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Mass Transfer and Solute Diffusion
in Brined Cucumbers
O. FASINA, H. FLEMING, AND R. THOMPSON

ABSTRACT: The exchange of malic acid, lactic acid, NaCl, and sugar between cucumber and cover brine was
monitored over a course of 16 days for 5 sizes of cucumbers. Experimental results showed that sugar exchange
between cucumbers and cover brine was the slowest. In comparison to Ficks diffusion equation, the exponential
equation better described the movement of solutes during the brine fermentation of cucumbers. Diffusion coeffi-
cient of sugar was estimated to vary from 1.80 x 10-9 to 9.18 x 10-9 m2/s. Solute sorption rate from the exponential
model varied from 0.0204 to 0.233 h-1 and decreased with increase in cucumber size and solute molecular weight.
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Introduction

BRINE FERMENTATION IS USED TO PRESERVE CUCUMBERS BE-
cause of sensory traits desired in some products, pro-

cessing strategies, and for economic reasons (Fleming 1982;
Fleming and Moore 1983). About 40% of the pickling cucum-
bers produced annually in the United States (590,000 tons) is
preserved by brine fermentation (Fleming and others 1995).

In brine fermentation, fresh cucumbers are placed in
NaCl solution, with the concentration of NaCl used being de-
pendent on that required for microbial control and brine-
stock quality. The brined cucumbers undergo microbial fer-
mentation involving lactic acid bacteria, yeast, and other
microorganisms (Fleming and Moore 1983). During the fer-
mentation process, the fermentable sugars are converted to
acids (mostly lactic acid) and other end products (Fleming
1984).

Results from studies carried out in our laboratory indi-
cate that fermentation occurs outside, as well as within, the
brined cucumbers (Daeschel and Fleming 1981; Daeschel
and others 1985). Lactic acid bacteria were found to be able
to enter and multiply inside brined cucumbers. As part of
the fermentation process, some lactic acid bacteria degrade
malic acid into CO2 and lactic acid (Etchells and others
1968). This microbially produced CO2 is a major cause of
bloater damage (hollow cucumbers) in fermented cucum-
bers (McFeeters and others 1982). If fermentation takes
place inside the cucumbers as well as in the brine, solutes
will have to diffuse out of (malic acid, fermentable sugars)
and into the (NaCl, lactic acid) cucumber fruit.

Lumped or distributed models are used to describe the
transfer of mass or heat in a biological material interacting
with its environment (Incropera and DeWitt 1996). Lumped
models ignore the internal resistances to heat or mass trans-
fer, while distributed models take into account both the in-
ternal and external resistances. The lumped models are often
exponential- or logarithmic-type equations (Eq. 1). In the
distributed model approach, equations based on Ficks law
(Eq. 2) are used because the mechanism of mass transfer is
assumed to be controlled by diffusion phenomena (Crank
1975).

(1)

(2)

(Symbols are defined in the Notation section).
Parti (1993) showed that distributed models are applicable

to mass transfer processes when Bi (mass transfer Biot num-
ber), as defined in Eq. 3, is greater than 10. It is obvious from
Eq. 3 that the diffusion coefficient (D) has to be determined
before Bi can be calculated.

(3)

Pflug and others (1967), and Bomben and others (1974),
used Ficks second-order diffusion equation (Eq. 2) to esti-
mate the diffusion coefficient of NaCl (D in Eq. 3) during the
de-salting of fermented and cured cucumbers. The values of
diffusion coefficients of solutes in already fermented cucum-
bers will be different from those of freshly brined ones be-
cause of differences in structure and physical characteristics.
To our knowledge, no study has been carried out to deter-
mine the diffusion coefficient of solutes in freshly brined cu-
cumber fruit.

The rate of attainment of solutes’ equilibrium in brined
pickling cucumbers was studied by Potts and others (1986).
The authors assumed that the resistance to solute movement
into and out of cucumbers is at the interface of fruit and
brine (that is, internal resistance is neglected). Because of
this assumption, a logarithmic equation (Eq. 1) was used to
describe the movement of solutes in and out of the cucum-
ber fruit. From the results obtained, Potts and others (1986)
showed that lactic acid and reducing sugars, respectively,
had the fastest and slowest rates to equilibrium. When Eq. 1
was applied to experimental data, the ratio of k values for
malic acid, NaCl, and lactic acid to k values for reducing sug-
ar was found to be 1.284, 3.505, and 4.170, respectively.

This study was carried out to determine the applicability
of the lumped or distributed model to describe the move-
ment of solutes in and out of freshly brined cucumbers.

Materials and Methods
Pickling cucumbers (Napoleon cultivar) were obtained

from a local farmer. Only hand-washed cucumbers free of
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obvious physical damage and disease were used. Cucumbers
were graded into the following sizes, based on cucumber di-
ameter (maximum): 1A (17.0-mm dia); 1B (22.7-mm dia); 2A
(26.7-mm dia); 2B (31.6-mm dia), and 3B (46.1-mm dia). It
should be noted that this size range represents immature
fruit, which is preferred by the pickle industry. Once the fruit
starts to ripen, as evidenced by maturing of the seed area,
the tissue in this region becomes unacceptable due to soft-
ening and ultimate liquefaction.

Twenty fruit were set aside from each size designation. The
mass, diameter, and length of each fruit were measured. A
digital Vernier caliper (Digimatic Solar Caliper, Mitutoyo Corp.,
Tokyo, Japan) was used to measure the diameter and length,
while the fruit mass was obtained by means of a digital weigh-
ing scale (Model LC2200S, Sartorius Corp., Bohemia, N.Y.,
U.S.A.), which is accurate to 2 decimal places (see Table 1).

Cucumbers were brined in duplicate in 1-gal (3.8 L) glass
jars containing 50% cucumbers and 50% brine by weight.
Cover brines contained 10% NaCl and 0.8% lactic acid. Mi-
crobial growth was prevented by adding 1,000 ppm sodium
benzoate and 300 ppm bisulfite to the cover brines. This al-
lowed us to follow the changes in fermentable solutes due to
diffusion until equilibrium between the cucumbers and the
brine was reached. The rate of change of solutes in the brine
solution was followed by taking 12 1.5-mL brine samples
over a time duration of 16 d. The contents of each jar were
mixed before sampling.

High-performance liquid chromatography (HPLC) analy-
ses of acids and reducing sugars were carried out by the pro-
cedures of McFeeters (1993). An Aminex HPX-87H column
was used, along with 3 mM of heptafluorobutyric acid (Al-
drich Chemical Co., Inc., Milwaukee, Wis., U.S.A.), as the mo-
bile phase. Organic acids (malic and lactic) were detected
with a conductivity detector (Model CDM-2, Dionex Corp.,
Sunnyvale, Calif., U.S.A.), and sugars were detected by means
of a refractive index detector (Model 410, Waters Associates
Inc., Milford, Mass.). Data were collected and analyzed by
using Chrom Perfect software ( Justice Innovations, Inc.,
Mountain View, Calif., U.S.A.) on a 486 computer. NaCl was
determined by titration with standard AgNO3, using dichlo-
rofluorescein as an indicator (Fleming and others 1984).

Data analysis
The experimental data obtained were the concentrations of

the solutes in the brine over the course of the experiment. The
average concentrations of solutes in the cucumbers at any time
(t) were obtained by carrying out mass balances as follows:

Mass balance equation for solute diffusing out of cucumber.
Malic acid and sugar are the solutes diffusing out of the fruit.

(4)

Mass balance equation for solute diffusion into cucumber.
Lactic acid and salt are the solutes diffusing into the fruit.

(5)

The second term on the left side of Eq. 4 and 5 compen-
sates for the amount of fluid and solute removed during
sampling. The calculated values of solute concentration in
the cucumber fruit were then used in further analysis.

Results and Discussion

Physical dimensions
Table 1 shows the average values of diameter, length, and

weight of cucumbers within each size designation, and the
calculated volume of brine surrounding each fruit in the jar.
As expected, brine volume per fruit increased, and the num-
ber of fruit per jar decreased with increase in fruit weight
and size. The average length-to-diameter ratio varied from
3.94 for the 1A size cucumbers to 3.10 for 3B cucumbers.

Solute concentration in cucumber
The measured initial concentrations of solutes in the cov-

er brine and in the cucumber are given in Table 2. Using
ANOVA procedure (SAS 1996), statistical testing (at 95% con-
fidence interval) showed that size had a significant effect on
the initial reducing sugar concentration in cucumber. This is
similar to the results reported by McCombs and others
(1976) and Lu and others (2001). Size enlargement in cucum-
ber is a maturation process, and the increase in sugar con-
tent is one of the biochemical and physiological changes that
occurs in fruits during maturation (Wills and others 1989).
Size did not significantly affect the initial malic acid concen-
tration. In order to be able to compare results for the differ-
ent sizes, solute concentrations within the cucumber (ob-
tained from Eq. 4 and 5) were divided by their respective
initial concentrations in the cover brine (or within the cu-
cumber).

Figure 1 and 2 show the fractional change in concentra-
tions of lactic acid, malic acid, reducing sugar, and NaCl for
different sizes of cucumber. Generally, the rate of solute
movement increased with cucumber size when solute was
desorbed (reducing sugars and malic acid), but decreased
with size when solute was absorbed (NaCl and lactic acid).
This is an indication that cucumber structure may be playing
a role in the diffusion of solutes in and out of cucumbers
during brining. (Further explanation for this is given later).

Equilibration of solutes between brine and cucumbers
was approached by 150 h of contact. The rate of sugar equili-
bration was the slowest. For lactic acid, malic acid, and NaCl,
95% of the diffusion that took place occurred within the first
70 h of fruit/brine interaction. It took about 100 h or more

Table 1—Physical characteristics of cucumbers used in the study

Size designation Dia (mm) Length (mm) Weight (g) Number of fruits per jar Brine volume per fruit a (mm 3)

1Aa 17.00 6 0.69  67.03 6 1.54  13.38 6 1.29 142  1.33 x 104 6 0.01 x 104
1B 22.67 6 0.64  84.05 6 2.11  29.60 6 2.32 64  2.96 x 104 6 0.03 x 104
2A 26.7 6 1 .89  93.84 6 4.55  44.37 6 3.50 43  4.40 x 104 6 0.02 x 104
2B 31.58 6 1.30 105.84 6 5.22  71.71 6 5.45 27  7.01 x 104 6 0.04 x 104
3A 46.10 6 2.17 142.91 6 8.95 200.05 6 9.61 10 18.93 x 104 6 0.04 x 104

aBased on average of 20 cucumber fruits
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for the reducing sugars to attain the 95% diffusion level (that
is, when C/Ci is 0.525). In Eq. 1, the lower the value of diffu-
sion coefficient, the higher the Biot number. Since the move-
ment of sugar was the slowest among the solutes investigat-
ed in this study, the criteria for the use of lumped or
distributed model (Bi >10) in describing the movement of
solutes in freshly brined cucumbers were tested using the

sugar data. The estimated values of diffusion equation pa-
rameters for reducing sugars are given in Table 3. The meth-
odology used in the determination of diffusion coefficients is
described in the Appendix.

Figure 3 shows a comparison of predicted and experi-
mental data values for 1A, 2A, and 3B cucumbers eluting
sugars into the surrounding brine. A similar fit was obtained
for sizes 1B and 2B. The estimated values of Do and D1 and
the associated standard error of estimate are given in Table 3
(see Appendix for the relationship between Do, D1, diffusion
coefficient, and solute concentration). Statistical testing using
GLM procedure in Statistical Analysis System (SAS 1996)

Table 2—Measured initial concentration (kg/m3) of solutes
in brine and cucumbersa

Reducing M alic Lactic
NaCl sugar acid acid

Brine 9.92 6 0.02 — — 6.54 6 0.003
Cucumber

1A — 12.79 6 0.002 2.93 6 0.005 —
1B — 14.67 6 0.005 3.13 6 0.001 —
2A — 16.52 6 0.003 3.03 6 0.003 —
2B — 16.18 6 0.004 2.79 6 0.002 —
3B — 16.95 6 0.003 2.85 6 0.002 —

aReducing sugars and malic acid concentration values are based on average
from 20 fruits. NaCl and lactic acid concentrations were based on two
different readings.

Table 3—Estimated values of Do and D1 (Eq. 12)

Sizea Do (m2/s) D1 (m5/(kg s) Standard Error

1A (17.00 mm) 1.55e-09 5.05e-10 0.068
1B (22.67 mm) 2.05e-09 3.14e-10 0.054
2A (26.71 mm) 5.06e-09 4.64e-10 0.054
2B (31.58 mm) 4.45e-09 5.11e-10 0.059
3B (46.10 mm) 8.47e-09 1.41e-09 0.036

aNumber in parentheses are the average of 20 fruits’ dia in each size group.

Figure 1—Experimental data showing the effect of size on
absorption of lactic acid and NaCl by cucumbers. Cib is the
initial concentration of lactic acid or NaCl in the cover
brine.

Figure 2—Experimental data showing the effect of size on
diffusion of malic acid and sugars from cucumbers into
cover brine. Ci is the initial concentration of malic acid or
sugars in cucumbers.



184 JOURNAL OF FOOD SCIENCE—Vol. 67, Nr. 1, 2002

Food Engineering and Physical Properties

Mass Transfer and Solute Diffusion . . .

showed that Do significantly (P < 0.05) increased with in-
crease in cucumber size. However, the value of D1 was not
significantly affected by size of cucumber. The equation be-
low was therefore used to relate the diffusion coefficient to
cucumber size.

(6)

Azedevo and others (1995) estimated mass transfer coeffi-
cient in acidified vegetables to be 1.0819 × 10-6 m/s. Using
this value of mass transfer coefficient and calculated values
of diffusion coefficient, the mass transfer Biot numbers were
calculated to be 5.1, 5.5, 2.6, 3.6, and 2.7 for size 1A, 1B, 2A,
2B, and 3B cucumbers, respectively. These values are less
than the critical value of 10 required for the use of distribut-
ed equations involving mass transfer diffusion studies (Parti
1993). This indicates that the lumped-type model (Eq. 1) is
more applicable than the Ficks diffusion equation (Eq. 2) in
describing the movement of sugars (and hence other sol-
utes) in freshly brined cucumbers. This is further confirmed
from simulation results (from Eq. 2) which showed that, at
any time, there is no significant difference in sugar concen-
tration between the surface and center of the fruit (Fig. 4).

The Nonlinear estimation procedure (NLIN) in the Statis-
tical Analysis System package (SAS 1996) was used to esti-
mate k and Ceq of Eq. 1. The estimates and the associated
standard errors of estimate are listed in Table 4. Figure 5
shows comparison of the predicted and experimental data
during the movement of malic acid and reducing sugars out
of, and the uptake of lactic acid and NaCl, by brined cucum-
bers.

The estimated solute movement rate (k) for lactic acid,
NaCl, and sugars significantly (P < 0.05) decreased with in-
crease in cucumber size. Values of k for malic acid were not
significantly affected by cucumber size. Sugars and NaCl had
the highest and lowest values of k. The ratio of k values for
malic acid, NaCl, and lactic acid to the k value for sugar (Ta-
ble 4) decreased with increase in cucumber size. In addition,
k values for solutes transported out of the cucumbers were

lower than the corresponding values for solutes transported
into the cucumbers. Similar relationship was obtained by
Potts and others (1986). This is an indication that microstruc-
ture may play a role in the diffusion of solute in and out of
cucumber fruit. Scanning electron microscopy (SEM) studies
of the surface of fresh pickling cucumbers by Smith and oth-
ers (1979) showed that stomatal frequency and pore area de-
crease with increase in fruit size. Stomata are natural open-
ings in fruits and vegetables, and are important in regulating
the exchange of gases between the fruit and the environ-
ment. Other factors, of which we are not currently aware,
may also be contributing to solute movement between cov-

Figure 3—Fitted (Ficks diffusion equation, Eq. 2) and ex-
perimental data during sugar elution for three sizes of
cucumber.

Table 4—Estimated parameters of exponential equation
(Equation 1)

Size Parameter Lactic acid Malic acid  NaCl  Sugars

1A k (h–1)  0.127  0.0457  0.233  0.0452
Ceq  0.486  0.509  0.494  0.502
s.e.  0.0247  0.0550  0.0260  0.0442

k/ksu
a  2.81  1.01  5.14  1.00

1B k (h–1)  0.0929  0.0261  0.174  0.0242
Ceq  0.505  0.474  0.494  0.504
s.e.  0.0121  0.0568  0.0377  0.021
k/ksu  2.72  1.06  5.09  1.00

2A k (h–1)  0.0788  0.0321  0.135  0.0285
Ceq  0.473  0.502  0.487  0.559
s.e.  0.0125  0.0404  0.030  0.023
k/ksu  2.75  1.13  4.73  1.00

2B k (h–1)  0.0561  0.0254  0.0922  0.0244
Ceq  0.502  0.509  0.483  0.532
s.e.  0.0346  0.0378  0.0255  0.0393
k/ksu  2.31  1.04  3.78  1.00

3B k (h–1)  0.0482  0.0208  0.0450  0.0204
Ceq  0.476  0.604  0.456  0.592
s.e.  0.0253  0.0139  0.0282  0.0267
k/ksu  2.36  1.02  2.21  1.00

aksu = solute sorption rate for sugars

Figure 4—Predicted (Ficks diffusion equation) sugar con-
centration at the surface and center of size 3B cucum-
bers
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ered brine and cucumber fruit. There was no definite trend
between estimated equilibrium solute concentration and cu-
cumber size.

Conclusion

THE FOLLOWING CONCLUSIONS CAN BE DRAWN FROM THIS
study: (a) Initial concentration of sugars in cucumber

was significantly dependent on fruit size. Initial concentra-
tion of malic acid in cucumber was not dependent on size.
(b) About 95% of solute diffusion that took place during cu-
cumber brining occurred within 1 5 h or less of contact be-
tween brine and cucumber. (c) The rate of solute exchange
in brined cucumber is dependent on fruit size. For any par-
ticular size, the rate of diffusion is higher for solutes trans-
ported onto the cucumber than those of solutes transported
out of the cucumber. (d) The movement of solutes in brined
cucumbers is best described by exponential- or lumped-type
model.

Notation
C
^

volume averaged concentration (kg/m3)
As surface area (m2)
b estimate of the vector of parameters, b1, b2,...., bn

C concentration (kg/m3)
Cb,i initial concentration in brine (kg/m3)
d diameter (mm)
D diffusion coefficient (m2/s)
D1 constant (m/s2 per kg/m3)
Do constant (m/s2)
h mass transfer coefficient (m/s)
k solute movement rate (h-1)
Ki partition coefficient
M molecular weight (kg)
n number of samples taken at time, t
P inverse vector of P–1

P–1 calculated vector from equation
Pjj jth diagonal term in P
r radial dimension (m)
S error sum of squares
t time (s)
U inverse of the matrix of variance of measurements
v sampling volume (m3)
V volume (m3)
W inverse of matrix of variance of measurements
X matrix sensitivity coefficient of each dependent vari-
able, derivatives of dependent variable with respect to the

Figure 5—Predicted (Equation 1) and experimental data for malic acid, lactic acid, NaCl, and sugars in brined cucum-
bers for three cucumber sizes.
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parameter
Y vector of measured dependent variable
z scalar interpolation factor (this factor is iteration-de-
pendent)

Greek Letters
d change in parameter vector
« initial random value vector of parameters to be esti-
mated
f iteration termination value
h vector of estimated dependent variable
b1, b2,..., bn parameters to be estimated
si parameter defined as v/VcKi
ai parameter defined as Vb/Vc KI

Suffices
b brine
c cucumber
o initial
s sample

Appendix: Estimation of Diffusion Coefficient
The differential equation that describes the transient con-

centration change of a solute (reducing sugars) in a cylinder,
assuming one-dimensional, is given by:

(7)

For a cylinder that is placed in a well-stirred solution of fi-
nite volume, the boundary conditions to Eq. 6 are given by
Crank (1995):

t > 0, r = R (8)

t > 0, r = 0 (9)

The expression of Eq. 8 implies that the rate at which a
solute leaves or enters the solution is always equal to that at
which it enters the material, after adjusting for the fact that
the concentration of solute just within the surface of the ma-
terial is Ki times that in the solution (Crank 1979). The parti-
tion coefficient (Ki) for reducing sugars was obtained to be
0.88. Ki is the ratio of reducing sugar concentration in the
crushed cucumber to that in the brine after equilibrium con-
ditions were reached.

The initial conditions for the elution of reducing sugars
from the cylindrical cucumbers to the surrounding brine is
given by:

t = 0, 0 < r < R (10)

t = 0, r > R (11)

The values of sugar diffusion coefficient in Eq. 6 for the
different cucumber sizes can be estimated from the rate of
change of sugar concentration within the cucumber or in the
solution. It is simpler from an experimental point of view to
monitor the change of concentration in the solution and
then to use mass balance equations to calculate the concen-

tration of a solute in the material (cucumber) at any time, t
(Eq. 4).

Diffusion coefficients are often a function of concentra-
tion (Fasina and Sokhansanj 1996; Crank 1995). For simplicity
purposes, a linear relation between the diffusion coefficient
and concentration was used.

(12)

Do and D1 are coefficients of Eq. 12. The derivation of ex-
pressions for the diffusion coefficient will therefore involve
the estimation of these coefficients. This entails solving
Equations 7 to 12 with a numerical technique (such as the fi-
nite element method or the finite difference method). The
values of diffusion coefficient (or constants of Eq. 12) could
be obtained by trial and error, or by a nonlinear estimation
method. The trial and error method is known to be time-
consuming, inefficient and impractical (Beck and Arnold
1977). A description of the method used in this study to esti-
mate the diffusion coefficients is described below:

Estimation procedure
In situations where the constants (parameters) of an

equation(s) describing a system (such as a solute diffusion
system) are not known, discrete measurements of the de-
pendent variable are made within the domain, as was done
in this study. The measurements are then used to estimate
values of the constants through an optimization technique.
Concepts of probability and statistics are used to obtain esti-
mates of the parameters due to errors that are inherently
present in the measurements (Beck and Arnold 1977).

The inverse theory optimization method was used to esti-
mate the diffusion coefficient in this study. This method de-
termines the parameters of equations describing a system
for which experimental data are available (Hensel 1991). The
inverse theory method is particularly suitable for parameter
estimation in nonlinear situations where: (a) the experimen-
tal data are uncertain; (b) parameters are sensitive to vari-
ability in the data; (c) the parameters are strong functions of
the dependent variable; and (d) partial differential equations
are used to describe the system. These situations are charac-
teristics of parameter estimation involving the diffusion/elu-
tion of solutes in and out of cucumber during fermentation.

Beck and Arnold (1977) recommended the Modified Box-
Kanemasu method for estimation of parameters in nonlinear
systems. This method was used by Fasina and Sokhansanj
(1996) to estimate the moisture diffusivity and thermal prop-
erties of alfalfa pellets during drying and cooling. The meth-
od optimizes the parameters of interest (such as diffusion
coefficient) in an equation by minimizing the error sum of
square function given by Eq. 10, while changing the direction
and size of the corrections to the parameter vector.

S(j) = [Y 2 h(j)]T W [Y 2 h(j)] (13)

The estimated parameter vector is given by:

b(j+1) = b(j) + z(j+1) d(j) (14)

where

d(j) = P(j) [XT(j) W (Y 2 h(j)) + U(« 2 b(j))] (15)

and
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Mass Transfer and Solute Diffusion . . .

P–1(j) = XT(j) W X(j) (16)

X(j), the vector of sensitivity coefficient, is the first deriva-
tive of the dependent variable (concentration) with respect
to the parameters to be evaluated and is given by:

(17)

Apart from the use of the vector form of the sensitivity
coefficient in computation, plots of scalar values of comput-
ed sensitivity coefficients against the dependent variable pro-
vide insight into the interdependency of estimated parame-
ters (Beck and Arnold 1977).

To estimate the values of the constants in Eq. 12 and using
the mass transfer set of equations (Eq. 7 to 11), initial values
of Do and D1 were guessed from values given in the litera-
ture for solute diffusion in agricultural crops (Schwartzberg
and Chao 1982). The estimated dependent variable (?) and
the initial values of error sum of squares (Si) were calculated
(Eq. 13). Using a z(j+1) (step size) of 1, new values of Do and
D1 were then calculated according to Eq. 14. The new Do
and D1 were used to compute new values of solute concen-
trations based on the time and duration of the collected ex-
perimental data. A new value of error sum of squares, S (Eq.
13), was calculated and compared with the previous value of
Si. If S is less than Si, z(j+1) was calculated from Eq. 18. If S is
greater than Si, the step size was halved until S < Si. The iter-
ation was stopped when the value of f was less than 0.01
(Beck and Arnold 1977).

z(j+1)
 = G(j) f2 [S(j) - Si(j) + 2 G(j) f] 2 1 (18)

where:

G = [d(j)]T P–1(j) d(j) (19)

Computation was achieved by writing the diffusion and the
nonlinear estimation procedure equations in finite difference
form in Fortran 90 on a personal computer. The details of nu-
merical formulation are described in Fasina and Sokhansang
(1996). The value of G calculated from Eq. 18 was used to
check the validity of the systems of equations and the coding
of the problem in a programming language. The value of G
must be positive; otherwise, the solution is incorrect.
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