS h; (19)

~

where k represents the iteration number, and where hi = h{xi), to he

evaluated at the new time level. 1If ul equals zero, the iteration

10



~

process stops when the relative change in hi between two successive itera-

tions becomes less than pz. If, on the other hand, “2 equals zero, the

iterative process stops when the absolute change in hi between two successive

iterations becomes less than the given value of Ul'

11



&.3. Basis funetions

To facilitate evaluation of the integrals appearing in (13), the
soil profile may be subdivided inte an assemblage of subdomains or
"elements”. The basis functions ¢j(x) are then used to spatially
approximate the unknown function over each element separately. Several
sets of basis functions are available for this purpose, such as the
zero-~order continuous linear, quadratic or cubic basis functions. These
functions characteristically attain a unit value at one nodal peint of
the element, and a zero vaiue at the remaining ncdes, while they are
identical to zero outside the element considered. From this definition
it follows immediately that the integrals in (13} only need to be
evaluated once over each single element, and that the unknown coefficients
aj(t) now coincide with the values of tﬁe'dependent variable, h, at the
node for which the basis function was defined. For a linear, one-dimension-

al element, for example, Fq. (7) reduces to
at) = 0200 1ot + 6200 B (t) (20)
! 1 1 2 2

where Hl(t) and H2(t} represent the unknown pressure head values at the
two corner nodes of the element. The basis functions can be written in

. 48
terms of a local (f} coordinate system, as follows

0 _1 -
05 = F+ED By =2 1). (21)

The local coordinate, £, is defined in terms of the global coordinate

system, X, as

12



£ = o 1 (xl < x < xz) (22)

where Ax = (xz-xl} represents the nodal distance of the element.

A special class of basis functions is based on Hermitian polynomials.
If these are used, one not only solves for the values of the function
itself, but also for the values of the spatial derivatives. For example,

the approximating function h, when used in conjunction with the ¢ne-

dimensional first-order continucus cubic (Hermitian) basis functions,

becomes

A 2 1 1 aH,
hix,t) = } [¢Oj {x} 3, (£} + ¢lj(x} g;:-l(t)} (23)
j=1

with the Hermitian basis functions, in terms of the £ ccordinate, given

1 1 2 _

¢0j = - I(€+EOJ (550“21 (Eo—j}) (242)
1 Ax 2 _

¢lj = g"§0(5+50) (Eaa—l) (Ey=+1) (24b)

Figure 1 gives a graphical representation of the four basis functions

defined by (24).

13



¢ £)4

: - . , 50
Fig. 1. First-order continuous Hermitian basis functions

14



2.4. Numerical implementation

At least two approaches are pessible for evaluating the integrals
appearing in Eq. (13). One Possible approach is to expand the coeffic-
ients K and C over.each element in terms of the basis functions and the
values of K and C at: the nodes, analogous to Eg. (20) and {23). The ad-
vantages of this approach is that the integrations then need to be

carried out only once. For a linear element one hence has

2

RE) = I K o2 (25a)
k=1
2

cE) = Lo ¢(1(€) (25b)
k=1

where Kk and Ck represent the nodal values of the two coefficients. By
substituting Eq. {25a) and (25b) into (13), and using (22}, the different

coefficient matrices become

-1 (26a)
(a] = 2Ax

. + X
n-2 Kn—l Kn-—2 n-1 "n n=-1 n

- K +K

15



3C1+C2 C1+C2 ]
C1+C2 Cl+6<32+(:3 (1:2+C3
_ Ax \\\
[B] = > (26b)
Cn-2+cn—l Cn-2+6cn~l+cn cn-1+cn
hO n—l+Cn Cn—-l+3cn
s N r b
"X 7K, %
Kl*K3 0
{r} =-21- i . 5+ﬁ , (26¢)
- 0
n=2 Kn
Ka-1%%y "I
N - L o

It should be noted that in the above expansions of the coefficient matrices
the nodal distances (Ax) were assumed to be the same for all elements. If
Ax varies from element to element, the derivation of these matrices remains
essentially the same except that the resulting expressions become much more
complicated.
Another possible approach for evaluating the integrals of Eg. (13)

would be through the use of a numerical integration method (for example by
using Gaussian quadrature}. For this purpose the pressure head h is first

evaluated at each numerical integration point by using an expansion similar

le



to Eq. (20). The values of X and C at the integration points follow

then immediately from the functional relations K{h) and C{h). When
this approach is followed, the integration, obviously, must be carried
out during each iteration within each time step.

The first approach was followed in conjunction with linear finite
elements, since this approach resulted in a computationally much more
efficient scheme, while the accuracy remained épproximately the same.
Similar expansions using Hermitian basis functionsg, however, resulted
in rather poor results. Each of the following three expansions of the

hydraulic conductivity were attempted for the Hermitian finite element

scheme (similar expansions were used for C)

Method 1: Complete Hermitian interpolation.

dKl dK2 1

o 1 1 1
K{E) K, ¢01(£J + K, dloz(&:) * > ¢ll(E) o ¢12(E) (27)

Method 2: Restricted Hermitian interpolation.

K(E)

It

1 1
Ky 05y (B) + Ky 9p, (E) (28)

Method 3: Linear interpolation.

” 0 0 25
K(&) Xy ¢l(E} + K, ¢2(£) (29)

Methed 1 generated acceptable results only when extremely small values

of Ax and At were used during the calculations (Note that in (27)

Ky dhyg,

dK
(E;) must be expanded as (dh ax

Severe cscillations were generally

17



pPresent in the vicinity of the moisture front, aspecially when infiltra-
tion in dry soil was simulated., Method 2 generated fairly acceptable
results, while the computational speed for execution of several test
Problems was much faster than for method 1, However, the calculated
moisture fronts usually lagged behind the correct front, leading to
unacceptable mass balance errors. At the same time the front itself
became severely smeared, especially when simulating infiltration in dry
soil. Method 3 generated results which were consistently worse than
those cbtained with method 2 (i.e., a smeared front and large material
balance errors). Because of the poor results obtained with each of the
three expansions given above, no further attempts were made to find
closed-form integrations by means of suitable alternative expansions
for X and C over each local element.

Consequently, numerical techniques were used to evaluats the inte-
grals in (13} in the case of Hermitian basis functions. Several numeri-
cal integration schemes are available for this purpose, such as Gaussian
or Lobatto integration (see Eq. 25.4.29 and 25.4.32 of RAbramowitz and
Stegqun ~, respectively). Table 1 summarizes the different integration
schemes studied in this paper. While a Gaussian integration scheme is
probably the most accurate one for a given number of integration points,
it does not take full advantage of the properties of the Hermitian basis
functions. Inspection of these functions (Fig. 1) shows that they become
zZerg at one (¢éj) or both corner nodes (¢ij)' The computational effort
can hence be reduced by locating some of the integration points at these
nodes ("Lobatto" integraticn). The following example demonstrates this.
Using a four-point Lobatto integration scheme (k=4 in Table 1), the
following expansion for matrix [B] (Eq. l3b) results (as applied tc the

first element only).



Table 1 . List of numerical integration formula used in this study.

A. Gausstan integration.

Jl k
£(5)AE = ] w.f(E,) +E
-1 i=1  * 7

k igi W, E
1 3%
2 0.5773503 1.0000000 = £
135 _ 14
9&
1 3% ¢
3 0.0C00000 0.8888889 15755 ¢
0.7745967 0.5555556 3E
1 3¢
4 0.3399810 0.6521452 YRETEEE 5
0.8€11363 0.3478548 &
B, Lobatto integration.
1 5 k
f £(£)ag = =D [E(~1) + £(1)] + .E w E(E,) + E
-1 i=3
k _+_-Ei Wy E
-1 e
3 1.0000000 0.3333333 5 I
0.0000000 1.3333333 3
-2 e
4 1.0000000 0.1666667 36 2
0.4472136 0.8333333 3E
-1 e
5 1.0000000 0.1000000 573750 5
0.6546537 0.5444444 3E
0.0000000 0.7111111
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where the subscript k refers teo evaluation at the k-th integration
point. Similar expansions can be chtained for the remaining integrals
in (13).

An alternative finite eslement formulation may be developed based
on the lumped-mass approach. This approach was first used by Neuman28
to speed up numerical convergence when simulating infiltration into
extremely dry soil. Mass-lumping is achieved by defining the nodal

values of the time derivative as weighted averages over the entire flow

region, as follows

C ¢, dax. (31)

Application of Eq. (31) will lead to a different coefficient matrix for
the time derivative (matrix B, Eq. 13b). For example, for linear finite

elements one obtains in this way
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2Cl+C‘2 0
A
€ +AC,+C,
Ax
(8] ==
J 6 (32)
Cn—2+4cn—1+cn
-0 Cn—l+2cn

When comparing Eq. (32) with (26b) it is evident that the diagonal
entries of (32) are identical to the row sums of the entries in (26b) .
This lumping together of the row sums has been referred to as the
"lumped matrix", or “"lumped mass" approximation. Several other tech-
niques for such "lumping" are available, but these are not considered

here.

The linear finite element scheme above may be further simplified

by redefining the coefficient matrix (32) as

r&cl 0l
C2
(B8] = Ax {33)
Cn-—l
0 NC

In this way, a finite difference scheme is obtained. This is easily

verified by expanding Eg. (15) for an arbitrary i-th node:
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3. RESULTS

Two example problems will be presented in this section. The first
one concerns the often quoted field infiltration experiment by Warrick
et al.sz (see also Segcl46, Eresler53, Ungs et aZ.54, Gureghian et aZ.55).
The experiment is simulated using each of the four numerical schemes
discussed in the previous section, i.e., finite differences, linear
finite elements, mass-lumped linear finite elements, and Hermitian
finite elements. The second example describes the infiltration and
redistribution of water in a non-homogenecus (and layered) soil profile.
Results for this example were obtained with the Hermitian finite

element code (UNSATL), listed in the appendix,

3.1. Example 1: The infiltration experiment of Warrick et al.

2 . D
In this example (Warrick et aZ.S } water 1s allowed to infiltrate

into a 125 cm deep, homogeneous soil profile having the following soil-

hydraulic properties:

0.6829 - 0,09524 1n(|h|) h < -29.484

8(h) = (36a)
0.4531 - 0,02732 I1n(|h|) -29.484 < n < -14.495
19.34 107 |n| 73-40%° h < -29.484

x(h) = (36b)
516.8 || ~0-°7814 ~29.484 < h < -14.495

where the hydraulic conductivity is given in om/day and h in cm. The
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fecllowing initial and bourdary conditions are adopted

0.1500 + 0.0008333 x 0<x< 60
8(x,0) = (37a)
0.2000 60 < x < 125
h(0,t) = -14.495 (6_=0.38) (37b)
h(l25,t) = -159,19 (8,=0.20) (37¢)

The initial condition (37:z) shows that the moisture content increases
linearly between x=0 and %=60 c¢m. The equivalent pressure distri-~
bution at t=0 follows immediately from (37a) by making use of the soil
moisture retention curve (Eq. 36a).

The present example was used to evaluate the accuracy and efficiency
of the four numerical techniques discussed above, i.e., finite differences
(FD), linear finite elements (LFE), mass-lumped (linear) finite elements
(MFE) and Hermitian finite elements (HFE). Different numerical integration
nmethods were, furthermore, used to evaluate the integrals in the final
matrix eguation (Eg. 13) in the case of Hermitian finite elements. Table
2 gives a summary of the various computer runs, including a comparison of
the execution (C.P.U.) times needed to complete the simulation on an IBM
360/91 computer (execution was terminated after 0.4 days of infiltration).
Computed moisture distributions versus depth are presented in Fig. 2 - 6.
The solid line in each case represents the assumed "correct" selution,
and was obtained by using increasingly smaller spatial and time increments

until all four schemes (FD, LFE, MFE, and HFE) generated essentially the

same results.
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Table 2. Swmmary of numerisal experiments for example 1 (80=0.38

cmB/cmB).
spatial number of iteration nuber of execution
« lncrement elements tolerance time steps time
Method Ax NE TOL ISTEP -

(cm} - (cm} - {sec)

FD .30 250 .50 459 41.70
FD 1.00 125 .50 326 15.32
D 2.50 50 .50 176 3.73
FD 5.00 25 .50 108 1.44
FD 2.50Q0 50 .10 279 6,22
FD 2.50 50 .25 212 4.54
FD 2.50 50 .50 176 3.73
FD 2.50 50 1.00 l4e 3.27
FD - 2.50 50 2.50 116 2.64
D 2.50 50 .50 176 3.73
LFE 2.50 50 .50 170 3.86
MFE 2.50 50 .50 174 3.82
5Lp 5.00 25 .50 156 9,41
2GP 5.00 25 .50 132 6.60
3GP 5.00 25 .50 170 9.91
4GP 5.00 25 .50 149 10.19
4LP 5.00 25 .50 145 7.92
5LP 5.00 25 .50 156 9.41
S5LP 5.00 25 .50 156 9.41
5LP 5.00 25 1.00 133 B.52
SLP 5.00 25 2.50 105 6.89
S5LP 5.00 25 .50 156 - 9.41
SLP 7.50 17 .50 118 4.98
5LP 10,00 13 .50 94 3.30

FD = Finite Differences

LFE = Linear Finite Elements
MFE = Mass-lumped Linear Finite Elements

2GP = Hermitian Finite Elements (two Gauss points)
3GP = Hermitian Finite Elements {three Gauss points)
4GP = Hermitian Finite Elements (four Gauss points)
4LP = Hermitian Finite Elements (four Lobatto points)
SLP = Hermitian Finite Elements (five Lobattc points)
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MOISTURE CONTENT (cm3/cm3)

0.20 0.30 040
() I ) l | | L
N 90-'-0.38 -
20 -
40 - .
| ]
33 .
= distribution
I 60 -
b~
o.
L = -
(@)
801 :
L 2GP,3LP -
100 3CP, 4LP
wresenneenn 4GP
= 0000 5LP(nodal values-
correct solution
|20+ -1
A i | 1 } )
Fig. 2,

Effect of different numerical integration schemes on computed
woisture profiles, using Hermitian finfte elements (example 1).
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MOISTURE CONTENT (em3/cm3)
0 0.20 0.30 0.40

E tnitial distribution
(&
T
-
a
w F
a
80—
|00 —
120 | '
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Fig. 3. Moisture content profiles obtained with finite differences

(FD) and linear finite elements (LFE) (example 1).
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MOISTURE CONTENT (cm3/cm?)

0.20 0.30 0.40
O i | i X ;
20+ _
40 —
*é- _ . initial distribution -
2
- 60k -
—
Q n A
191
O
80 —
100 - d' —
5 X ——~-- MFE (Ax=2.5c¢m) -
-0-0-- HFE (5LP, Ax=5¢cm)
Correct Solution
IEE() [ —t
I I l | 1 :

Fig. 4, Moisture content profiles obtained with mass-lumped linear (MFE)

and Hermitian finite elements (HFE) (example 1).
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MOISTURE CONTENT (cm3 /cm3)
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1 l I ! | !

Fig. 5. Effect of nodal spacing on computed moisture profiles using
finite differences (example 1).
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MOISTURE CONTENT (cm3 /cm3)
0 0.20 0.30 040

initial distribution

DEPTH (cm)

80— Correct Solution

-

Hermitian Finite Elements

a4
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o T
(5 LP)

120 — —
i | ' ! ] |

Fig. 6. Comparison of Hermitian finite element solution (&x=10 cm)

with correct solution {example 1),
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Results obtained with the various Hermitian finite element schemes

are presented in Fig, 2. Each curve was obtained with a different numer-

ical integration scheme. Relatively poor results were generated with the

2-peint Gaussian (2GP) and j-point Lobatto (3LP) integration schemes. The
calculated distributions not only lagged considerably behind the correct
solution, but also showed scme oscillatory behavior near the toe of
the moisture fronts, especially during the early stages of infiltration.
Much better results were obtained with the 3-peoint Gaussian (3GP) and
4-point Lobatto (4LP) integration schemes. Also with these schemes,
however, the computed distributions lagged somewhat behind the correct
solution. The most accurate results were obtained with the 4-point
Gaussian (4GP) and 5-point Lobatto (5LP} integration schemes. Actually,
the 5LP-scheme generated slightly‘better results than the 4GP-scheme, even
though the execution time for this scheme was less than that for the
3GP~zcheme (see Table 2). A nearly exact duplication of the correct
solution was obtained with the S5LP-scheme, except near the toe of the
moisture front. The small cscillations present here are characteristic
for those cases where sharp moisture (and pressure) fronts are simulated.
It appears that, at least from a practical point of view, these oscilla-
tions are of minor inmportance, especially if one is aware of the numerical
reasons of their presence. Figure 2, furthermore, shows that these
oscillations are only significant during the initial stages of infiltra-
tion, and that they become smaller in amplitude when the simulation pro-
gresses in time,

Results obtained with finite differences (FD) and linear finite ele-
ments (LFE) are presented in Fig. 3, while Fig. 4 shows results obtained

with mass~lumped linear finite elements {(MFE) and Hermitian finite elements
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(HFE, SLP). A constant spatial increment Ax) of 2.5 cm was used for the
three zero-order continuous schemes (FD, LFE, and MFE), while the HFE
scheme used a Ax of 5 cm (see also Table 2). Note that the FD- and
LFE-schemes generate sclutions which deviate slightly from the correct
one, and that the computed moisture fronts become somewhat smeared in
comparison with the HFE-scheme. Results obtained with the MFE-scheme
(Fig. 4) are nearly identical to those obtained with the LFE-scheme (Fig.
5), except near the toe of the computed moisture fronts. No oscillations
were observed when mass-lumping was applied to the linear finite element
scheme, |

While Fig. 3 and 4 demonstrate that the Cl continuous Hermitian
finite element scheme generates the most accurate results, Table 2 also
shows that this scheme consumes approximately 2.5 times as much computer
time as compared to the various CO continuous schemes. The HFE-scheme -
hence does not immediately present an attractive alternative to the other
schemes, unless its relative accuracy does not change dramatically when
further increasing the element size. The effects of changing Ax on the
computed moisture distributions for FD and HFE are shown in Fig. 5 and &,
respectively. Doubling the spatial increment causes the computed front to
move further ahead of the worrect soluticn in the case of FD, while the
front itself alsc becomes more dispersed (smeared). The computer execution
time, at the other hand, decreases from 3.7 to 1.5 sec. {Table 2). A
doubling of the element size in the HFE-scheme still leads to a fairly
accurate description of the moisture front (Fig. 6), although now some
more serious oscillations do appear. The computer time in this case is
reduced from 9.4 to 3.3 ses.

The values for the execution times given in Table 2 should be viewed
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as a first approximation of the efficiency of the different schemes (no
claim is made here that each scheme was programmed in the most efficient
manner possible). The HFE-scheme uses more computer time than the other
schemes for two reasons. First of all, the HFE-scheme generates a matrix
equation in which the symmetric coefficient matrices have a full bandwidth
of seven (the half-bandwidth is four), while the bandwidth for the three
C0 continucus schemes is only three. Hence, more time is needed for
solution of the final matrix equation in the case of Hermitian finite
alements. Second, the results given here for HFE were obtained with

a simplified version of the program UNSATL, listed in the appendix.
Simplifications were possible by assuming a constant element size and a
homogenecus soil profile. The basic setup of thé program, however, was
kept intact, notably the element by element assembly of the global matrix
equation. This method of generating the final matrix equation is rather
time consuming and probably not needed when a constant element size is
present. Use of the genera. program UNSATL resulted in an execution time
of 13.7 sec., as compared to 9.4 sec. for the constant element, homogen-—
ecus profile version., Hence, the computer time when using the general
version does not seem to increase dramatically.

An accurate comparisen of the efficiency of the different schemes is
also not easy to obtain because of the many parameters affecting the final
results. The results given thus far were obtained with a Crank-Nicolson
scheme in time (W=0.5 in Eg, 14 and 16). Execution times were decreased
by approximately 30% when an implicit in time (=1.0)} scheme was used.
Computed moeisture distributions in that case, however, generally lagged
the correct solution, especially for the Co continuous schemes. Important

reductions in execution time were alsc possible by increasing the integra-
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tion tolerance parameters (ul and uz in 19}. 1In the above example ul and
uz were set to 0.5 om and 0.0, respectively. Approximately the same results
ware obtained when ul was varied between 0.1 and 2.5 cm, although in some
cases (notably for LFE and HFE) a few minor oscillations were obsarved in
the calculated curves when u2 equalled 2.5 cm,

All curves thus far were obtained for a first-type, constant pressure
boundary condition at the soil surface (Eq. 37b). Several computer runs

were alsoc made for the case where a constant flux is given, i.e., for

dh
{-K §;+ X)

]
fle}

- o (38}
where q is the prescribed flux, assumed to be 37.8 cm/day (i.e., egqual to
the hydraulic conductivity at a moisture content of 0.38 cm3/cm3).

Results for FD and HFE are presented in Fig. 7 and 8, respectively. The
so0lid line in both figures again represents the assumed "correct" solution,
and was obtained by using increasingly smaller element sizes until all
four schemes (FD, LFE, MFE, and HFE) converged to the same solution. Note
that the FD sclution now does not move ahead of the correct solution, but
that the computed moisture front still maintains a slightly dispersed
shape as compared to the correct front. Nearly identical results were
obtained for the other two zero-order continucus schemes (LFE and MFE).

The HFE-scheme again duplicated the correct solution accurately, especially
when 4 Gauss points (4GP) or 5 Lobatto points (5LP) were used for the
numerical integration. Execution times, when using a flux-type boundary
condition, were approximately 25% less than when a firstetype boundary

condition was used {(given that all other conditions remained the same; see

Table 2.
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Fig. 7. Comparison of finite differences (FD), linear finite element

(LFE} and mass-lumped finite element (MFE) solutions with

correct solution {example 1).
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Fig. 8. Comparison of various Hermitian finite element solutions with

correct solution (example 1).
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From the examples given here and several other numerical experiments
it is concluded that the FD- ard MFE-schemes will generate the most stable
solutions when a steep moisture front is present (e.g., infiltration into
a dry, coarse soil). These sclutions, however, may diverge somewhat from
the correct solutions when the simulation progresses in time, whilé the
calculated moisture front could become more dispersed (smeared out) as
compared to the correct front. The HFE-scheme {notably the 5IP-scheme)
seems superior in locating the correct spatial location of the moisture
front, while the calculated slope of the front is better described than
with the various zerc-order continuocus schemes. However, some oscilla-
tions may develop near the toe of the front, especially when relatively
large elements are present. If some minor oscillations are allowed, the
HFE-scheme appears to become very competitive with the FD- and MFE-schemes.
When a flux~type boundary condition can be imposed on the system, much
better results are expected for the various Co-schemes. This suggests
that a flux-type boundary condition should be used whenever physically
rossible,

In many cases, no sharp concentration fronts need to be simulated.

In that case the Hermitian finite element scheme becomes very attractive,
because muéh larger elements are allowed in this method. For ithe more
extreme cases, it appears that finite differences and mass-lumped linear

finite elements will generate the best results.
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The model for the soil-hydraulic conductivity was obtained by substituting

Eq. (39) into the predictive conductivity model of Mualem57 (Eq. 21 of
Mualem). An extensive discussion of Eq. (39) and (40) is given elsewhereS?.
Values of the different parameters appearing in these equations ares listed
in Table 3 for each soil type used. Figures 10 and 1l present graphical

interpretations of some of the resulting curves.

The following initial and boundary conditions are adopted

h(x,0) = - 350.0 0 <x <170 (42a)
25.0 0 < t< 0.50
3h
(-x 2+ | = (42b)
x
x=0  (-0.5 £ < 0.50
%}% (170,t) = o £ > o. (42c)

Before presenting results for this example, it seems necessary to
make some observations regarding the non-homogeneous seil properties of
the assumed soil profile. Because of the particular properties of the
Hermitian finite element scheme, a first-order continuous pressure distri-
bution will be calculated. This makes it necessary that the soil properties
change continuously with depth., To clarify this, consider the following
example. Suppose the clay loam layer in Fig. 9 would change abruptly into

a loamy sand at x=25 cm. Continuity of the soil moisture flux across the

interface would then require that

dh, dh

q=K_ {1~ T = Ko (- By {(43)

cl
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Table 3. Constants used to describe the soil-hydraulic properties of

the nine soll types of example 2.

er es o n Ks Ss
o e (em’/an’)  (em’/em)  (en ) (5)  (em/day) (em D)
1. (Clay Loam) .20 .54 .008 1.8 25. 4,107
2. (Dense Layer) .17 .47 .010 2. 75. 5.107°
3. (Loamy Sand) .17 .47 .0l0 2, 75. 1.1077
4, .1611 .4611 .01036 2.178 132.8  1.1077
5. .15 .45 .0108 2.4 205. 1.1077
6. .14 .44 L0112 2.6 270. 1.107"
7. 1311 .4311 .01156  2.778 127.8  1.107)
8. .1244 .4244 .01182  2.811 3711 1.107)
9, (Sand) 12 .42 .012 3.0 400. 1.1077
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example 2.
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where ¢l and ls indicate evaluation in the clay loam and loamy sand
layers, respectively. Because the bPressure gradient is ceontinuous across
the interface betwesn the two layers, it follows immediately from (43)
that also the hydraulic conductivity has to be continucus, i.e., Ky =

Kls for all pressure heads. It is clear that this can only be the case if
the scil changes in a continucus manner from clay loam to sandy loam. As
& result of this the soil moisture content must also change continuously
across the boundary between two soil layers.

At least two approaches are possible for modeling the continuous
change of one soil material into another, In this study Hermitian basis
functions are used to interpolate soil properties between two consecutive
nodes when an "abrupt" boundary is present (such as is the case between
the clay loam and loamy sand layers at x=25 cm in Fig, 9). Suppose, for
example, that the hydraulic conductivity K (or any other soil property)
needs to be evaluatsd between two nodes located at x=x. and x=x (Fig.

1 2

128). 1let the conductivity-pressure head curve at Xy be given by KA(h),

and at x, by KB[h). The pressure head distribution between Xy and X, is

given by (see Eg. 23)

dHl as

o 1 1 1 1 2
hix) = ¢01(E) By + 95 (&) T T 9go (8 Hy * ¢12(E)

T (44)

where the basis functicons ¢l{£) are given by {24), and £ by (22). The

hydraulic conductivity distribution hetween X, and x, is now approximated

by

~

R(x) = ¢él(s> K, () + ‘%2 K (h) (45)

Relations similar as (45) for the hydraulic conductivity were alsec used
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~ S

for the soil moisturs content, 6(x), and the socil moisture capacity, C(x).

A slightly different approach is followed when the soil properties
change smoothly with depth,_such as is the case between x=25 and x=75 cm
in Fig. 9. The diffarent parémeters (¢, n, Br, Bs, and Ks) in Eg. (39)
and (40) are assumed to change linearly with depth between x = 28 cm (the
first nede located in the loamy sand), and x = 73 cm (the node located in
the sand). Because of the non-linear properties of (39) and {40), it is
not expected that the resulting K(h) and 8(h)} curves will also change
linearly width depth. 1In fact, when cbserved curves are available for any
point between 28 and 73 c¢m, they should be used directly in the caleula-
tions. The suggested linear change of the different parameters in (39)
and (40) is used here only as a first approximation, and may not be valid
in every case. Table 3 lists the resulting parameter values for each node
located between the loamy sand and the sand {(Soil No. 4 - 8). Each node,
hence, has its own characteristic B(h) and K(h) curve.

Thé soil-hydraulic properties are also assumed to change linearly
between two consecutive nodes in the interval between 28 and 73 cm of Fig.
9 (see also Fig. 12E). This linear interpolation is given by

~

K(x) = 95(E) K, () + 65(8) K (W) (46)

where the ¢?{E) now represent the linear basis functions (Eg. 21).

It should be noted here that the two interpolations given above (Eg.
45 and 46) assume that the soil moisture content and the hydraulic¢ conduc-
tivity curves are proportional to the relative amount of each soil material
present at any point between two consecutive nodes. This assumption holds

alsc for Eqg. (45) since it is assumed there that the soil changes non-
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linearly from soil type A to soil type B according to Fig. 12A, i.e., as
given directly by the interpolation formula {45}. While such a linear
relation probably holds for the moisture content, the hydraulic conduc-
tivity is not likely to change linearly with the two soil type fractions
pPresent. For example, when a mixture is present of 25% c¢lay loam (having
a conductivity of Kcl) and 75% loamy sand (having a cenductivity of

Kls)’ the composite hydraulic conductivity may not necessarily be equal to
0.25 Kcl+0.75 Kyq+ However, because the interpolations are carried out
Ovex very short distances (between two consecutive nodes), the resulting
§rrors, if at all prasent, are likely to be insignificant.

Calculated pressure head distributions versus depth, both for infil-
tration and redistri>ution, are presented in Fig. 13 and and 14, while the
equivalent moisture distributions are given in Fig. 15 and 16. The
calculated pressure distributions remain fairly smooth until the front
reaches the dense layer at x=75 cm. The distributions become very steep
there, while the pressure gradient immediately above the layer changes its
sign from negative to positive. The effect of the dense layer remains
clearly visible until the later stages of redistribution (Fig. 14).

As expected, the calcualated moisture distributions are much more
irregular than the pressure distributions (Fig, 15 and 16)}. Note that the
moisture distributions change very rapidly around x=25 cm (the clay
loam-loamy sand boundary) and in the vicinity of the dense layer, but that
they remain continucus, The moisture profiles in the interval between 25
and 75 c¢m become increasingly less steep during infiltration. Figures 15
and 16 alsoc show the distributions of Br and 85 with depth. The calculated

moisture distributions always f£all between these two curves.
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APPENDIX

UNSAT1:
A COMPUTER PROGRAM FOR CALCULATING
CNE-DIMENS IONAL SATURATEb—UNSATURATED

MOISTURE MOVEMENT IN SOILs,
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This appendix gives a brief description and listing of UNSATI,
a computer model for simulating moisture movement in a one-dimensional,
saturated-unsaturated and non-homogeneous soil profile. The program
consists of a main program {MAIN), four subroutines (DATAIN, MATEQ,
BANSOL, and PRINT), and two functions (BC and SPR). The main program
controls the sequence of calculations in the model, as schematically
shown by the flow chart in Fig. Al. The subroutine DATAIN is first
used to read the input data and to define the geometry and initial
conditions of the system. In addition, DATAIN may be used to obtain
a listing of the different soil-hydraulic properties {controlled by the
output cocde KOD3). The subroutine MATEQ provides the necessary calcu-
lations for assembly of the global matrix equation, while the subroutine
BANSOL solves this equation for the updated values of the pressure head
and its gradient (PE}.

A check on the iterative process is subsequently performed in MAIN,
If convergence is not met, the iterative process either continues (if
NIT<NITMAX), restarts with & smaller DELT {if NIT=NITMAX), or stops alto-
gether (if DELT<DELMIN). 1f convergence is met, on the other hand, the
simulation proceeds in time until either the maximum simulation time is
reached (SUMT>TMAX), or a given number of time steps is executed (ISTEP=
NSTEPS). Possible cutput is provided by the subroutine PRINT. This
subroutine alsc computes a cumulative mass balance of the soil profile.

The functicns BC and SPR are problem-dependent. BC supplies the
transient data for the boundary condition at the soil surface (either a
first-type or flux-type boundary condition is given). These data are
given in table form. The function SPR, furthermore, generates the dif-

ferent soil-hydrauli: functions [8ny, ¥{h), C¢(h), and LB)]. Tn the
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Fig. al, Generzlized flow chart of UNSATL.
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Present version these functions are givenlby means of analytical expres-

tions. If necessary, they can, of course, also be given in table form.
Table Al gives a listing of the most significant variables in

UNSATL. Instructions for preparing the data cards are given in Table

A2, while Table A3 specifies the actual data cards used for example

2. Part of the computer output for this example is given in Table 24,

while the actual listing of the program is given in Table AS.
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Table AI. Definition of the main Program variables of UNSATL. If the

variable appears in only one function or subroutine, the name
of that function of subroutipne is given after the definition.
If the variable represents an array, the maximum dimension

of that array is also specified.

VARTABLE DEFINITION
A(S)

Vector used to caleulate the moisture contents of each
soil type for possible print-out (DATAIN).

ALPHA (NMA'T) Valves of the coefficients & for each soil type (SPR).
B(5) Vector used to calculate the hydraulic conductivities
of each soil type for possible print-out {DATAIN).

BC{K,5UuMT) Subroutine used to define the transient boundary condition
a2t the soil surface. If K=1, the subroutine gives a first-
type (given pressure) boundary condition as a function of
time (SUMT): if K=2, a second-type (flux) boundary condition
is given as a function of time.

CAPl, CAP2, CAP3 Functions of the soil moisture capacity at the nodal
interior Lobatto integration points (MATEQ).

COND1, CONDZ, COND3 Functions of the hydraulic conductivity at the nodal
or interior Lobatto integration points (MATEQ) .

CONDM Minimum value of the unsaturated hydraulic conductivity (SPR).

CONSM (NMAT) Values of the saturated hydraulic conductivity for each
soil type (SPR}.

DELCH Change in DELT between two consecutive time steps {MAIN).

DEIMAX Maximum value of DELT during execution,

DELMIN Minimum value of DELT permitted during execution.

DELT Time increment.

DRAIN Drainage rate,

DX{4,3) Derivatives of the four basis functions, evaluated at the
three interior Lobatto integration points (MATEQ).

EL Nodal distance,

EPSI Weighting coefficient.

EPSM = EPSI -1 (MATEQ).
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Table 41. (continued):

VARTABLE
F (NEQ)

FE(4,3)

INT (NN}

ISPR[NN)
ISTEP

KDRAIN

KoDbl

KOoD2

KoD3

KRAIN

L
MAT, MAT1l, MAT2
N1l
N2
N3

NE

DEFINITION

Right-hand side vector of global matrix equation (MATEQ).

Values of the four basis functions, evaluated at the three
interior Lobatto integration points {MATEQ) .

Array indicating type of material interpolation between two
consecutive nodes. If INT=1l, the so0il properties are assumed
to change linearly; if INT=0, a restricted Hermitian inter-
polaticn is used.

Soil property index, defining soil type for each node.
Number of times steps since start of simulation (MAIN).
Drainage code for lower boundary:

=0 if the pressure head is specified.

=1 if the pressure gradient is specified.

=2 if the drainage rate (DRAIN) is specified.

=3 1f both the pressure head and its gradient are specified.

Cutput code. If KODl=1l, the soluticon vector is printed
after each iteration. If KOD1=0, no such output is given.

Input code, If KOD2=0, initial moisture contents are read
in and converted to pressure heads. If KOD2=1, pressure
head values are read in {DATAIN}.

OQutput code. If KOD3=N (N4NMAT), the socil-hydraulic proper-
ties of the first N soil-types are printed. If KOD3=0, no
such output is given (DATAIN).

Rainfall code for soil surface boundary:

=0 if the pressure head is specified.

=1 if the infiltration rate (RAIN) is specified.

Element number.

Materjal index of certain ncde or integration point.
=NN2-1.

=NN2-2,

=NN2-3.

Number of elements {=NN=1).
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Table Al.

VARTABLE

NEQ

NIT
NITMAX

NITT

NSTEPS
P (NN2)

PE (NN2)

PRDEL

PRTIME
PULSE

RO{(I)
R1(I)
RAIN

RN (MAT)

S (NN2,4)

SPR(MAT,N,P)

{continued) :

DEFINITION

Number of equations to be solved (MATEQ):

=Nl if KDRAIN=0Q, 1 or 2,

=N2 if KDRAIN=3.

Number of iterations during particular time step (MAIN),
Maximum number of iterations (set to 10} (MATN).

Total numper of iterations since start of simulation.
Number of different soil types (dummy variable).

Number of nodes.

=2*NN,

Maximum nurber of time steps permitted.

Vector of pressure heads and gradients at old time level.

Estimated or calculated vector of pressure heads and
gradients for new time level.

Time increment for printed output.

Dummy variable, used to calculate output for every PRDEL
(MAIN}.

Irreversible time switch for changing from a first-type to
a flux-type boundary condition.

Data points for transient first-type boundary condition (BC).
Data points for transient flux-type boundary condition (BC).
Trarsient precipitation or evaporation rate.

Values of the exponent n in the soil moisture retention curve
for each soil type (SPR).

Glokal coefficient matrix (MATEQ).

Function to calculate the soil hydraulic properties of material

MAT:

if ¥=1, the soil moisture content is given as a function of the

Pressure head P.
if N=2, the hydraulic conductivity is given ags a function of
the pressure head B. '
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Table A1,

VARIABLE

SR({10)

sSuMTi, SuUMTZ,

T (NN2)

TO(I)

T1(I)

THETA
TITLE {20)
TMAX

TMDIFE

TMIN

TMINCR

TMINFE

TMINIT
TOL
TOL1

oL2

(continued):

DEFINITION

if N=3, the soil moisture capacity is given as a function
of the pressure head P.

if N=4, the pressure head is given as a function of the
s0il moisture content.

Vector containing contributions of the three interior inte-

gration points to the right-hand side vector of each element
matrix equation (MATEQ).

SUMT3 Elapsed time since start of simulation, in hours, minutes,

and seconds, respectively (PRINT).

Temporary storage vector for pressure heads and gradients
during iterative solution process [MAIN).

Vector used to specify the transient firxst-type boundary con~
dition in table form (BC).

Vector used to specify the transient flux-type boundary con-
dition in table form (RC).

Dimensionless moisture content (SPR).
Array containing information of program title cards {DATAIN).
Maximum simulation time.

Error in the material balance calculations: TMDIFF=TMINF-
TMINCR (PRINT}.

Total amount of wmoisture in soil profile,

Increase in stored moisture since start of simulation: TMINCR=
TMIN~-TMINIT.

Cumulative uptake of moisture by profile since start of simula-
tion, i.e., cumulative infiltration minus cumulative drainage.

Total amount of moisture in soil profile at start of simulation.
Convergence criterion for iterative sclution process.
Abseolute convergence criterion.

Relative convergence criterion.
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Table Al. (continued):

VARTABLE DEFINITION

WC Variable generally defining the soil moisture content.
WCR (NMAT) Residual moisture content for each soil type (SPR).
WCS (NMAT) Saturated moisture content for each soil type (SPR).
X (NN} Nodal coordinates.,

64



Table A2. Input data instructions for UNSATL.

CARDS COLUMNS FORMAT VARITABLE COMMENT
1,2,3 1-80 20{a4d) TITLE
4 1-5 15 NN Number of nodes.
: 6-10 15 NSTEPS Maximum number ©f time steps.
11-20 F10.0 DELT Initial time step (days).
21-30 F10.0 DELMIN Minimum permitted time step (days).
31-40 F10.¢ DELMAX Maximum time step (days).
41-50 F10.0 TMAX Maximum simulation time (days).
51-60 F10.0 PRDEL Time step for print-out (days).
61=-70 F10.0 PULSE Time switch for soil surface.
boundary condition {(days).
71-80 F10.0 EPSI Welghting coefficient.
5 1-5 IS KRAIN Rainfall cede.
6-10 I5 KDRAIN Drainage code.
11-15 Is KCoDl Output code.
16=-20 15 KOD2 Input code.
21-25 15 KQD3 Cutput code.
26=35 F10.0 DRAIN Drainage rate (cm/day}.
36-45 F10.0 oLl Absolute convergence criterion (cm).
46-55 F10.0 TOL2 Relative convergence criterion.
6,etc. 1-5 I5 I Nodal number.
6-10 I5 ISPR(I) Soil property index of node I.
11-20 F10,0 X(I} Coordinate of node I {cm).
21-30 F10.0 P{2I-1) Initial pressure head if KOD2=l,
initial moisture content if
KOD2=0,
31-40 F10.0 P{2I) Initial pressure gradient if KOD2=1,
initial moisture gradient if
KOD2=0,

41-45 15 INT{I) Interpolation index for element I.




Table A3. Data input for example 2.

UNSATL
NOVEMB IR,
27 5000 L00J3

b 1 o
i i 0.0
2 1 Gal
3 1 14.0
4 1 22.0
5 3 2844
o 4 36,0
T 5 46,0
8 6 55.0
9 T 63.0
10 8 69.0
i 9 T3.0
12 2 77.0
13 2 3l.0
14 2 85,0
15 G 89.0
lé 9 93.0
17 S 97.0
L8 9 102.v
19 S 107.0
20 g 112.0
21 g 118.qQ
22 9 125.0
23 9 133.9
24 9 141.0
25 g 150.0
26 9 1i60.v
27 9 170.0

1973

1

« 00005
3
-350.0
=350.0
=350.0
_SSDGO
=350.u
=350.0
=350.9
-35G.u
=35y.0
~350.0
-350.0
=350,0
~350.0
~3530.%
=350.0
=35%0.v
~350,0
=350.0
=350.0
-3540.0
-350.0
-350.0
=350.0
-3500\.’
=350.0

s & % ® A ® 8 ® ® & = B # & € 2w

CCOoOOQOGoOoOOCoOOoO0LC oo oL o OooO
OO0 CDO0O0O00COoO OO0 LGO0O00

s & n * ¥ & % = % o
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Table A4. Partial output for example 2.
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Table A5.

Listing of UNSATI.
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COOONOOGO0O0 O

12

L4

16
18

MAIN

t**#ﬂ#ﬁﬂ**tt*t#&##*tt##***v$##tm#vt*at*####**t#***#*#:v*#**#*###

= *®
* ONE-DIMENSIONAL UNSATURATED FLOW *
* HEKMITIAN BASIS FUNCTIONS sLp *
* *
* UNSATL NOVEMBER 1978 #
* L]

x

t**#$t#$#*##**ﬂ#*t$##$t$#$#$#¢***##*t***mt#**##t**xtt#xt*##***#

COMMON JONEZ X{30), ISPR{30), INT{30), PL6Q), PE(6D])
DIMENSIUN T{a0})

DATA NITMAXZ10/

————— QETAIN INITIAL CONDITIONS AND PROGRAM CONSTANTS ——=ma
CALL D&TAIN(N“;KUDL.KRAIH;KDRAIN.NSTEPS,THAX,DELT:DELHAX;DELMIN;
IPRDEL,PULSE-EPSI,TMINIT,CRAIN;TOLl,TDLZI

NN2=2=NN
Ni=NN2=1
NITT=Q,
TMIMF=0Q,

PRY {ME=],
SUMT=DELT
18TEP=L

DO 8 [=1,MNN2
PELT)=P{I)

----- DYNAMIC PART OF MODEL ~—=-m

NIT=0

NIT=NIT+1

NITT=NITT+1

IF{SUMT.GELPULSE) KRAIN=}

DO 12 [=1,NN2

TLH)=PE(I)

CaLL HATEQ{NNpKRnIN.KDRAIN'DELT'SUMT,EPSI,RAIN'DRAIN}
IF{KI0L.EQeLl) wRITE(56,1002) NITrDELT'ISrEP,SUMT;{PElI1:I=1:NN2!

—==—= CHECK ITERAT[VE PROCESS ——=—w
DO 1o [=1:NNZ,2
TOL=TIOL1+TOL2%2BS{T{L}}

- IFLABS(PECL)~TCIII-TOL) 14,14,16

CONTINUE

GQ TO 26

[FINIT-NITMAX) i0,18,18
DELT=Q.5%DELT

WRITE{6,1006) NIT,SUMT,DELT
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e Nel

20
22

24

26

28

30

32

34

36

EX:]

MAIN

IF(DELT.GE.DELMIN} 60 TO 22

WRITE{6,1003} CELT,DELMIN,SUMT

DO 20 I=1,NN

J=2x[~]

WRITE{G,1010) I'X[I}rP{J}rle+l)rPE{J}!PE(J+li
CaALL EXIT

SUMT=SUMT=DELT

DO 24 I=1,NN2Z

PELI)I=0.5%LPIT)+PE(T)}

GO 70O 9

PRTIME=PRTIME+DELT

IFIKRAIN) 28,28,30

MAT=ISPR(1]}

EL=X{2}=-X(1}
Pl=.95?33ltpl1}+‘042969*Pl3)+st*(-095703*P(21“-013672*P(4}1
P51=.95703l*95{ll+.042969*?5(3’*EL*l-095703*95(2}’-013672*95(43]
PZ=.65625*(P(3’*P(ll]/EL+-5#68?5*P(21*.203125*Pl4l
P52=.D5525*(PE{3J'PE[l)}/EL+o546875“PE(2]‘-203125*?5[4}
RAIN=0.5*{SPR{HATr2:Pl)*{l-‘PZ]*S?RIMATanPEll*(lo‘PEZ])
[F{KDRAINLEW,2) GJ TO 32

MAT=[SPR{NMN)
DRAIN=O-5*(SPQ(HQTrzrplNlll*ll."PlNNZl)+SPR{MAT121PEIN113*(l.—PE(N
INZ2Y )}

TMINF=TMINF+{RAIM-DRAINI*DELT

----- CHECK FOR PJISSIBLE PRINT-QUT =——==
IF{PRTIME.LT . (PRDEL~0.5#0ELT)) GO TO 34

PRT [Mz=PRTIMZ~PRDZIL

[FIKRAINLZEQWI) RAIM=SPR{ISPR{L))2,PEL}*{1,-PEZ)

IF{KRAINGLEG.]) RAIN=BL{2,SUMT}

TFIKDRAINGNE 2} DRAIN=SPRITSPRUNN) »2,PE(NL}I®R{L.~PE(NN2}}

CALL PRINTUNNyRAIN,DRAIN,SUMT, ISTEP,NIT,NITT,DELT,TMINIT,TMINE}

————— PREPARE FOR THE NEXY TIME STEP —---—-
IFLSUMT JGE.TMAX L ORLISTEPLGELNSTEPS) GO TO 38
DcLin=1.0

IFANIT JLS42) DJELCH=1.25

IFINIT.GELO) DELCH=0.80

DELCH=AMINLIDELCH, DELMAX/DELT)
DELT=DELT*DELCH

SUMT=3UMT+0cELT

ISTEP=ISTEP+L

D0 36 J=1,NNZ

PEl=0ZLCH={PELLI-P(J)])

PLJI=PE(J}

PE{JI=P{JI+PEL

GJ TO 9

WRITE [64101l2) SUMT,.ISTEP

sTop
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MaIN

c

L  memmemcnmamvim—na
1002 FORMATL/1Llx,*PE{l) ODURING [TERATION {NiT=?,13,"' DELT =',Fl0.6," 1S

LTEP =% 414," SUMT =t ,Fid.5,' 1/ 110X,10F11.3))

1006 FORMAT(//L1LX,yLO(LH™®),'ND CCMVERGENCE AFTER!',13,' ITERATIONS AT TIM
1€ ='3FB8.5," NeEw UELT =1, E1ll.4, LX,10{LHx®))

1008 FORMAT(//1LXedl LH* 14 2DELT =1,81bs4s'y IS LESS THAM DELMIN {=',El1,
lay*)y EXECUTION ToRMINATED AT TIME =9 ,Eliet L X LOCLH®) /711X, ' LAST
2CALCULATED VALJES'/LLX 220 LH®) /LLXy"NODE y5SR, TOSPTH! 39X, 'P{1)"! 46X,
IVORADTIENT Yy 9Xy *PEL L}y 56X, "GRADIENT *)

1010 FORMAT(LL1X,14,F10.2,2(3%,2F12.4))

1012 FORMATU//LIX,104214%]) ' NORMAL TERMINATION AT TIME =!,F13,5,' DAYS A
IND STEP NUMBER ='.13)

END
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BANSOL
SUBRJUTINE BANSULINEG)

PURPO3E: T3 SJILVE THE GLOBAL MATRIX ZQUATION

COMMON /TWG/ S(60+4)y F(60)
N1=NEQ-]

D0 4 I=1,N1
J=1-1
M=MIND{4,NEu~d)
P=5(1,11

DO 4 |_=2'M
C=S{I,Li/P
11=y+l,

JJ=0

DO 2 KsL.M
RNENAES]
SUILeddd=S011,09)-C5S(] R}
S(I|L.I=C

DD & I=1,N1
J=1-1
M=MING(4sNEw—J)
C=F(1}
F{Il=CrS{1,1]
DU 6 L=2,M
IT=d+l

FOILI=F(IT1}=-S01,L)=C
F[NEQM=F!NEQJ/S(NEU:1]
OO0 B I=1.M1

IT=HEQ~I

J=I1-.

M=MINO(4yNEQ-J}

DD B K=2,M

L=eJ+K
F(II}=F(III—SIII;K)*F(L3
RETURMN

END
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FUNCTION BCUIX,SUMT)

PURPOSE: TO CALCULATE TARANSIENT QQUNDARY CONDIT!ONS

DIMENSION TO(2),Rul2),TLI4),RL{4)
DATA NL1/2/ TO/044 10047+ RO/~1444954,~14.4954/
ODATA N2/74/4 T1/0.5044940.514100u/3 R1/25442%43-0.5,-0.57

—— .

1F{K.EQ.2) 60 TQ &

DO 2 I=2,Nl

TFITOCII=SUMT) 2,4,4

CONT INUE

BL=LITOUT)=SUMT I*RO(I- 1) +{ SUMT-TOLE=1) ) *RO(I}) /LTI 1) =TO(1~1)}
RETURN _

DO 8 [=2,N2

IF(TLI)-SUMT) 8,19,10

CONT INUE

BC=((T1I1)~SUMTI#RL{T=1) +LSUMT=TL(I~L1I®RILIII/(TL(I)-TLLI~11)
RETURN

END
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SUBROUT INE DATAINCNN KOO L KRAT NG KORAINSHSTEPS , THAX, DELT ,DELMAX,
LOELMING PROEL,PULSE 4 EPST,TMINITyDRAIN, TOLL,TOL2)

PURPOSE: LEFINE GEQMETRY ANO INITIAL CONOITIONS

CCMMON /ONEZ/ XU330), ISPRI30), INT{30), P{60)y PE(&0}
DIMENSION TITLEL20}, 2i5), B(S5)

WRITZ{&,1000)

ce 1 I=1,3

READ{S5,1002) TITLE

WRITZ(6,1004) TITLE

WRPITE{&,1006])

READ{S, l008) NNy NSTEPSyDELT DELMIN,DELMAX, TMAX , PRIEL 4 PULSE EPS T
RZADI5, 1010} ARELINGKORLE[N,KCDL +k3D2 ,KJD3,LRATIMN, TILL, TOLZ
WRITE(6,1012) NM,NSTEPS,DELT ) DELMIN,DELMAX, TMAX, PROEL,PULSE,EPSI

""" RZAD INTITIAL CONDITIONS —=-=
D0 6 I=1l,NN

READIS1016) Ky MAT XUK)»Z1,22, INT{XK)
IF{K.Sd.1) GO TO 2

WRITE(SH,1018) I

CALL EXIT

J=2%]~1

Ji=d+l

[SPRITI=MAT

IF{XKOD2.EQ.C) GO TQ %

PlSI=Z]

PiJl}=22

GO Ta &

PLJII=SPR(MAT +4,21)
P{JYLI=22/5PR{MAT,,3,P(J1))

CONTINUE

----- REDEFINT SURFACE PRESSURE VALUES IF KRAIN=1 -=-==
NN2=2%NH

EL=X{2)-X{1)}

IF(KRAINGEG.QY GO TQ 12
RAIN=8C1240.)

MAT=ISPR{1)}

WRITELS5,10220)
L1=5PA{MAT,1,P(1)}

22=11
L3=SPRIMAT,,3,P( 1N +P(2]
La=AMINILO45,100.7EL)
P{2)=1.~RAIN/SPRIMAT,2,P{1}}
[=0

I=1+1

IF(I.LT.40}) GJ T2 10
WRiITz(&,1022)
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DATAIN

CALL EXIT

WC=Zl-SE *{SPRIMAT,3,PIL))}%P12)-23)/6.
L2=11a-L4 )22 247 4xuC

PlL1)=SPRIMAT +4,22)
P{2}=1l~RATN/SPR{MAT,2,P(1})

WPITE(641024) 1422,P(1},P (2}
[F{ABS(22-nwC}=0.000L) l4,14,8
Pill1=8CiL,0.)

PL2)=3x(P{3)-P(L1}}/EL
RAIN=SPRIISPR{1),2,P{L)}%(1.~P{2}))

CUNT INUE

IF (KURAIN=-2) 15,16,15
DRAIN=SPRI[SPR(NNIaZ:PlNNZ-ll]*ll.-P{NNZiJ
GO TO 17 :
P{NN21=1.-URAIN/S?RIISPR(NNJ;Z;P{NNZ-llI
WRITE(S6,l0L0) TULlpTOLZ,RiIN,DRAIN.KRAIN,KDRAIN;KGDIrKDUZrKOD3

====— WRITE INITIAL CONDITIONS =-==-=
THINI[T=0.

WRITE(6,1026)

NE=NN-1

DO 18 L=1,NE
Gl=,7407407-.0740T41%FLOAT{INTIL))
G2=21.-G1

MAT=1SPR{L)

MAT1=ISPR{L+1}

[=2%L-1.

I1=0+1

12=1+2

13=1+3

EL=X(L+1)-X(L)
P13=.740?40?“P(I}+.2592593*Pl12}+.0740741¢EL*(2.*PiIll—P(i3}}

P23=.2592593*9(Ilf-74074OT“P{IZ)+.0?40741*EL*(P([1]-2.*P([31]
Z1=SPRIMAT,1,P( 1))

L2=5PR(MAT,3,P{1))®eP(11}
L32G1%*SPR{MAT,1,PL3}+G2%SPR{MATL,1,P13)
ZQ=GZ*SPR{MAT.1'9&3)+GL*SPRIMAT1pl.P23l

L5=5PR(MATL,L1,P{12))

WRITE(6,1028) L,KILI,P(IIpP(Il!;P13;P23;ZL;ZZ;Z3¢ZQ.HAT.INT!L}
TMINIT=THMINITHSL* (0. 9% (21 +25)+23+474) /3.
Z2=5PRIMATL3,P(12))0P(NNZ}

WRITEL6,1030) NNpXINNY o PUT2),PINNZ2Y 425,22, MATL

WRITE{&6,1032) TMINIT

====-- CALCULATE MATERIAL PROPERTIES —-———=
IF{KJD3.EQ.0) GO TO 24

I1={KO03-1}/5+}

D3 22 i=1,I1

12=5%[

[3=12-4

WRITE(6,1034) (K,K=13,12}
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I2=MINQ{12,K0303-12+5)
21==-0.,5
D3O 20 J=1,54%
Ll=21%1.2
00 19 Jl=1,12
K=Jl+5%({I-1]}
ALJLI=SPR{K,1,21)

19 BLJUL)}=SPRIK,2,21)

20 WRITELG6,1038) Z1p{ALK) BIK) ) K=L, 12}

22 CUNTINUE
WRITE(6,1034)

24 CONTINUE

— .

1000 FIRMATI(IH1,10%, 82[lH*l/llX,lH*fBOX;lH*/llX:lH*:Qx.'DNE-DIMENSIONA

IL SATURATED=UNSATURLTED FLOW', 29X, LH®/LLXy L H®, 80X, 1H=*x)
1002 FORMATL2044)

1004 FORMAT{LLX,tH*,2344,1H%*)

1905 FORMAT(LLX1H*, 50Ky LH®/ 11X, 82{ LH¥*) )

1008 FORMAT(215,7FL0.0)

1010 FORMAT(515,4F10.0) . '

1012 FORMAT{//LLX,"INPUT PARAMETERS '/ 11Xy 16{1H=1/11X,
L'NUMBER OF NDDES!.0...'0.‘0."IICICOOO‘NN)Il..ll.ll).'..l'lIS/lLX’
Z'MAXIMUM NUHBER ar TIME STEPS..-....{NSTEPSJ......-...-.-'sIS/llXu
3'1NITIAL TIHE STEp.occ-oo--oo.oo--oo.{DELT]unona..ao--'rElle/LlXp
4'MINIMUM ALLOwaABLZ TIME STEPeeanns s s {DELMIN s vavareres yE11.5711 X,
EIHAXIHUH ﬁLLDNABLE TIME STEP..I...!G{DELHAK}.I.l.'.ll- !EllaS/llxl
6'MAX IMUM SIMULATION TIMEa s evrnnaanee s iTHAR ) susovunanns pF LD 3/11K,
TYPRINT DELT FIA JdTPUT cavvenansasona (PRDEL) sosuvennass fFLOL3/1LX,
E'PULSE LENGTH FJR lST‘TYPE 6C0lll...(pULSE}I.“I..l.‘. 1Fld-3/11Xn
G WEIGHTING COEFFIIIENT v nnnavovosaoose lEPS I uunnnsnness 1F1l043}

1JL4 FORMATU//LLX,'a0DITIQNAL PARAMETERS'/11X,21(kH=)/11X,
1'1TERATION TgLERH“CE-....-ao-ca-oooaotTjLL}ncoco-n-.co
2':TEQQTIDN TGLERA‘CE...-.--..-.o.l.oa[TULZ}:--....----
BlIQITIﬁL [“FILTRQIIDN RATE..II.I...ID{QQINJOOlJ'IIOIQI pFlO.3/llX:
Q'IN{TI&L URAINAGE RhTEolo.cc.altocoa(DRaIN,ocoa-oa.oo- !F10a3/11x’
SlKRAINIIIl...lll...l...'.lll..l‘(R&INF&LL CGDE)I-.nI.--..'pIS/lLX’
G,KDRAINoa.oocnno.oioa.oohaooooualDRﬂKNAGE CODE).---.....-':IS/lIX’
?'KﬂDl..-..o.......-[DUTPUT FDR EVERY ITER;TIJN).....-.ouo |I5/11X’
B'KID2esvasranssani INPUT VARIABLE IS PAESSURE HEAD) sanvasat yIb/11 X,
9'KGD$............-..{hRITE HATERIQL PROPERTIESJ..-....-.. pIS/lHl)

1016 FORMAT(2153,3F10.0,15)

1018 FURMAT{//5X+8{1H%] ,*ERRIR ENCOUNTERED WHILE READING INITTIAL CONDIT
LIONS,y CHECK NUDE?!) 14, L%, *EXECUTION TERMINATEGS,9(LA®])

1020 FORMAT(//11X4'REDEFINED SURFACE VALUSS'/LLX 240 LH=) /11X,y * {TERATION
L* 7Ry "MITST, CORT " yaX s tPRESSURE T 44X, "GRADIENT '}

LG22 FCRMAT(//8X,3(1H*!, "PROBLEMS ENCOUMTERED wHILSE REDGFINING SURFACE
IPRESSURZE VALUES, ZXECUTION TERMIMATED' +4X,90 1H%) )

1024 FORMATOL3Xe1448X,7114%,5XsFLOu3,3X,F10.4]

1026 FORMAT(//LLa,tINITIAL CONDITIONS'/L1X,181LH=)/27X,14{1H=1,?PRESSUR
LE HEAD',1201H=) 86Xy 8{L1H~),"MCISTURE CCNTENT!, FLIH-1 5%, " INDICES?

tFlO.3/711%,
fFLOLIFLLX,

- o w4 -
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2 fllxc'NJDE'pZXs’DEPTH'rBX;'FUNCTION'.BX"GRADIENT'.41;'F(—L/3)',4

3X.'F{+1/$J';bxp'FUNCTN'.BX,'GRADNT'.ZXp'FI*IIBI'yZX,'Fl+i/3}'p4X,'
4GMAT® L 2X, Y INT )

1028 FORMAT(LOX 14 )Ll X,F72204F1143,3%,4F%9.4,1X+215)

1030 FORMATLLOX ) 14, 1XyFT42,2F1143,25%y2F9.4,19%,15)

1032 FORMATL//11X,PINETIAL AMOUNT OF MOISTURE N PROFILE: ' yFBa4,' CM3'}

1034 FORMAT (LH1,10X,'S2IL-hYDRAULIC PRIPERTISS {MIISTURE CUNTENT AMD HY
1DRAULIC CONDUCTIVITYJ'/LLX'71(1H=J//13X;5{16X"bO[L']/llXp'PRESSUR
CET 2 LOXs 13,40 1740 131/7103X, "HEAD ySL8Xs'aC 16X, 'COND })

1036 FORMATIIOX,E10434LXs5( 24 FTub,EL11.3)}

1038 FORMAT{1HL}

RETURM
END
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MATEQ
SUBROUTINE HATEQ(NN|KRA[N;KDRAINtDELT;SUHTpEPSIpRhIN:DRAIN)
PURPOSE: TO CALCULATE THE GLOBAL MATRIX EJUATIUN

CUMMON /ONE/ X(30), ISPRI3O0}, INT(30)}, P(&O), PELOT)

COMMIN /TwD/ S5(60,4), E{60)

DIMENSIUN FE(4s3), TX{4,3), SR{10}), TL(60}

CATa FE{l.l)'FEl3.31.FE{er}’FE(3p2}gFE{lf3lrFE(3ul}'DX{1111rDXllr

131pDX{l-ZJpDX{S.Z)erlB;l).DX(B.3]/2*.9203488'2“0.5;2*.0?9151212*“
2.4285714y=.75, a75,2%.4285714/

MNE=NN-1
NN2=2%NN
N1l=NNZ2-1
NZ=NN2-2
N3I=NN2-3 -
NEQ=NL-KDRAIN/]
EPSM=EPSI-1.

0C 2 [=1,8NN2
YO11=0.5%(P{[}+PE(I))
DO 2 J=244
S(1,4)=0.

————— CONTRIBUTIGNS OF NODAL INTEGRATIQN PQINTS ==---
DO & {=sl,yNN .
Li=2%[-]

Ll=tL+l

IT=MAXQ{I~1,11}

JJ=MINO(T 1 ,NN)
ELL=0.05%{XlJJ)=-XI1IT))
MAT=1{SPRII}
CAPL=SPR{MAT 3, T{LL) J*ELL/DELT
CONDLI=5PRIMAT, 2, T(LL))*EL L
SILLy11=CAPL

SILL,1)=EPS[%CINDL
FiLL)=CapL=p(LL)}
FILL)=(ePSM=P{LL11+1.)*CONDL

===-= ELEMENT LOUGP; CONSTRULT GLOBA&AL MATRIX -----
00 12 L=1,NE

tL=2%L~-2

Li=Li+}

L2=LL+2

L3=LL+3

LasLL+4

EL=X{L+1)=-x(L)

==—-— CALCLLATE HERMITIAN BASIS FUNCTIOQNS ==—=-
FE{2,1)=.1131895=EL
FE{2+2)=,125%EL
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FE{2,3)=,02460T6%EL
DX(2,1)=2.1993777%EL
DX{2,2)==,125=E
DX(243)==, 1279491 %EL
DO 6 K=1,3
FEL&,K)==FZ{2,4=K)
DX{&sK)=0X[12,4=K)

----- CALCULATE MATERIAL PROPERTIES AT LOBATTO PJINTS ~——-~
Hl:FEl1;1I*TlLI}+FEIZpll¢T{L2!+FEl3911*T(L3}+FEl4'l}*T{L4}
H2=FE{l-Zl*TlLl1+FE(2:2)*T(L2]+FE{3;2]*T{L3)+FE(4gZI*TlL4]
w3=FE{1-31*TIL1}+FE(Zp31*T{L2}+FE{3'313TIL3}+FE{4:31*T(L4)
MAT L=15PR{L)

MAT2=ISPR{L+1}

G2=.006L86%+.101835%FLOAT(INTLL) )

Gl=1,0888BY-G2
CONDL=(GL*SPR{MATL 2, L) #G2XSPRIMATZ,2,Wl} )} /EL
CONDZ=,T11)1111* {SPR(MATL,2,W2) +SPR{MAT2,2,W2} ) /EL
COND3={G2*SPR{MATL 2, W3)+GL*SPRIMAT2,2,n3) } /EL
SLE=.25=EL/DELT '
CAPI=(GI*SPR{MAT1;3'HIJ+GZ*SPR(M¢TZ;3;H1)}*EL1

CAPZ=uT11LI L% SPEIMATL,3,A2)+SPRIMAT 23,2 ) }#ELL
CAPI=(G2SFRIMATL, 3, n2} +G1%SPR{MAT 2,3 +W3) ) *ELL

----- ADD ELEMENT CUNTRIGUTIONS TQ GLOBAL MATRIX ———-=-

DO 10 I=1,4

[I=Ll+]

DO 10 J=l.4
H1=DX{J11)$DK{I;ll*CUNDl+DX(J:ZI*DxlIs2)*CONOZ+DX(J;3)*DX{[-3}*
1COND3
H2=FE(J;11*FE(I;ll*CAPl+FE{J;2]*FE{IuZI*CAPZ*FE(J;3l*FElI,31*CAP3
Jd=J+l-]

K=K+l

SUITsJUI=SUTL )+ WisEPSI+W2

SPAX)=WIREPSM+W2

————— CONSTRUCT RHS VECTOR ~——-
EL1=.214285 7S {CONDL+1. 75%COND2+COND3 )
F(L11=F{Lll+SR{II*P{LL}+SR(ZJ“P{LZIfSRt3}*?(L3!+SRI43*P(LQI~EL1
F(LZI=F{L2]+SRlZJ*P{Lll+SR(5}*P{L2J+SR{6}*P(L3J+SR{7}*P(L4)+
11.0996839%COND 1~ 0 625%CIND2~.0639T46 %L 0ND3 } ELE L
FIL3]=FIL31+SRI3}¢PIL1J+SR(blﬁplL2}+SRldJ*PlLJ}+SR{9}*PlL4)+ELL
F{L61=F(L41+SR{4}¢PlLll+SR{7!*P(L2]+SR{9)‘PiL3}+SR(10!*PiL4J+
1(.0996859%CUMD3~.C625%COND2~.0639745%CONDL ) *SLFEL

----- INCLUDE BOUNDARY CONDITIONS =vme=
TFLKRAINGEQLL) G2 TO 22

S(lylli=1.

FL1y=BC{1,5UMT)

DD 2Q [=2,4
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FOI)=FLI)=S{Ll,1}sF{1)

S(is1)=0.

GO TO 24

S5{2,1)=1.

WISAMINLOOLZG, LO0L/1X{2)Y~X{1)))
WZ=1.=BC{2,SUMT }/SPR{ISPRILY 42 4PELL))
FI2F={Ll.-WlI%=PE(2) +WlxW2

RAIN= (BLLUZ,SUMT )#3C 12, SUMT=CLS*DEL T +8C(2,SUMT-DELT})/3.

FELI=2F{L)-S{ L, 2»F{2)4+RAIN
FI3V=F{3)~5{2,2)%F (2}
Fla)=F{4}-S(2,3)=F(2)

S(lf 2’=00

S02,2)=0,

$512,31=0.

CONT INjE

IF{KDRAIN-2) 26,428,30
IF{RORAINLEQ.O) GO TO 27
MAT=ISPRIMNN)

DRAIN=0 5* {SPRIMAT ,2,P{NL))+SPRIMAT,2,PE(NL) I ={L1,~P{NN2))

G0 TO 29
FANLI=F(NNZ2}-S{NL,2}%=P{NL}
FINZI=F{N2)=-S(N2,2)%P(NL)
FIN3)=FINII-S(MN3,3)%P(NL)
SINLyLI=SiNN2,1}
SIN2,21=5(N2,3)
S{N33)=530N3,4)

GO TO 32

PELINNZ)I=0. 5“(9:14\21+1.*DRAIW/SPR(ISPR(NNI:Z PE{NL)I)

FINLY=FINL)-SINL1 21 *BS{NNZ2I-ORAIN
FINZI=FINZ}-3{N2,3)%PE{NNZ)
FIN3)=F(N3)=SIN3,4)=PE{NNZ]

GO TO 32
EINZI=FIN2I=-SINZ,21=P(NL)-SIN2,3) %P [MNN2)
FANZ)=FINZI=S{N3 3 I4PINLI=-5I{N3 &) %P{NN2)
COMT INYZ

————— SOLVE FIR UNKNCWNS =—w-e
CALL BANMSOLINEQ)

D0 34 = 1 N2

PE(LI=F(I)

IF(KDRAIN.EG. Q) PELIMN2I=F{NL)
IFIKDRAINLZEQLLY PE({MLI=F{NL)
RETUAN

END
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DRINT

SUBROUTINE PRINT{NN,RAIN,DRAIN,)SUMT, ISTEP NIT,NITT,DELT,TMINIT,
LTHMINF)

PURPOSE: PRINT PRESSURE HEAL AND MOISTUAE CONTENT ¥S DEPTH

CUMMON /OKE/ X(30), [SPR{30D), INTL30}, P({60}, PE(6D)

NE=NN-1
SUMT L=5UnT=24,
SUMT2=3UMTL*480,
SUMT3=8U4T2%50,
WRITE{6,1002F SUAT)SUMTL,SUMTZ ySUMTI ,0ELT  ISTEP,NIT,NITT
TMIN=U,
DO 4 L=l4NE .
EL=X{L+1l}-X{L)
Gl=a740T90T=, 074074 L¥FLOATOINTILY)
62=1.-G1
[=2%L-1
[1=1+1
12=1+2
13=1+3
MAT1=TSPR{L)}
MATZ2=ISPRIL+L}
Pid= e TOJT4UTHPZlI 1 #.2592393PEL12} +.UT4074Ll 2L 5( 2 =PE(IL)~PE([3})
P23=.2592593%PC 1)+, 7407407"PE{12]+. 074074 %EL*{PS({L1)=2,.%PELI3}]
Z1=SPRAIMATL,1sPE(L)}
L2=5PRIMATL,o,PELL JI*PE(LL)
L3=ULRSPRIMATL, 1,PLZY+62¢5SPR{MATE,1,P13)
ZQ=GZ*SPR1MAT1.l.PEJl*Gl*SPR{MATZ.l.PZB}
L5=SPRIMAT2,L,PECLIZ))
ARITcloriluva) LyallL),PELI}PE(IL},PL3,P23,21422,23,124
G Teiln=TMId+eb®{J . O®LZL+L0) 405404173,
L2=85PR(MATZ,3,PE(LI2))*PE{IZ)
WRITE{ 61008 ) NA, KINNYZPECIR),PELLI3) 425,22
TAINCR=TAIN-TMINIT
THUIFF=TA INF-THAINCR
ARITElG,yLOuB) AAIN, TMINF,ORATIN THINCR,TMIN,TMDIFF

- ——— -

1002 FORMATU//LIX» 102 0LH2 )/ LIRAy YELAPSED TIME" 45X+ ' DAYS y TA 'HOURSY y 8%,
LYAIMNUTES ' y 0k o "SECONUS 384 ' TIME STEP 48X, 1STEP 8", 4K 'NITY 33X 'NIT
2T'/2LX,F13.4!FLU.3|ELQ.QQELQ-QQQX1E12-5|QXQIﬂi#it14|31515//29x’l§{
ALH=) » PPRESSURE HEAD' s la{lH-),yd Xy LO{1H=-) , "MOISTURE CINTENT 101 LH—)
G/ LLA "NUDE pBAy 1DcPTH p4X s "FUNCTION' +3X, "ORAUIENT Y yaX ' Fi~1/3)"yaX
Se VFLrL/3) By FUNCTNY p4X s "GRAUNT Y y 3K "FL=L/3) 1 3%, FE+1/3)0)

1004 FORM}:\T { lL“('! I.‘ti IXrF LU .2; lx;QFlLOBI"iXI{IF].Oo‘fl

106 FURMATILIAs T4 LRyF L0024 1%42FLL.3,26X2Fl0.5)

1008 FOAMATI/LLX, "INFILTRATION RATEICM/GAYY Yy B{LlH.}sF8.3,LT4) "MOISTURE
1 AQDEY TI PRJIFILE (CM3)'y o(lta)sF8.3,/1LA 'ORATNAGE RATE{CM/DAY}!
2+4121LHL) FBa3, 17X, "MOUISTURE INCREASE [hN PROFILE(CHI3) " ailH.)y F8.3
/01X, TOTAL MILSTURE TN PROFILE{CMII Y »3{1H. ), F3.3 174, 0EVIATIONIC
GM3 )Y 4 230LHYy FBW.3)
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SPR

FUNCTION SPR{MAT.N,PR)

PURPOSE: TC CALCULATE THE SOIL-HYDRAULIC PRQPERTIES

DIMENSION wCRIU9}, WCS{S), ALPHA(O9)}, RN(9)}, CONDSI9}, $$19)

DATA WCR/.EUO!a250r-lTO!o1611r|150|c140101311?olZﬁ#rchO/rhCS/oS#O
l|.4007o*?Olaﬁéllr-4SU|0490!.4311!.42441-420/|ALPHQ/aUOBao0091-OLOp
2-01030..01380;aDllZUf.01156;-01182;-0120/;RN/1-50'3.0'2.0g2-17812.
34092.6092.778+24911+3.00/)C0NDS/254310a175.5132.35205,4270.4327.5,
4371-lp400./,SS/4.E—UT,5-E*OB;1-E-O7pl.E-07sI.E—OT:I.E—OlenE'OTl
S1+E-07,1.E-01/

DATA CCNDM/L.E-0Q3/

IF(PR)L,10,10

P=AB5{PR]}

A=ALPHALMAT}

R=RNIMAT}

S=l.=1./R

THETA={ Ly +lA%P}*aR %[ -5}

[FI{N=-2) 2,4,6

SPRA=WCR(MAT )+ {WCSIMATI-WCR{MAT} I #THETA

RETURN

T=lo=-THET A%{A%P }&u {P—1,]

IFITHETALLT.0.04) T=S=aTHETA*«{1,/3)

COND=CONDS{MAT ) *SIRT{THETA) %T=%T

SPR=AMAXL(COND,CONOM])

RETURN

T=lat{A®P ) %%R

RC=WCRUAAT )+ {WCS{MAT I ~WCR {MAT) IXTHETA

SPR=E(AC-WCRIMAT IR [R-Lo)®as (AxP)a®= (R-1,1/T + WC%SS(MAT)/WCSIMAT?

RETURN

GO TO (12,14416,13},N

SPR=WCS(MAT]

RITURN

SPR=CIONDS(MAT)

RETURN

SPR=SS{MAT}

RETURN

THETA= {PR-WCRIMAT) )}/ (WCSI{MAT)I-WCR{MAT))

R=RN[MAT)

3=R/(1l.-R}

[F(THETA.GT .0.993999) GO TO 20

S5PRA=~[THETA*%S5~1.)=>{]1./RIZALPHAIMAT)

RETURN

SPR=0.

RETURN

END
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