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charge density of a dielectric or electret to measurable

parameters

R. W. Mankin

University of Florida, Gainesville, Florida 32611
and ‘

Insect Attractants, Behavior and Basic Biology Research Laboratory, United States Department of
Agriculture, Agricultural Research Service, Gainesville, Florida 32604

P. S. Callahan

Insect Attractants, Behavior and Basic Biology Research Laboratory, United States Department of
- Agriculture, Agricultural Research Service, Gainesville, Florida 32604

(Received 16 August 1976; in final form 17 November 1976)

The measurement equations for the capacitive probe, dissectable capacitor, and vibrating capacitor
methods of determining the effective or apparent surface charge density on a dielectric are derived as
special cases of a single theory. The results agree with those of other authors.

PACS numbers: 77.30.+d, 41.10.Dq, 85.50.—j

Measurement systems which determine the effective
or apparent surface charge density on a dielectric from
induced changes in the external electric field use equa-
tions derivable from the following theory.. To simplify
the boundary conditions without sacrificing much rigor,
we have assumed that the electric fields are time in-
variant and independent of the y and z directions.
References 1—4 discuss the extent to which this as-
sumption holds in practice.

Suppose that a dielectric specimen exhibits the real
charge densities shown in Fig. 1, and, in addition a
total polarization

P"(x)= P(x) + P'(x),
where P(x) is a slowly varying internal polarization and
P'(x)=¢yle; — 1)E,(x)

is an almost instanteously varying polarization. Then’
from the definition of electric displacement,

D,(x) =¢,E,(x) + P(x). (1)
Integration of Poisson’s equation,
diV[Dz(x)] = p(x) ,

gives another expression for the displacement:

D,(x)=D,(0) + ‘[)"p(x’) dx’. ‘ (2)
Specifically,
D,(x,)=D,(0) + f™2p(x") dx’. 3)

Gauss’s law, applied to the x=0 and x = x, faces of the
‘specimen, gives

— €061 By + D,(0) =0, 4
and

— Dy(%,) + €ges B = 0. (5)
From Kirchoff’s law,

Eyx,+ [2E,(x)dx+ Egxy - V=0, ' (6)

where V= V’ - V,.
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A final boundary condition must be specified, relating
the charge on the electrodes to the potential across them
and to the field in the gap. Each measurement system
has a different boundary condition. However, the types
of measuring systems discussed in this paper have
boundary conditions of the form

E,=F-V/d, : (7
where F and d are parameters, determined by the sys-
tem geometry and measurement hardware, that split

the field into voltage-independent and voltage-dependent
components, respectively. '

Substitution of Eqs. (1) and (2) into Eq. (6) gives an
equation that, combined first with Eqs. (3)—(5) and
then with Eq. (7) after the [J2 [y p(x’) dx’ dx term is
integrated by parts, yields

E1 = (1/6')(606263F+ d-l{— (Q/A')[szs + fs(xz - X)]

tes f:zp(x) dx — 0y(e3%; + €2%s) — Oper%s}), (8)
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FIG. 1. Specimen-probe configuration for most systems that
measure effective surface charge densities. The dielectric
specimen exhibits real surface charge densities oy and oy,
volume charge density p (x), electric field E,, face area A’,
and thickness x,. The two gaps between the specimen and the
electrodes are filled with dielectrics exhibiting relative per-
mittivities ¢; and electric fields E,where =1, 3. The metal
electrodes at x=—x; and x=x,+x3 have area A and potentials
V, and V,, respectively.
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FIG. 2. Measurement hardware for capacitive probe and dis-
sectable capacitor systems. S is a grounding switch, C and R

. are the internal capacitance and resistance of an electrometer
M, and V, and V, refer to Fig. 1.

where @ is the total real volume charge,
€' = €olezes + A eg€%, + €165%5 + €165%5) ]
and
x=L/; xp(x) ax] [ [ plx) dx] .

Solutions for the other external parameters follow
readily:

J2E,(x)dx=(1/ e’)(eoeléssz +€3(Q/A")(x, — X) + 0yex,
- e,f:zP(x) dx+d*{(Q/A’)
X [esxle = X(eg¥y + €,%5)] = (e5%y + €,%5)

xf : 2P(x) dx + €3%,%, 0, — €,%,%50,)), 9

Ey=(1/€')ees6F + €50, + 0, + Q/A") + dH(Q/ A )%, + €,X)
+¢ L 2P(x) dx + e,%,0, + 0ylexx, + €%, ), (10)
V=(1/e"M(Q/A"egxs + e5(x, — X)] - € [ 2P(x) dx + 0,(e5%,

+€%3) + 06,05 + €uF (€65%, + €169%, + €46,%5 )} (11)

Figures 1 and 2 show all but two components of a
capacitive probe system. = Not shown is a grounded
shutter located between the dielectric sample and the
probe (the probe may be either of the two electrodes).
Usually there is also a guard ring surrounding the sam-
ple. S is a grounding switch and C and R are values of
the internal capacitance and resistance furnished by an
electrometer M.

Opening the shutter, after first closing the switch S
momentarily, draws a charge @’ from the capacitor onto
the probe. Equation (11) and the probe potential

V=-@'/C (12)

determine the charge density of the sample. The values
for F and 1/d in Eq. (11) follow from the substitution of

@ =€ AE,; (13)

into Eq. (12); i.e., the parameters in the charge-con-
servation boundary condition (7) for the capacitive probe
system are F=0 and 1/d=C/(ek,4). Thus,

V=(1/e,{(Q/A")ex%5 + €5(x, — X)] - esf:’P(x) dx
+ 0y (€575 + €3%,) + szzxs}{(C/AGo)
X!(ez%5 + 3%, + €z€ax1/€1) + G:;Ess]-1 ’

which agrees with the result of Wintle.® By setting x;=0
and defining an effective surface charge density,
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1 (= ‘
o=,%(1‘}&)—x— f P(x)dx+ 0y, (14)

2 2

one obtains Foord’s result,®

V= %,€,04/C ,
T %, 6%y e 6A/C

which reduces to the result of Sessler and West* if the
capacitance between the dielectric and the electrode is
negligible.

Figures 1 and 2 show the components of a dis-
sectable capacitor system.!:” Initially x, and x, are set
to zero and the switch S is closed momentarily. Then
the probe is moved to x, > x,, thereby acquiring a
charge density

Q'/A=-0+CV/A. (15)

If Eq. (13) is combined with Eq. (15) and the result is
compared with Eq. (7), .

1 C o

S F
d e A ’ €o€1
For ¢,=1, Eq. (11) becomes

Ve— Gey%y/ € .
(C/eA) (%, + €5%,) + e,

By defining AV =[V]
known relationship

cy»xz — [V]s,e0 ONE Obtains the well-

o=-CAV/A.

Figures 1 and 3 show all the major components of a
vibrating capacitor measurement system?®®-!° except
for a mechanical oscillator that drives the probe located
at - x,. When the electrode vibrates, a current runs
through the external circuit unless the potentiometer
supplies a voltage V= -V, to reduce the electric field
E, to zero. V,, the equivalent voltage, is the potential
across the electrodes that produces an electric field
equal to E,. Dreyfus and Lewiner® give the relationship
between E, and V as

(x, +8yx, + glxs)El =V,+ V.
\ €2 €3
Thus, 1/d and F in Eq. (7) become

-1
€2 €3

O

(16)
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FIG. 3. Measurement hardware for vibrating capacitor sys-
tem. R is the internal resistance of an electrometer M, Vgis
an adjustable bias potential, and V, and V, refer to Fig. 1.
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Substitution of Eq. (16) into Eq. (8) gives
Vo=~ {(Q/A,)[sza + 63(x2 - X)] - 63£x2P(X) dx
+ 0y(epx05 + €3%,) + Uzezxs}(eoezfs)-l’

which is the result of Dreyfus and Lewiner. If x3=0
then, from Eq. (14),
X,0

0 €of2

’

is the bias potential of Sessler®; V= -V, is the bias
potential of Reedyk and Perlman, 1°

The authors wish to thank Dr. G. Dreyfus for his
helpful correspondence.

!B, Gross, Br. J. Appl. Phys. 1, 259 (1950).

’E.W. Anderson, L.L. Blyler, Jr., G.E. Johnson, and G. L.
Link, in Electrets: Charge Storage and Transport in Dielec-
trics, edited by M. Perlman (Electrochemical Society,
Princeton, N.J. 1973), p. 650.

3J. Roos, J. Appl. Phys. 40, 3135 (1969).

‘G.M. Sessler and J.E. West, Rev. Sci. Instrum. 42, 15
(1971).

ST.R. Foord, J. Sci. Instrum. 2, 411 (1969).

83, Wintle, J. Phys. E 3, 334 (1970).

'G.G. Wiseman and E.G. Linden, Electr. Eng. (N.Y.) 72,
869 (1953).

8G. Dreyfus and J. Lewiner, J. Appl. Phys. 45, 722 (1974).
’G. M. Sessler, J. Acoust. Soc. Am. 35, 1354 (1963).

¢, w. Reedyk and M. M. Perlman, J. Electrochem. Soc.
115, 49 (1968).



