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FOREWORD

In connection with ground-water recharge, it is important
that the factors alfecting the build-up of ground-water mounds and
their dissipation under various systems of recharge be known.

The YWestern Soil and Water Management Rescarch Aranch, Solil
and Water Conservation Research Division, Agricultural Rescarch
Service, ewployed Mr. R. E. Glover, Consulting Engineer, to work
out analytical solutions and to develop equations and analyticsal
tables (with cxamples) pertaining to certain ground-water recharge
problems.

Mr. Glover's mathematical derivations are contained in this
folder.,

December 1960




Spreading of the ground water rvound due to recharge from a long

strip ol widta .

When ground water moves I1n one direction only the condition

of continuity takes the form:

C(‘Eizil_ _ oh

)%

Where

ot

L} L} .(1)

h represents the halght of the ground water mound above

the original water table level,

(feet)}

x Distance measured horizontally from the center of the

atrip. (feet)

t time. (seconds)
0C = KD
-

in which

- K represants the aqulfer permeability

D The.original saturated depth of the aquifer

(ft/sec)

(foet) !

v The drainable or fillable volds expressed as a ratio to

tha entire volume

Also let

(dimensionless)

represent a coordinate distance measured horizontally

and at rignt angles to the direction of x .

A solution of equation (1) which satisfies the initial and

boundary conditions

h = H for

is

I
=

e o o(3)
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Sxpression (3) represents the height of a ground water mound at
the time t and at the distance x from the center of an
infinitely long recharge arca of width W 1lying along the axis of
Y « The origin ol coordinates is at the center of the strip.

The original height of the mound H 18 supposed to ba due to an
instantaneousa recharge applied uniformly over the entire width W
of the strip, Some plots of this function are shown on figure 1,

Product law

When there is a flow of ground water in more than one direction
the analytical trsatment can be facilitated in certain important
cagses by use of the procedure to be described., Thia procedure
enmploys a product of functiona, It should not be confused with the
oldsr device whereby the solution of a partial differential equa-
tion 18 sought as a product of functions having only one independent
variable, The present davice emplovys a product of functions
which have more than one ilndependent variable. Graphical presenta-
tion of analytiecal data 18 also facilitated by the use of the product
law because it avoids the difficultics presented by an excegslvely
large number of variables, The nature and uses of the product law
may be described as follows:

Suppose the funection fl satlisfies the differential equation

. __of
O(_Eﬁl’:—?ﬁ e o o(5)

and the function f2 gatisfies the differential equation
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Then the product

h = H £ £, « oo al7)

where H 1s a constant, will satisfy the differential equation

th | %\ __ah 8
M ,____.i + _.____..)__ e & o -( )
DY qut/ Tt
Proof is made by substituting formula 7 into 8 and making uwse
of the relations 5 and 6 . -

In order for the solution of a differential equation to bo unigue
it must satisfy the appropriate initial and boundary conditions., If
£y and f2 are unity over prescribed intervals at time zero then
the product 7 will also be unlty over tie same Intervals., ‘aen
fl and f2 are zero at certain boundaries the product 7 will also

be zero there.

Example

Suppcsa a square plot 330 feet on a side i3 recharsed at the rate
of one foot per day for a period of 15 days. Compute the soreading
of the ground water mound at the end of the 15 day period if the
aquifer properties are:

K = ,00015 ft/scc X = ‘?@ = 0.1 £t%/sec

D = 100 feet
vV = 0,15 (dimensionless)

T1f the recharge were instantly apnlied the holght of the ground water
mound would be 1% » 100 feet but with the application over a

period of 15 days the mounds due to the firat water incremants appllied
would have & chance teo flatten before the end of the 15 day period,
To approximate the effect of the gradualapplication the 15 day period
will be divided inte 5 intervals of 3 days each and it will be aszumed
that the inecremant will be applied at the middle of each interval.
The addition of a 3 foot depth of recharge would create a mound having

an initial helght H of 3 w 20 feet,

e B S —— e, .



At the end of the 15 day period the heizht h of the mound due
to the first increment applied to a strip of 330 foot width in the
x direction but of infinite length in the y direction would be

computed in the following way:

(13.5) (86400)
= 0,4 ft°/sec

W) (x = W)
(x +‘E ) (x .2)

t, o
4 O
x°
fect
0 165
| 100 265
165 330
200 365
300 L65
¢ 400 565
500 665
' 750 215
l 1000 1165
| 00 2165
| .

were replaced by vy .

165
65

O

35
135
235
335
535
835
1835

+h 4ttt

1,166,400 seconds

L C t = 683
: ) u, *
ul u2 fhi

, T ),
-21}1 e 21!»-1 . -67
0388 -.095 ohl?
o483 0 L5C5
o534  +,051 ,550
82  ,198 L6065
o827 344 758
«97h 490 ,832
1,340  ,857 ,9h2
10707 10222 ogah
3.170 2,685 1,000

T
€ Al J%SE‘.MG{LL

U, %

-.267
e 107
C

.058
a221
373
o012
o 77k
«316
1.000

a 0.1 ftz/aec

W = 165 feet
Z

h
H

e 207
262
252
o246
222
0192
2160
.08,
<034
< 000

La

h
feet

Sall
Se2l
504
he92
‘-V.MP
3.3
3.20
1,68
0,64,
0.00

The spreading of a ground water mound in the y direction due
to recharge applied to a 330 foot wide strip of infinlte length in
the x direction would also be aa shown in the above table if =x

| & long strip where
origin is placed under the center of the square recharge plot and
- the axis passes through the mlddle of the @ast side of the plot, tho

heights of the ground water mound along the

. B, & G

X
feet

0
100
165
200
306
100
500
750

1000

2000

+ 267
252
et52
el
)
192
.160
<05
«034
« 000

« 267

o267

¥

= 0

0715
0702
+0676
<0659
«0595
JO5L4
0428
.0225
«0091
. 0000

) (R, Lo

h /H
626t

Then the height of the mound alons a section
passing through the centers of opposite sides of o squara recharge
plot 330 feet on & side would, by the product law, be obtained by
multiplylns the figurea of the above table by the
e 1Thls value is

value for

Then if an

x axis would be:

h
foaet

l.lPB
1,40
1.35
1,32
1.19
1,03
0,80
00155
0,18
0,00

% Tables ol the probabllity integral generally give this form,

When using it a dayiﬂion by 2 is required in computing

table of _1

i

e

o

U.Z
Au

would simplify this computation,



The heights of tho ground water mound alonrm the northwardly
running y axis would be the same n3 the values computed ahove.
The heights alongz a lino running northeasterly from the censer of the
plot through & corner would be computed by the product law in the
following way:

14 ¢

x* h v (h h = (h),/h) h
feet (T—T ) = feet H)y H H/ \K y foat

0 267 0 «267 «0713 1.43
100 0262 100 0262 . 0688 1.38
165 0252 165 0252 0636 Y227
200 256 200 «246 +0606 1,21
300 222 300 0222 « 0492 0,98
L00 192 400 192 0363 0,74
500 2160 500 «160 <0256 0.51
730 . 084 750 084 «0071 0.1 |
1000 034 1000 034 «0012 0,02
2000 . 000 2000 «000 . 0000 0,00

The height of the mound at the end of the 15 day period would ba
obtained by computing the contributlons of each of the five increments
in the way described and adding the five results. The procoss will
be illustrated by computing the height of the mound at the center, due
to the five inecrements, at the end of the 15 day pericd,

Uy U

\ u‘L
_u? —uZ
Zedu ReEdu

Average Average ’

life of 1ife of Kt 28 247, 2 AR
increment increment 4 4y ! E%e ats i s (ﬁ%
days seconds A A i, Lha.ih

'] '. \ . 7 v V \H . }.{

1.5 129600 227 J727 =727 6961  =0961  JA9BL <L &
L5 383800 39h  WB19 = L19  JL465  <hh65  LLE5 190
Tad 648000 509  W32L =432L ,3532 =3532 3533 L121
10,5 907200 62L, G266 =264 L2911 =2911 ,2911. O
13.5 1166400 683 w241 =241 L2668 2668 20668 'U‘g%%
Total [ ] +

Then the heipht of the mound at the center after 15 days of racharge /,
due to all of the increments, is: ;

(20)(0,9647) = 19,3 feet

Check

For a continuously applied recharpge over a circular area it is
possible to compute directly the height of the ground water mound i
under the center o f the area at the time t , In the present case |
if the square area 330 feet on a side is assimilated to a circular
area of 181 feet radius, the heipght of the mound at the end of 15 days
of recharge comes out to be 20,0 foet, This compares well with the

19,3 feet obtained above,

.,407,35'/7644



Spreading of a circular zround water mound

If the recharrse area is circular in form a eireular ground
water mound will be produced. The spreading of such a mound will
be the subject of this investigation., The resulta obtained will
be ugeful as an idealigation of many practical cases and as an
independent checlk on other developnments,

The continuity condition for the radially syumetrical case is:

d*h |, 1 2h - dh. :
O((ar1 - &r) B « o {9)

Whera

h represents the helpht of the ground water mound above the
water tablae level, (feet)

r The radial distance from the center of the recharge area, (fas
t time,
0C = xp ,
v—
in which

K represents the permeability of the aquifer,(ft/scc)

D The oripinal saturated depth of the aquifer, (feet)

V  The ratlio of drainable or fillabie volids to the gross
volume. (dimensionless),

In addition let

a represent the radius of the circular recharse area,{feet)
? a radius running between o and a .(feet)

A solution which satisfies the conditions

h = H for 0 L r a when t e 0

. e o o o (10}
h = 0 for r :> a when t = O :
ia: N e
} 40Ct LR TR .
h - H(""Z—E‘x?i:—) . g)e Io(ZOCt‘)df ¢ o o @ (ll)
o

7his relationship also finds application in Physics and has been



tabulated® in the form, in the present notation,

_ rZ; g *_7— o
o U 0 201 Y !
(o) =S W5c 0 L(Ge)de - - ua

Where 6— :/’Z(Xt -
]
and I, represents the modified Dessel function of the first kind .
and order szero.
At the center, where r = o, I_ (¢) = 1,0 and the o

interral can be evaluated by simple means.When this is done it is
found that:

aZ

0

L

This may be written

F(%:?-Q—) =l|—e 20° ceee (m

{

The tables give wvalues of

Exampla

In a previous treatment of a rectangular recharpge area the casei
of a square recharge plot 330 feet on a side was considered. The
aquifer properties were assumed to be

K = ,00015 ft/sec (X = _Kv[_)_ = 0,1 ft2/sec i

D = 100 feet Vv = 0,15 (dimensionleas)

* Soms appllications in Physics of the P function., by
Joseph I, Moeters., Journal of Chemical Physics. Vol 23 MNo.l0

October 1955
&



The square ared will be assinilated to a circle of 131 feet radiug
and the spreadin: of a mound, orizinally 20 feet high, will be
computbd after 13 5 days have elapsed. Then:

a = 181 feot t = (13.5)(%6400) = 1166400 scconds
H = 20 feet y2 OCt = /233280 = 482 feet
% = 04375
2 0C ¢t

r r P P % h
(feet) 2 oC t foet:
0’ 0 0680 1,000 1,36
100 «207 QUB‘JI -9?7 1. 33
155 [ ] 3)4-2 .O6IP2 igh 5 11. ;38
200 ok15 <0608 <595 1,22
300 n623 005611- 0830 1003
40O .830 »0L9Y 722 - 0,98
500 1.038 +OLOL e 595 0,81
75C 1,558 «0215 316 0.43
1000 2,075 0085 «125 0.17
2000 L .150 « 0000 « 000 0,00

The value of F)(75:1-EF) 1s first found from table 1 0Or from

formula (1)). This is the underlined value. Values of P* are
then read from table II, The P column can then be cempleted by
using the underlined wvalue and the P * valuens, The halgnts h
can then be computed by multiplying the P values by H, These
h values will be found to compare reassonably well with those
obtained from the square plot computation. In both cases the com=
vutations were made with a slide rule.

Continuous recharge

If water 1s recharped over the area of radius a at a rate that
would causs the water table to rise at the rate R in the absence
of spreading, tha height of the mound at the center of the plot h

can be obtained by integrating formula (13) with rospect to time,
Thig intepgration yields the formula

[~ e _
No=Rt [I—€ + W, %-du e o oo (16]

U,
whare

s wYmE e 0.001(17]



The integral which appears in thls expression is knowvn as the
exponential integral, It has been extensively tabulated>.

Examnla ' f

For the circular plot of 181 feot radius recharged continually
at the rate of 1 oot of water per day for 15 days the product Rt
would be 1% = 100 feet

L]

with
a = 181 feect u, = a% = 181° = 0,0632
LOCt 518400
t = 1296000 seconds L Ot = 518,00 £t

« 0,1 ft?/sec

From tables

—U,
< = 0,9387

0o o0
- U
S_de“ Ues 2,249 | Y, g%ﬁh’ 0.1h22
W, W,
oo
Then e é_u
1-C 4+ WU, %—a*du == 1 ~ 0,939 + .142 = 0,203

And
hg = (100)(0,203) = 20,3 feet

The line sourca

1

This idealization is useful for estimating the spreading of a:
ground water mound produced by a continuous recharge from canal
peepage or from water released down a previously dry stream channel,

A solution of equation (1) which meets the conditions _
for -t u>' o .

When x = 0. =20 Oh = ’
e ... (18)

q
Sx 1
When t = 0 h = 0 for x >0

¥ See MNational Bureau of Standards Tables M5 and MT6- Tables of
Funetiona- Jalinke abd [mdo, NMathematical Tables- Dwight,




e
_u'l
h o ql x TT e . ® & = @ (19)
2 T KD ‘[— w* o .

Valid for x > O

At x = 0 this solution becomes indeterminate. The helght of the
ground water mound is hecre

hg w WL yETXE e ae . (20)
2 1 xo
The recharge rate 9% used in these expressions represents a

continuous inflow from a unit length of canal or watercourse, (ne -
half of the recharge goes to each side. The quantity Q3 is L
specified in terms such as cubic feet per second per foot of canal,’
The mound is symmetrical with respect to the origin at x = 0,

An integration by parts yilelds an expression for evaluating
the integral of equation (19)% in terms of the tabulated Probability
integral and the tabulated exponential funetions., Thie expression

- * 2 2 W
—U
ur [o) |
Example ‘

Recharre 1s obtained by ponding water in a previously dry water-
course, The average width of the bed is 80 feet and the recharge
rate is found to be 0.5 foot per day over the lnundated area,
Compute the shape of the ground water mound after the recharge
opsration has been carried on for 60 days., The aquifer properties
are, as before: : :

K = ,L00015 ft/sec X= %B = 0,1 ft2/sec
D = 100 feet
v

= (0,15 (dimensionless) T = 3.14159+

M= 1,77245
This interral has been tabulated by Mr, M.W, Bittinger of Colorado
State University. This table may bo found in the "Source Material
for =2 course in Translent Ground Water Hydraulies™ complled by
R.5., Glover and M,W, Dittingere.

L




Solution:

qQ = Q 120 - <000LE3 ftz/sec

Under the stream channel where x
ba computed by use of formula ({20)

with

t = (60)(86400) = 5,184,000 seconds

thon

G the height of the mound may

he = (,000063) Vi T (0,1) 5184000 = (,000463)(2550)

2 T (.00015){100

At a point 1000 feest away from the
x = 1000 fect

)

Then

x__ = 1000 = 0,695
! VoL t 1440

. with 2
W = 0,695 W = 0,482

a2
C = 0.6175
Then, from formula (21)
W

0

w?
TTL?UTF |+ ﬁ]’ e CALJ —ﬂ'[ 50L = 1 + O 671,] -

and from formula (19)

h = 0004C€3) (1.000) (0,550
283 .

VE OOt = {4)(0.1)(5184000)

channel

= 1440 feet

It wlll be necessary to evaluate the integral 122

From tables
ui

re”‘“

2.70 feaet

«09L25
12.5A fﬁﬁt

0,6743

0.550

—————




i The pumpod well

! A solution of equation (9) subject to the conditions:

g8 = 0 when t = 0 for r > O
~2T xw O0s —> Q@ as r —= 0. for t » 0
| ax
is
o 2
| Q el
_ e ——— e e » (22
5= ZTRD o
I

|
In this formula a

the well at the constant rate Q

the position of tho water table before pumping began,

i notation haa been dafined previously,

ul

=3

v

changea the lntegral to the form

o0
\ ~U
e

LU"Z

=1\
Iﬂ- m Au

W

The integral I

21

ropresents the drawdovm produced by pumping

The drawdown 1s necasured from
Tihe other

The integral appearing in this expression 1s a form of the
tabulated [xponecntial Integral, Since the substitution of variable

duz_%ﬁ%wq....un

has also been tabulatedx

* Heat conduction by L.M. Ingersoll,
Studles of Ground Vatcr Movenient.

YeGraw Hill 1Q48.
Reclamaticon Technical liemoranduwa
March 19060.

0.J. Zobel and A.C., Ingersoll.,:

Bureau of

No, 657- Denver, colorado-.



The Exponential Integral has been tabulated®™ rs the funcoion El -

| In this notation
e ,
_ ke :
b %@r du = E (w?) e 1
ur

| Brxamnle

e —— i

Sunpose a well is pumped at the rate of 250 gallons per minute
and the aquifer properties are, as before

K = ,00015 ft/sec - %F o« 0,1 ft2/sec
D = 100 feet
vV = 0,15

Compute the drawdowvn s at a distance of 500 feet from the weall
after pumping has continued for 3 days,.

Solution

"To convert gallons per rdnute to cuble fest per second omultiply
by 002228 then

Q = 0,557 £t3/sec
One day is 86L00 seconds. Then
t = (86400)(3) = 259200 ssconds.
(& 0t = /1036300 =~ 1018 feet

x = 500 = 0,492  (0.492)° = 0,242

Jb 0t 1018

From a tabls of the IExponential Integral
Izl " % (1&070] = 00535

% Tables of Munctions and Zercs of Tunctions., National Bursau of
Standards, Applied Mathematics Serles 37. :



Then, from formula({22)

8 ® (0,557){0,535) = 3.7 foot
a .)

The assumed flow is about all this aquifer would yleld to a well
since at r = 5 the drawdown would be ahout 25 feot, At 1 foot
from the well =x = ,001 approximately I w 6,62

2
b ¢ !

and

8 = (0.557)(6.62 = 39,1 feet

At thils distance from the well there would be strong vertical
componente in the flow pattern, 3Since these were neglected in
developing the formulas described herein this latter computation
would not be exact, It should be of the right order of magnitude
however,

Method of Images

The usafulness of such solutions as those for the Linc Source
and for the pumped well can be extended by the method of images
since this method permits certain boundary conditions to he met
which would bs troublesome 1f this method were not available., The
method is readily understood as an example will show,

BExampla

Suppose the pumped well of the example of the previous para-
graph was located at a distance of 300 feet from a line along which
the aquifer terminates against an impermeable formation. It is
obvious that the radially symmetrical drawdown pattern which this
well would produce in an iInfinitely extendad aquifer would be
distorted by the presence of the barrier, The condition imposed
by the barrier is that there will be no flow across it, This con-
dition can be met 1f the Infinite aquifer is retained, a line 1s
drawn upon it representing the position of the barrier and an image
well is placed across the line from the pumped well, To meet the
boundary conditicn.the image well must be a duplicate of the pumped
well, must be at tne same distance from the line and rust be placed
directly opposite the pumped well, Superposition of the drawdown
patterns of the two wells operating 1n the infinite aquifer will
reproduce the required condition along the barrier and the proper
modification of the drawdown pattern on the pumped well side, The
drawdown at the barrier direectly opposite the pumped well will be,
for example, twice what it would be if the barrier were abaent,

At the barrier after three days of pumping

x m 300 = 0,295
Ve o & 1018




b —— 3 S—

Fromn tables

Then for the pumped well

S = 60fg§§!§053%%%* = 5,70 feet

This 13 the drawdown the pumped well wculd produce in the infinltely
extended aquifer. To account for the prezence of the barrier super-
impoze the drawdown due to the inmage well which 1s also 5,70 fast

at this point, Thenr the total drawdown at the barrier is

5,76 + 5,76 = 11,52 feet.

hen a pumpod well is near a stream which maintaina the water
level in the aquifer a similgr ruse can be émployed. 1In this case
thers is to be no drawdown at the satream, Tnis can be arranged by
using an image well which, in this case, must be a recharge well,

Extensiona of this pfocedure will permit the treatmant of a well

" located in the corner where two streams join or for a well located

between a stream and a barrier, In the latter case an infinite
succession of imapes 1s obtained by successively meeting the con=-
ditions at the two boundaries, Thoe result 13 an infinite series
which, however, converges rapidly.

V7



orchingz layer precuacent- Steady astate cage

| In the scction showm on figurce 2 a layer of low permeability
restricta the dovmward flow of water and thereby creates a perched
pater table, If the permeability of the aquifer above the perching
layer 1s K then the horizontal flow F  through the saturated
thickness h at x 1is glven by

5 rum:(%hi) « o oo (25)

Under steady state condltions, including a unity pgravity gradient
through the perching layer and an additional gradiont (C/m} due to
a capillary tension € exerted on the bottom of the perching layer
by the partly saturated sands below the perching layer. The
continuity condition is:

+dFdx-P(b_+1+_g_)dx-’0
dx n o

!
_l

By use of equatlion 25 and after rearrangement this relation takes
Ithe foxm:

2 2 . .
hg_x%+ (%) -R%_h §(1+%)...(26)

The subatitution

dh = y &%h =y dy o s s s (27)°
dx dx2 dh

trangformns this expression to

hy%ﬁ+y2 -Kg_h+§(l+%) o« o oo (23)
The additional substitution
Wi
v¢ =y 2y %ﬁ o gg_ o o o o (29)-
Transforms it to:
%4-%\7 =%+%(1+%) | o« « - o (30}

this 48 a liEear differential equation for which an intepgrating
factor is h< .
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;If the intogration I8 performed the result ia:

;
!

!
¥
|

By integration

h2v-%§2+gp_(1x+z%)g§_+cl e s e o (32)°

a
KR /dh\2 = 2 W + 2p (} +m h2 4+ €1 e « o & (32) -,
() By raLpnl Fn (32)

I1f the origin is taken at the end of the mound where h = 0O thon
¢cig = O and, by rearrangenent:

i .dh . - xfg ....{331'::

2h o+ (1+%)
o ¥ 2

R Y T TR S E S

| Exanple

Suppese a bed of permeability K = .002 ft/sec rests unon a

¢ perching layer of thickness m = 15 feet and having a permeability

, of p = .000001 ft/ssc., The sand below the perchinz layer is

¢ permaable but 15 unsaturated and exerts a capillary tension af ¢ = ¢
feot of water, A canal traversos the area and has a sccnage amounting

to 1 cublc foot per gecond per mile of canal, Compute the ultimate

~height of the grownd water mound.

| Solution

8 e =« 0,333 (L+¢C) = 1,3333 = 0005
£ " 5 i
K

= 0,002 ft/sec [1+C = 1,157 f}%— = 0.02236
m

p

5230

1 = 1
. 10560.



o

o h 21 +(1+g}/m-+cL+g) x [5 x an F
faot m M mn {3z m 3m{ K feet U= (Et2/sec
0 0 1.3333 1.1547 0 0 .02582 0
0,2 .01333 1.3422 ).1585 .0038 76 402590 00001
o;é 02666 1,351 1,1624 o 0077  15:5 02602 ,000020
0, . 04000 1,3600 1.1662 0115 23,1 02610 ,CQ007%0!
0.8 ,05333 1.3689 11,1700 0153 30,8 .020620 000041
1.0 0506586 1.377¢8 1,1734 L0151 38,) .02627 000052
1.2 L,08000 1,3807 1.1776 0229 16,0 ,D2032 000063
l.h 09333 1,3956 1,181 0207 5347 J020L5 002074
1,6 (10866 14044 31,1851 .0304 61,2 L02650 .00001:
1.8  ,12000 1.4133 1,13890 0343 69,0 ,02660 ,000095.
2.0 ,13333 1.4222 1,1925 0378 76,0 ,02670 ,000100

The x distance required to make F eoqual to (q,/2) 4a found by
interpolation to bo 68,3 feet. This is the distante Trom the too of
the mound te the apex, The total width of the mound is

(2)(68.3) = 130,6 feet, Tha helght of the mound at the apex in
also found by 1Interpolation to be 1,78 feaet,

As a check compute the width necessary to tranamit the seepage
through the perching layer under tha action of the gravity pradient
and the capillary tensione Then 1f the width from the tecae to the
apex is ‘g_.

z T
and
W, = N1 a 000097 = 70.9 feet :
4 2Pl + C) CUCUOL333
m

This 13 greater than the computed distances by

70.9 - 68,3 w 2,6 feet, This is reasonable since
the pressures due to the saturated depths h were neglectod in the
check computation. The checlk is considered satisfactory,

To pet some idea of the time required to establish the mound
after the seepage q; begins it may be assumed that the first seepapge

water to reach the perching layer is used to build up the volume of

the mound but, as the volume of the mound grows, & part of the supply
91 1s consumed by seepage through the perching layer, When the final
E%ablo confiruration 1s reached all of the supply 9, ia consumecd by

70
L oey *



'tho perching layer scepage, If the time required to accurmlate the
' yolume of the mound, with no loss threugh the perching laver, ia

.represented by T then 1f hc and hm reprosent tho transient

and final valuos of h at the apcx of the mound 1t would be
 reasonable to write

j dh : h hc e o o & (35)°
do Kl T

A solution vhich makes h, = O when t = O 4g

| — 5 .
hc = hm [l - 'T") e a e @ {36.}

' The mound 18 nearly triangular in shape and in our case the volume of
' the mound per unit of length.along the apex,is approximately

!- (68,3)(1.78) = 121,2 ecubic feet per foot.
1The volume of water contained in it is
(121,2)(V) = '{121,2}(0.,15) = 13,2 cubic fcet per foot.

The seepage supply is q = 5256 cublc feet per second per foot of
canal, Then _ _
T = 18,2 = (18,2)(5280) = 96000 scconds.
| "
The tima required to bring the mound te any specified part of

completion may now be estimated, Suppose it 1s desired to kmow how
long it would take to make hg

| Hn—l L 0.9
. Ther by rearrangerent
h
t
8" § e 1. S m Q.1
hp

From tables

t = 2,302

T
And

t = (2,302)(96000) = 221000 seconds
This would be

221000 - 2,56 days
'

e £
//i- T ff "‘/2/"(" 277

i

et ) SO
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Shape of the sround water mound beneath a long recharped strip-
ateady state casa.

When the recharge rate 1 i3 included in equation 26 the result
is:

hd?h + /dhy 2 =« ph = P (1 4C=1) 4 oo « &
£3 T e = X 21 20

The method of integration followed previously is not of much use here
becazuse of the difficulty of integrating expression (32) when C, is

not zero, A different procedure 1s therefore desirable. It 4is to be
expected from physical considerations that the greatest saturated depth
will be found under the recharged strip and that there will be
relatively little variation of depth in this zone, Thesae conditions
favor the develeopment of a first approximation solution apnpropriate

for minor departures from a saturated depth D. With this simplifica-
tion equation (26) is replaced by the linear differentisl equation

d2h - (2 + 1 4+ 9_ - _:!.- ® e 8 0 [38)’
dx? KD m o p
By integration, if dh 4is to be zero when x = 0O
x :
dh = D + 1+ - 1\ x e oo $39)7
dx XD (m m p)

This choice places the origin of x at the middle of the strip.
By integration, if h = hO when x = O,
h - E (2_ + 1 + _C_ - x2 4+ hﬂ e 8 o (‘FO)(
KD m m '

=

.
1

o

Example

As an example of the use of this equation it will be supposed
that the canal of the previous example produces a downward percola-
tion through a strip 60 feet wide. The depth of the mound under the
center of the strip will be computed,

Solution
The infiltration rate is:

1 - ,000,003,16 ft/sec

The solution is best made by trial, The depth h at the center of
the strip is assumed and a reasonable value of D~ 1s also selected,
The head h at the edge of the strip is then computed from equation
(40} and the flow at the edge of the strip is computed as ~KD %Q

X
by use of equation {39). The choice is satisfactory if the depth

I

[



and {low correspond to one of the entries of the table on page 20,
In thils case the combination hg = 1,2 feet D = 1,00 feet.

'yields a depth at the edge of the strip of about 0,8 feet and a flow
| of 4000042 ft2/sec. 1In the table the corresponding entries are

w 0,8 feet and F = ,0000418 ft2/sec., This agreement is
consldered satisfactory.

circular ground water mound-Steady state case.

When water 1s recharged over a circular area overlylng a semi-
permeable perching layer a ground water mound will be built up as
showvn on figure 34 If the outward flow through the cylindrical
surface of radiusa r and height h is F then the condition for a
ateady state is:

-dF-—2ﬂ“rp(b_+l+_(_}_ + 122Tr = 0
dr m n ) _ T

In this expression the symbols have the following significance:

-

C the capillary tension exerted at the base of the perching layer,
expressed as equivalent feet of water (feet)

F the flow through a cylindrical shell of radius r and height h,
The flow is positive if outward (ft3/sec)

h helght of the water table above the perching layer (feeat)

i the infiltration rate duo to recharge over a circular area of
radius a. (ft/sec)

K the permeability of the saturated material above the perching
layer. (ft/sec)

m the thickness of the perching layer (feet)
p the permeability of the perching layer (ft/sec)

r radius from the center of the recharge area (feet)

T = 314159+ eeeeecen

The unit quantity in the parenthesis represents the gravity gradient

through the perching layer,.

If the flow is:

v

F = -K2 Tf rh dh A (S

dr

AN
SY

1
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Then the above relation can be put in the form

SO E (BT E) g ceew

Qut3ide the recharge area 1 will be zero and the right hand member
will be abgent,

If the operations indicated in formula (42) are carried out a
non-linear ordinary differential equation of the second order is
obtalned, This equation does not yield to the ordinary methods of
solution and 18 not amenable to solution by series of the types
comnonly employed. It would probably yleld to numerlcal methods but
much computation work wnuld be needed because of the numbar of
variables involved and the awkward way the boundary conditions enter,
The known quantities in any application would be the radius of tha
recharge ar2a, the rate of recharge and the propertics of the aquifer
and of the percning layer. The mound will have an outer radius b
which 18 not known but the boundary condition at the radius b 1is:

(ai_% - - /E (l”'%) oooo“l-B)r

The substitution of variable
h = ma r-ra-é D’-m _E cco.(h-l&)
V p

reduces the differential equation to the form

a L} (’+5).

2y 2 - - -
udg + (%_1@ +1% %%)_ u (1+'§5) %

The boundary condition at the outer boundary of the region in which
i = 0 then becomes:

d aad (l"‘C) e« ®» s @ v & =w 8 ® I}6)
5 SR ‘

It should be poasible to prepare a series of charts, each applicable
for a specific value of (1 + %) and each containing a fanily of

curves, computed for selected values of =when u = 0 where the
boundary condition is known. The intoegrations would be made back-
wards from these terminal values, An intersecting set of curves pass-
ing through equal values of '

F o - u du o.-o.ocoo(h?)'
2 7 Ko2 5 4 |

could then be plotted on these charts, A solution for an actual case

"would be scught by finding, on the chart prepared for the appropriate

value of (1 + C) , that curve which would yleld the required flow F
m




LI

st the prescribed radius a . Simllar developments would apply to the :.
sone inside the radius a ., .

In view of the probability that the aquifer properties and rfeomotry
will not conform exactly to the idealization of {figure 3 in any actual
case 1t may be preferable to employ approximate procedures based uron
relatively simple formulas rather than to spend the considerable time
expenss neceded to preparo such charts, Those approxdmate formulas are
obtained by giving the quantity h an average valus h, in squation

. m m
{412} which then becormecs oasily integrable. A solution of eguation (42)
subject to the requirement that h = O when r = b 1=:

hz o & b2 R ( luge _!__3_:_?'_ - 1 + !__2_ s o ¥ » o “-4-8}
2K r? b2
where
R = ( ha + 1 + g) s & a @ (-!4-9)
m m

A value of b can be obtained from the relation 1 ﬂ‘az = pR'ﬂ'b2 or

b = a i e & & e @ (50)
V PR

As an example of the use of these forrulas suppose a circular area
of radius 186 feet is recharged at the rate of 1 foot per day. A
perching layer below the recharge area has a thickness of 15 fset and

Examnle

& permeabllity of ,000,001 ft/sec . The sand overlying the perching

layer has a perneability of L,002 ft/sec. An unsaturated formation
below the perching layer imposes a capillary tension of 5 feet of water,
Then
a = 1236 feet 1 = 1 ft/sec K = 0,002 ft/asec
B6L,00

n = 15 foet p = ,LO000001 ft/sec C = 5 feet
182 = 1,258 ft3/ssc (1+%) = 1.3333

Solution
~ As & first approximation take h% = 0. Then
R:= (148 ) b = a [/ 1 = 1386 /_ 1 m 54,8 faet
i) pRt e 1152
b = 8,68 a? = L1152 gbzn - 00 = 100
) ) .USZ

a? b*



5 - ‘ N 2 -
log, bs = 2,1610 Kloge Y - 1 + a~ a 11,2762
a2 ) b2

rhen from formmula (1 8) “ho saturated depth hg as tite radius a

ins

;102 = (1u0)(1.2762) = 127,62 and h, = 11,27 feet

It 19 now poauible fto eatimateo the averapge head on the perciing layer

since 1f the mound is ldoallzed as having the shape of a truncated
¢one the avernmeo hend yill be

1 2
hﬂ"lo (l+§_+ﬂ) naqo-.cq(sl)
b b

en

hg = 1l,28 (14339 +.1152) = (13..2-?)?}1.&5&) « 5.46 feet

™e now valve of R 1g:

zzln<%§+1+rg_)-l.7o

As before
by = 18 /1 = 185 feet
A
3 2 2 ) .6 1 2 n =
Ll = 6.82 -E_ .lh 9 P Jl Rl h,OO 100
o b12 TK . <00k

2 ' by 2 2
log, P17 = 1.9200 [log. P1° -1 + a2\ = 1,00669
. Ve b2
ho® = (100)(1,0063) = 106,09 h, = 10.3h foot

s 15 the estimnted heipht of the mound at the odge of the recharpe
arad,



| It remains to treat tho portion of the mound within the radius a. -
A golution of equation (L2) which satisflos the requirements
|

dh = 0 when r = O 4f h = O
rr N

L ] [ ) L ] [ ] L ] - - {52) ’
a vhen I = a

h -haz + 1 - plt (\9-2"1"2’ e & o @ o 4 @ {53}-’

Compute the lheight of the mound under the center of the recharge
yrea described in the previous problem. , j

talution

yith R = (10.@5 + 1 +1‘%‘> = 2,023 pR =« 000,002,023

i = 1 = 00001158. {4 - pR) = 000,009,56 ft/sec
i - pR} = ,00239

hen when r = 0,

| h? = 10,342 + (,00239)(186)2 = 106,7 + £2.7 = 18944 °
h = 13,76 feet -~

'i8 18 the estimatoed height of the perched water tablae, above the
rehing layer, at the center of the mound.

- The time required to establish the mound can be estimated by use
equation (36).

' - ~ >.” -7 .
\-/If'{, /1{’ TS sy

Sept 17 1000,



2215555.5011 -~ Criterion for the intermedlate layer,

A bed of low permeabilicy interposed betwaen two aquifers, as
shown on figurae L, will modif'y the gpreading of a ground water mound
caused by recharpge over a lone strip of width W. If the thickness
m and permeabilicy P of the low permecability layer, which will
pe referrod to hereafter as the perching laver, are such that littlo
resistance 18 lnterposed to the vertical movement of watar between
the upper and lower aquifers then the two aquifera will act essen-~
tially &as ona. On the other hand, if the perchinz layer strongzly
restricets the vertical movement of water then the wupper bed will
act e3sentlally alone. It wlll be the purpose of this investigation
to develop a criterion to indicate which of theaa two types of
pehavior may be expected in any actual case, It should be realized
at the outset, however, that such a criterion can never provids a
gsharp distinction between the two cases because there will be inter-
mediate casss where the perching layer neithor permits froe vertical
movement of water nor completely restriets 1t, I!lNevertheless, a
eriterion of this kind will be useful to indicate the type of
behavior to be expected,

To obtain such a criterion it will first be supposed that the
two beds act as one., The rata of vertical 10w compatible with this
assumption will be computed and the head needed to driva tho
vertical flow through the perchingz layer will then be eatimatod and
compared to the head available above the perching laysr, If the
perching layer consumes too much head then it will be evident that
the two beds can not act togethoer as one, If the head necded to
drive the assumed vertic¢al flow through the perching layer 1s large
compared to tha available head then it will be evident that the
upper bed rmust act essentially alone,

If the two squifers act together then the joint transmissibility
will be the sum of the individual transmissibilities (Kln1 + K5D5)

and the effective voids ratioc will be that of the upper aquifer V,
The diffusion constant will be ( = (KyDy + K;D5) o The spreading

vy

of a pground water mound caused by an instantaneous recharge of
depth M over the width W of a long atrip is given by formula (31].
Differentiation of this formula twice with respect to x gives

o _ H 1(%#-%\:/) = 26-Y) () c e e e e (50)

% | GxD: © M T Gy ©
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It will be convenlent to work with the point x = 0 vhere

W2 |
(G_'L_ﬁ) __H IW o TGkt c e e e . (55)
X" JT Grt)x |
The vertical flow of water through the porching layer is here:
oy Wz
_r<?_01<g L HZRaD W Do c oo e (56)
X% I (hoct)x

The head which would be required to drive this flow through the porch-
ing layer would be

KlDZ fih 2ﬂ< S (W > —(Xi—?. . . 1R
. Pm<3%7‘>o \‘émﬂ_r JWZ <_?,}+_&%6 z;m) .« .. (57

The function

2w ¢ ()
4
i i) T
reaches 8 valus of 0,4,618 when W w 1,2 ,

2 [LoCe

This is near the naximun value. PFor the same value of the parameter
the head at x = O %?:

res ,
h"“'riJﬂ. CHU‘dUZZZH 09105 | .

o
Then the ratio of tho assumed head loss through the perching layer hp

to the head h_ remaining at this time 1is:
L Jh (8 h)_;”ﬂﬁﬂSKQDlDAMg
S \O%Y T pwWEH 09103

or nearly

_ Am K. D, e e e e . (58)
e~ pwW*®




Thkis i3 the criterion sought, If its value is small compared to unity
oi* near wnity then tho two aquifers act torether essentially as oneg,
put if 1t is large compared to unity then the uprer bed acts essen-
tially alone, Intermediate values indicats 2 joint actinon in vhich
the lower aqulfer acts with reduced eflfectivencss due to the flow
raostrictions imrosed by the perchinz laver, In a later paragraph on
plectric analogs an experimental procedure will be deseribed foy
optaining solutions for such cases,

This critcrion was derived with reference to a point under the
niddle of the recharged strip and for a certain phase of the spreading,
While the form of the criterion should be propor it will be wise to
teat 1t zzainst some simple cases in order to identify the appropriate
range of application more closely. Suppose, for example, the follow-
'ing; relations exdst

m = %_ D2 P = K2 W = DZ

then i
hE - D2 K2 Dz - 1, .
ho Ko Dzz o

The relation betweoen p and K2 used here would make tha perching

layer simply a part of the lower aquifer. In this case the two
anquifers should act together essentially as one but this test brinps
out the peoint that resistance to vertical flow was neglected in
jderiving formula 3. It seems justified to assume that the beds would

act together esgentially as one if the criterion is unity or even
somowhat above, .

| Another test may be made by assuminpg that the upper bed acts essen-
tially alone and then estimnting the effect of leakage through the
.porching laver. If h and h., represent the head changes imposed
on the perching layer }n the upﬁer and lower aquifers respectively,
tonsidered aa departures from an initially hydrostatic condition then
the continuity condition for the upper bed would be:

A, ah, _ Plh-hy

KIDI'W” '8'(.'___ m ......(59)‘.

In malking this estimate it may be recognized that.for a recharge case,
"2 will always be positive and that since the lower aqulfer is
tonfined 4ts voids ratio V, will have a low value comparable to

“1ose of artesian aguifers, the (L,  valus will be high and dissipa~
‘ion of pressure changes will be rapid.in it. It will therefore be



raagonable for the present purposes,to neglect the factor i, in tha
shove expresalon and assume that the leakarse through thie perching
layer is driven Ly the head hy . IS this 13 done a modification of
the mothod of Pilcard may bo used to make the desired estimate,
followlng this procedure the right hand wember vill be 36t equal to
goro and a2 first approximation cbtalned Ly solving the simplified
differontial equation, subject to the approprlate initial and :
poundary conditions, [For a recharge of depth H over a width W i
at time zero the appropriate selution is given by cquation (3), It ;
may be noted that what has been dene 1s esaentianlly to assunme that
tha upper hed acts alone, The diacarded term is now computed {rom
tho first approxdimation and thrown into the ripght hand rember as »
xnown function. It is B hy The differential cquation i3 now to
m

be resolved subject to the initial and boundary conditicns, This .
ghould yleld a sacond approximation, The required relation is: '

i
b

ho=h, — T-ht . tO)

shere hj represents the golution of equation (3).An example will
{1lustrate the use of this approximation .

Suppose the conditions are:

Kl = ,002 ft/sec D} = 100 feet Vy = O0.15 . '.'[:

&

| 1,333 ft?/sec

Kn = ,L,002 ft/asc D, = 200 feot

p = ,000002 ft/sec m = 20 feet p = 10-7 /
n

W = 2D, = 400 foot i = 10 feet ]

Then the criterion is:

ho Ko Dp o (4){20)(002}(200) = 1GO.
p W2 (000002 } (400} (400)

1



Tho computa2tion can be made ar follows for the point x = ©

Tirme Tina W hy ~p hyt
days seconds 2 JLoCt : n
0 0 00 10,00 0,000
1 86400 295 3.23 ~0,028
2 172820 208 2431 ~0,0L0
3 259200 «170 1.90 ~0,0L9
L 345600 #1477 1,65 ~0,057
5 432000 el32 1.48 -0,06L
7 604000 «111 1,25 «0,075
8 691000 « 104 1,17 =0,081
9 777000 098 1,10 =0,085
10 864,000 «093 1,05 0,091
12 1036000 .085 0,96 -, 099
13 1122000 082 0,92 0,103
1L 12080C0 +079 0.89 -0,107

This computation indicates that when the criterlon reaches 100
the upper bed acts essentially slone since the correction value is
small when compared to the first approximation.

If the value of p had been ten tiues As large or p = ,00002{th
the ecriterion value would have been 10 and the figures in vhe ri§ht
hand column would be multiplied by 10. Tnen hg by formla (60)

would have reached zero at about the 12th day, It will bz of
interest to compare this result with the results oif a conmnputation
based upon the assumption that the two beds act together. If the
two beds act together then X = 4,0 . The computatinn is mads
for the point x = 0, as before, but using the new value of (X ,

Tine W h h |
days 1 8
PN Ry U v /
« D oo 10,00 10.,0G
1 0,170 1.90 2.95
2 0,120 1.35 0,95
3 0,093 1.10 0,61
L 0,035 0,96 0.39
5 0,076 0.80 0.22
6 0,069 0,78 0.08 \
0.0‘614. 0. 72 0. 00 .
g . 0.060 0.68 :
9 0,057 0,06l
10 Oc OSIP 0061
11 0,051 0.58
12 0o 049 0e55
13 0,047 0.53
14 0.045 0.51

f,)‘



This comparison indicates that the beds may act reasonably well
togother until the criterion value reaches ten, The second approxi-
mation of formula (60) overestimates the drainapge from tho upper
bed aince the back pressure from the lower bed was neglected to
obtain 1t, '

The case of a square recharge area of length W on a sids, nay
be treated with the help of the product law, Then

hhﬂflfz -ooo--l:ﬁl)'
where f; and £, are functions of x and y of the form of

equation (3) but having both sides divided by H , With this product

7L

a’lh K\QY - a i aﬁ‘gz
(8737' -+ %M}L) = (fz W "\’fl W) .

The flow through a unit of area of the perching layer is:

0, (2L 4 %th) = KM +6 5) -

The ratio of the head required to driva this flow throush the perche
ing layer to the head available at x = 0, y = 0, is as before

Ky O, m H 2 H(,9003)(0.4618)(2)(3) _ 16K, D
P H2(,9103)2 W2 p W2

2[11

Then the criterion for ﬁhis cage 1at

hp 16 m K2 D2

900000(62)
ho pWY

The approximations and assumptions inherent in this method of
arproach would vanish 1f an exaect solution of the equations for the
cage of two aquifers with an intermediate perching layer were found,
The mathematical task of obtaining such a solution is a formidable
ong but its eqnuivalent can te obtalned by electric analog methods,

If an adequate treatment woere avallable the need for a criterion
would vanish alsa.



Electric analops

Sometimoes when a problem becomes excessively complex so that
analytical treatmont 1is difficult and when experimentation in the
original fleld is also difficulty the prcblem can be tranaferred to
another analogous fleld.where experimentation is relatively simple,
and the required answers found by experimentation in the analorous
field. The electrical field offers csreat advantages in such casesa
because of the case of experimentation and the speed with which
slectric analogsoperate. .

The case of the layered soil,an treated in a previous parapgraph,
will provide an illustration. Because of the difficulty of finding
an enalytical solution for the layered 8oil case.the eflort, in this
case, was directed to finding a eriterion for determining when the
upper bed may be considered to act alone or both beds may be con-
gidered to act topether because analytical treatments are availlable
for these simpler cases, The treatments obtained Iin this way are
approximations, I{ was pointed out that the uncertainties and tho
need for the eriterion would vanish 1f a solution could Le found for
the actual case of two aquifers separated by a semipermeable bed,

Thig solution can be found with the ald of an electriec analog.
The principles of operation may be explained with reference to
figure 4. The analogous quantities are the following:

Table 1 = Analogous quantitiss for an electrical analog representing
the flow of ground water,

Hydraulie Electrical
field field
Rate of flow Anperes
Quantity of flow Coulombs
Head ‘ Voltage
storags Capacitance
Transmissibility Conductance

The basic circuitry for the layered soil analog for a one
dimensirmal case ig showvm in fizure 5. Becausce Lhe pattern is
asymmetrical about the oripgin only one balf nceds to be represented.
The distance between junctions represents a dlstance on the ground
in the hydraulic prototype. The resiators A, B and C represecnt
respectively tne horizontal transmissibility of the upper aquifer,
the versical transmissibility of the perching layer and tihe
horizontal transmisslbility of the lower aquifer, The condensers D
and E represont the storage capacity in the distance corresponding
to adjaceat junctions. The method of designing the circuit is
deseribed in detail in a published paperw, )

* Elgctrical Analogies and Electronie Compuﬁers, A Symposiumn
Papor 2569-A3CE., Application to an Hydraulic Problem, by
R.C. Glover, D.J. Hebert and C.k. Daum, 1953.
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The procedure may bo described as follows: ’;?

a) urite the egquations for the hydraulic conditions
b Wriie the electrical equations for the analez '
¢ Write a system of correlation equations which when substi-

tuted in the hydraulic equations will yield the electrical
equations, These fix the time scale and the size of the
electrical cowponents,
The equaticna for both the hydraulic and aleetrical systemp aro first
written in terms of digtributed quantities and the decisicn 23 to the

Erototype length to be represented by an interval between junctions
s made later,

It will be found difficult to desipgn these circuits to operats at
rates slow enough to permit wvisual recordinz, A device originated
by C.,R. Daum 4s to use a relay of the lype which makes contacts at
the steady rate of about -0 per second, ‘vhon the contact is made the
analog runs through its solution and when this contact is opened the
analog i1s discharged., With this arrangement the analog makes a solu-
tion 20 times a second. The cutput can be fed into an osgcilloscope
with 2 synchronized sweep circuit, The output will then appear as a
steady curve 8ince the perslatence of the phosphor will hold the
imacze over the 1/20 second intervals betwean solutions. This trace
is also easily photograrhed. It represents a variation of head with
time at the selected point,

Another reading device vhich works well is an oscillograph., This
can be hoocked up to read a number of junctions simultansonsly. The
rectangular coordinate plots obtained in this way will be synchronized
with respect to time and a buillt in timer will put time marks on the
record, A common paper width is 10 inches, If the paper speed is
sat to record the complete rum on about 6 inchas of paner, the record:
obtained can bs cut to 8 by 10 inch size and bound up with the
explanation typed on 8 by 10.5 inch paper. Reports of experiments
can be rapldly completed in this way since it is not difficult to get 1
traces on a single sheet and the data do not have to be reworked.
Soma care vwill have to be used to keep the analog speed down to what
these instrumencs will follow, A common undamped Zalvanometer
frequency is 2500 cycles per sacond., Such an element will follow
faithfully variations up to 600 cycles per second. Electronie ampli-
fication betweeon the analog and the oscillegraph will gonerally be
needed,

Yhen the ground water flows in two directlions the analog will have
a checker board pattern with each checker representing a square area
of the prototype. Four resistors will come to each Junction instead
of the two as in the analog of fimure 5 representing flow in one
dimensione. 1 radlzlly syrmetrlical case can be studied by arranging
the sizes of tho electrical componcnts between Junctions Lo represent
the radially expanding properties of a sectors Analogs of thie type
give solutions for translent cases, A skilled elaectronies man is
needed 1f the costs are to be kept dowvne. Special adaptations would
have to be made if the changes of transuiscsibllity with chanzes of
height of the ground water mound are to be accounted for., Thls type
of analog is adapted to conditions in whlch a vater table is present
well above the perching layer before recharge begins but it will
provide solutions for any complexity of layerinpg when these conditions
ire presant, '

N



Hydraulic modols

The transient case presented Ly a perching layer above the water
table, which reecives recharre from abova, is very difficult to treat
analytlically becauge the differential equations expresaing the rela-
tionships involved are of a non-linear tyre, It will bLe difficult to
treat this caoe by an elactronle analog also unless somg skilled
electronica man can devise a eircult with conductances whica increase
with an increase 1n voltage. An hydraulle model can, however, provide
a solution, rield conditions are simply reproduced to medel scale
in the laboratory and the tests are run on the model,

,It 1s now poasible to buy glass beads of specifled uniform size,
These wlll be of help for solving the probloms caused by caplllarity
walch are troublesome in small scale model installotions. Certain
types of plaastic shect have properties whieh adapt them to meodel
construction. They are transparsant, can be 8awed, drilled ard
machined and cam be joined together securely with special cerments,
¢alibration costs for such things as finding by trial, the sizs and
spacine of holes in a plastic strip to properly represent the
tranguissibility of a perching layer are apt to he high, Much time
may also be needed for these calibrations. Special tools, spacse,
waber supply and drains will also te required,

’ e -
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e vwiitwALeT e Lo rocadrge {rom a long narroW SErip.~ waler ta

Qresent.

The line source idealization will be used to represent the
mound due to the recharse, This idealization is appropriate if
the recharpge reaches an established water table and the height ¢
the mound remains gmall when compared to the oripginal saturated
depth within the aguifer,

It will be advantageous to write formula 19 in the form:

J?j "
h .,_.( %r> é-uh l
(‘?éfﬁ)* LNy g ou RS

mxV .
VA40CT

A plot of the expression in the right hand member as a function o
the parameter x___ is shown on fipure 6., The use of this
B K

chart may be illustrated by means of the followinp examplse,

Exanple

The bed of a previously dry watercourse is used as a recharge
area, When supplied with recharge water the inundated width
averapges 40 feet, later is absorbed at the rate of 0.5 foot per
day over the inundated area. An observation well 100 feet away
from the center of the recharged strip shows a rise of 2,17 feet
ap a result of continuous recharre over a period of 30 days. It
is known that the water table was stable at a depth of 55 feast in
the observation well before the recharge operation begean. It is
desired to determine the aquifer constant < from these data,

Selution:

2,17 feet

2592000 seconds {30 day;)

y (D)} (0.5) = 40002316 ft</=ec.
E64ADO.

0.12 (from a supplementary experiment)

100 feet

b

1

)

W o

(2“11 "') - (2){ 0002316)(2592000) = 31,84

W xv (3.1416)(100){0,12)
h = 0.068
(d a1 t)
1 xV

4¢
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b = LJOL2 and . x" ) = 00177
et S | T
ﬁ}, (X‘ [:, l} (X_ t
then
(x = KZ = 10500 = (0,54 ftzfsec.
Tt 00177 (10,368,0007(.001777

Since the chart of fipure 6 can vield two values for (x/y/ t
for a given value of h/ (2 q] ) it is much better to use a

W xv

series of values of h read from an observation well to make the
determination of OC ., A pgraphical procedure provides an effectiv
means to do this., Suppose the readings in the first two columns of
the following table are available for the well at x = 100 feat.

time h time ___.h X

. (feet) (seconds) 2 qp t Vfg*
| (‘“-XV ) '

1l hr 0.0%5 3600 1.10 1.67
5 hr 0,07 18000 0.31 04745
10 hr 0,13 36000 Q.31 0,527
1 day 0,28 864,00 0,27 0,340
2. " Q.43 172300 0,22 0,241
5 n 0,82 423000 0.155 0.152
10 » 1,20 _ 861,000 0,113 0,108
20 " 1,74 1728000 0,062 0,0760
30 © 2,16 2592000 0,068 0.0621
60 " 3.18 5184000 0,050 0.0440

The derived quantities in the last two columns are now plotted on
a logarithmic chart as showm in figure 7 and this chart 1s super-
imposed on the chart of fifure 6 in such a way as to make the
observations of fi-ure 7 fit the type curve of figure 6 as well as
possible, An index point is chosen on figure 6. In this case it
represents the noint 1, 1, ‘“hen the adjustment has been made the
point where the Index falls on firure 7 1s marked. This point is
indicated by a cross on figure 7. The horizontal axes coincide

on the two charts hecause thie same ordinate is used on each but
there is a shift along the horizontal axis sufficient to bring the
index of fijure 7 to the point (x//t) = 1,42 on figure 7,

The abscissa quantities are different on the two charts but the
scales are logarithmic and the above shift represents the factor
needed to make them the same,.

Then, from fisure 6

X = 1,00
Jhoc t
and from figura 7

b = 1,42

Jt
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By substitution

———

1 = 1.0
Vi o< 1042
or :
Lo = 1,427
then
X = 1,422 = 0,51
"

This is the quantity sourht, The use of the series of readinps
removes the amblgulty that is present when only one reading is used,
The two values of 0K differ slightly due to variations in reading
the charts and to small inconsistencies in the values representing
the observation well rcudings.
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Water nable “olow tne percaing: layer.- Transient case,

The ¢onfiruration treated in this case 1s 1llustrated on
firure 2, A ved of permeability K overlies a perching layer
of thickness m and permeability p. A capillary tension ¢
acts at the bottom of the perching layer., A continuous
recnharce at the rate qy builds up a mound of height h at

the point x and the time t. The flow through the saturated
depth h at the point x 1is:

F = Kh ;9 h . & 8 = " & a2 & & w @
6){

and the conditlion of continuity is:

e o (25)"

OF = Ph + plate) + V_O h  wuu e .o (64)
QX m m EDt
where V represents the ratio of the fillable voids in the
aquifer to the whole volume and ¢t represents time, Elimina-
tion of F bhetween these two expressions would yield a non-
linear nartial differential equation whose solution should
represent the transient characteristics of the mound. Because
of the difficulty of solving the differential squation the shape
of the mound will bhe found by using an iteration procedure,
A first approximation will first be obtained, based upon the
I assumption that the mound is triangular in shape. Quantities
obtained from this first approximation cen be used in tne right
hand memwber of equation (64) and values of ¥ c¢an then be
computerd ty approximate intepration metnods. If these values
are uscd 1n equation (25) a second Ilntegration can be made to
yield h, These h values represent a second approximation.
A third approximation can be pased upon the second approxima-
tion h values. The true solution is obtained when two
successive approximations become identical.

The first a»nroximation

If, as a first approximation, the mound is considered to be
triangular in shape with a height at the apex of h,; and a

base width of b ,on either side of the apex.then the volume of
water In the left half of the mound will be

VI = b ha V e ® » e @ (65)'
2 .

The flow into the left nhalf must be q/2 then
2
K hjy q,

—_— e (1
N b 2
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_(_]_, = pblr + ¢) + ni ha + __Qll. N T A
< m am . ot

By substitution from equations {65) and (66) this expression
can be put into the form:

2 2
ha® g . 9T L ppmtom® ophd ey
de 6KV 3mY 3mV

The variables in this equation are separable and thils permits
an lntegration in the form:

h

2
ha” dhy b ... . (69)°
q2 - 2p(m + c)ha?‘_ Dha3
6KV 3myV 3mV
4o

This expression can be evaluated for any gilven case by Simpson's
rule or graphical integration. The corresponding values & b
can then be obtained from equation (66),

The second anproximation

At this point it will be desirable to introduce sone dirmen~
sionless parametoers selected to peneralize the results obtained
and to simplify the work of computation,

These ares

LP‘-"‘ F . Y\_ = h . éu (KQ-X)D(miC)o en _E__tn
ql (m + c) mq mV

It is found that each case 1s identified by the parameter:

C - mq” N 2 B

pilm + 0)3

A:.
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10 Lals new Lerninology eqnatlions (oY) and (L) take the forma

la
n 2 4 .
6 g“az - -0 e e e (72}

(j— hr‘a - 2“3
0
and

é o 2 2 : ’
a -—-—qa L ] L ] - - L ] | ] (?3)

The basic relationships of formulas (25) and (64) become

W= < 1 n 2. n e s s oo e
5 B¢

(7h) "

and
-..@.9_{_ “::.q+l+_’§£\_.
D¢ D6

R V1

(The minus sirns appear here because & iz referred to an
origin under the apex of the mound, whereas in the treatment of

of the steady state case x was measured from the toe of the
mound , )

A first approxlmation chart for the case §, = 025 1is
shown on figure 3, The apex values of Qa were obtained by

Simpson's rule intesration from equation (72) and the correspond-
ing &£, values were obtained from equation (73). In the firs%

aprroximation chart the corresponding 'ﬂa and § a Points are

joined by straight lines, This conforms to the first approxima-
tion asswaption that the mound 1s triangular in shape,

A series of curves of versus 8 obtalned from this first
anproximation are shown by the solid lines of flgure 9 and soms
curves of QN versus é« obtained from them are shown on

ne

figure 10, Values can now be assigned to two quantities in the
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find Y/ and r_ were made by use of Simpson's rula. A 3amp19
computation 1s shown in the table below,

Sample computation for 0 = ,010 based upon the first approxi-
mation case for ¢ = ,025.

& n 3n m+1+ 90y -qudg "

90 00
™ OO .OL}6 1. 35 2.1}0 O. 500 .Dhéo .0!‘.{.?"?
001 .Oilvi'r l.bo 2.1;14 |
002 oobl 1011—6 2-50 001051
«03 038 1,52 2456
«Oh «035 1.59 2,63 0,400 0279 »0373
.05 2033 1,63 2,66
<06 .030 1,69 2e72 0.347
.07 028 1,75 2e78
.08 025 1,81 2.83 0.291 <0141 .0265
.09 021 1,37 2489
e 10 019 1,93 2495 0,233
.11 017 1,93 3.00
.12 014 2,04 3.05 0.173 «00L8 « 0154
.13 011 2,10 3.11
o1l 006 2,16 3,17 0,110
15 003 2,21 Je21
«16 000 2,27 3,27 0,046 » 0003 « 0041
o L745 = ,0,6 = 0145 0,000

; [ ] 2 :

The integration for W is made in the direction of + & since,
at & =0. Y = 0,5000 in all cases. The integration of qJ
with resnect to i5 made in the direction of «~ & since

the boundar; condition n = 0O 1is known at the toe of the mound.
The " values are obtained from the integral of equation (74).

nfnzéSLydg e s e e e e e (76)

The new values so obtalned are plotted on fipure G, a graphieal
interpolation is used to produce the dotted curves and from thease,
values are obtained to plot the second approximation plot of
figure 11. This could be used as a starting point for a third
approximation, In this case, however, the change from the first
approximaticon wns small and the third approximation should not
differ significantly from the second approximation., The ultimate
accuracy attainable by the process described is limited by the
accuracy of determination of slopes from the curves of flpgure 9,
The scatter ol the plotted p01nts of firure 10 15 due to this
difficulty. If grecter precision should be found desirable it
could probably be attained by rearranging tne computations to use
tables prepared for computing the derivatives from ordinates of a
curve in the neighborhood of a point.

,'A-;’ /-:’-" ’/,;‘ f'("-/r"{'fj :-:l

Juny V19,
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Spreading of a growmnd water mound due o 3 continuons recharge {rom
a long sirip ol widli W,  @ahe)r tatle present.

The cnse of an instantaneous recharge is given by formula 3,
The snlutlion for the case of continuous recnarge can be derived
from this formula by a proceas of integration., If dii = R dn
raorrcsents the depth of an increment of ground water apnlied over
the widgh W at the time n due to a constant recharge rate R
operatiug over the tine interval dn then the heirht of the ground
water mound ~at the point x at the time t will be given by the
expression

.t

\q

',::R . ft_ﬁ:’éuidu dkl.

r

Ury

e v e o o (77)

0

where, In thisg cnse

W A VO

PR
=
=3
TN
r‘-—-—
|
—C
,_.—-’
L

Let & = (t - nj then d & = -dn and the above intenral
becones, “hen expressed in terus oi the probability integral:

7 N
. R (_g_z e‘“du)cig e e e e (79)
il

“u,

U\’) U\
ST { -7
h»_— —R’—Z—-‘ \“:\Z{_ e du>0{§ " J,--— C d“‘)‘dq *» s 2 o e (?O)
O < 5 ?
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| — Jﬁ * du dv=de R E 1 B K

Ee)

per.iita the evaluation of the first of these integrals in the form

.L{’JL ( . UA—Q 2 DO {
2 ~U ' !5 . ’
(-—* e du)dg = tlt\/-,_]‘—_—; € U+ %—%‘”ﬁf mdul’ . {82)

4y

| EERRY S A cee e o (B3)
¢ Jact (9]

of the same form bubt hasz the narameter

The scecond in S
on rerplaced by

‘ erral i
uy of Lhe alove expresni

oy
U= L C e ()

3 JRiT

il

|1 e . irst intespal in the bracket 1s she Probabilitw Interral. It

| lhas Leen tabnlated in tarns of theé upver linit. (See tables) The
second intesral has Yeen tobilated by . T.%. Blttin-er. This table
mry be found in reference ¥, A plot of the function

" 'aJ ‘ 0 .

1 ' < U

Mis) = LA o Zf)f‘(ﬁ‘ oL a5)
i . /-,ﬁ:' )TT e o o {T5)
¥
T

iz shom oan ii-we L0 five 3>lution for the height h of a ground
vabar ound amdor 10n strip or uidth YW, at tiie tiie t, due
Lo a conlnuioas rice =“r"c ac tiie rate I can now be expresses in the
!.f'or"'::

| | ' r .

ig . 1 (_.Ll._..' - 1 ;M(u-‘il —[V\('U\‘g)} « a o (36)l

O T T i

C™Me sumeol 2 raonranscubts the rate at vhica the vater tohle would

';:Tl&P under phe strip dDoall of the reelnrse uiter vers retained
lrivtiin the widnh A rechuree atf, a1 eonstint rate is assumed and

L ]
‘Bhe o quaniity 2 will uh”‘l ore L\ 2 ¢conscons, hen % is less
Lian f sonwe nenasive lindits will asnear in the formaula for I,

-
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Supnose a long recharge plot ia 330 fest vide and is rechareed
'3t such a rate thot a one ['nos deptir of uater siiks into its surfice
:ach day. The aquifer properties arc:

00015 ft/scc

H

(AN

o= 120 fect
vV = 0,15 (dimensicnleas)

= ¥D = 0,1 ££%/sec
v

stimate tLhe rise of the water table under the nlddle of the strip
t the end of 15 days of rechar:e,

olution:
ne foot per day is equivalent t 1 feet per sccond
TOL00
hen .
R o= 1 = 0000772 ft/sec.

{50400} {015
15 deys is equivalent to (A6LOO){15) = 1,296,000 seconds

W = 330 fect Y = 165 feet

T
ince x = O w = 165 = _165 = = 165 = 0,229
e J 513400 720

"rom the curve of Ilijsure 12
::{‘-J_;i_) = O.);?.

!!.'_L-h e — @] u3 = - 1_{-)2 = - O. 220 theII
| /LKt

ifuy) = = 0,42 and

o= 1 [ 042 + 0.2 ] = 042
it o -

it o= (0000772 (1296000) = 100,00 feet

1en

h = (IO0.0) (0.1;2) = L[2,0 fact

T

Y — o —




oA S o Lk L1 B st o mRpine A3 L L 1.4 I Y N o 1 e BT L LN 1 rociapre
¢can in nada a3 [ollous:

. X (! ) (x= ) u 1 1'{u, ) Yifug ) h'

N i b 3 b 3 {fent)

O IGS 105 a 227 —er29 0,414 -0.41% 51,3
L0 <55 - 05 364 - 0090 0,597 ~0,1%L 34.8
165 330 0 453 0 0,62 0 3.0
200 305 + 35 507 +,0L9 0,725 +,1::0 31,2
300 LGS +135 el 6 +,13% 0.,3r7 +0,350 23 .1
1,00 565 +235 L7495 +.326 0 0,710 +0,5L5 16.9
500 HEG +335 2L+ L0550 0,925 +0,0637 11,9
750 05 +5°35 1.271 +. 012 0.9°0 +),14a0 L5
10CQO 1165 +335 1,399 +1,160 0.7238 +0, 907 1.0

The sifms of the =x wvaluves in the above table can he nade negative
without ehnnsing the computed velues of h,

Detertination ol aaiifer constants,

If aaulfer constants are to be derived from observations of the
behavior ol zhe osround watar mound then the c¢hart of fi~ure 13 is
necded. Thls is preparcd by use of formula 36, An example will
illustrate its use,

B les

i Yonp recharre plot is €90 feet wide and 1s supplied with water
sufficient to cover the recharme area Lo a deptn of 0,72 fe-t each
doy. At the end of 10 days of recharge the mound under the center

of the nlot has risen 10,23 feat, It is kxnown from tests of samples
thasw Vv = ,07. The aquifer constant (¢ 1is to be deteruined,

Solntnion:

R = (0!72} = 0001190 ft/sec

There nre SGLON seconcs in a day and therefore

o= {LOY(OGL0D) = 86LON0 seconds,

1]

W= {0,000 {,000,1190) 102,31 feot

nooow o 10,2 = 01
NG 102 e o)
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a—————

Fraom the chart of {1t mre 13 for h = (.1 and x = 0
it W
read
T = 0.1
Jh o ¢
then
w2 - .01 X = A = 602 w 0,1042 :f_..E'E
LOCt (LT1.010¢ (L)1 01 (3640007 sac
with '

V = .07 the transmissibility is:

KD = (0.1%2)({,07) = ,0073 ft%/sce.

/’/ ‘v"'{, L7 PR
/'ﬂ( “ L i Fg
Robert k. Glover
FFebruary 24, 1961
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Uise of 2 ers nd ater siopad e to A continuons rechiniree oo lied

OVer A e 1 L or i oAl Jidua . ond Lenetn 1,0 = Loy table

[{T‘”ﬂ“‘.‘.‘"l e

Sunrose vater Infiltrates the snrface of 2 rectanTgilar rlot
at the constant rate 1 feet per second and oves downward under
toe acition o rravity to the water table, If Lhe incoming water
jere retained withiin che boundaries of Lnhe rechar-ce area it would
chnse the vaber table ta rise at the rate 4 o ’i/v) wnere V
renresents She ratio of 1illable voids in the anguifer material to
the toLal volbwne, Following the product law, as desceribed on
page 2, the srreading of an inereent of rechar e itedry oceurring
during the time dnterval dnp oty be expressed by a product of
tvro functions oi nthe type of formmula 3,

An inte~ration with respect to tiue will then yield the rise
h o at the time {  in the form:

o H¢

(0
5 &[]
n =R {\;r—! i{/{m =\C Ou o i (37 )

If .
p-%) @y -‘19 NLCE ,f‘_‘:‘_‘:z_. (31)
W= N i U e Y e
Let

=k dg=1-d (59

Then -he anove interal becones

! Un g
N A2 (e (s au de (90)
Kt 4 WT JNT
}LJ,‘ “.-:)
0

tare

{C{;"Z—‘:}‘) H (/J-’W") ) (J_'L)
I TRT(= S IR NS (53

. s e i e e
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rion as illustrited Lelow Tor tie point abr the nilddle of one
side of a sguare rccharcte plot of widthh W whera x = W/2.,
vy = 0. Tie evaluation is made for (W/ /Lo t) = 0,6,
For lnhis case .

W
VV) W VV):: -

(=0 (x+)=w (5 5)=-7 U+7

Then uy = 0 and “uy = ou The Probability intesral

L°
for the range Uy to ub 1s twice the Probability integsral for
the ranfe O to w,. This factor of 2 and the one fourth

factor outside the intepral are all absorbed into the divisor for

the Simpson's rule intesration., In this case the divisor i3z 60,
Tae result of the conputation is (h/Rt) = 0.2132

'Ll'.v;_ UI.-
. _y? L ut
| ZAE ZN\Ehu |
§ /T:?g‘ U, T 114 .FW Product Simpson's
2 0 J factor
n,0  1.5070 L O000 6039 L3000 23236 193 1
0,1  1,0541 «0325 5259 31062 3452 02171 L
0.2 1,117 0709 <0573 J335L 3047 «2397 2
0.3  1.1952 7171 L0895  .3591 o3 3k «2678 L
0.k 1,2910 o 7700 7267 L3370 L10h <2952 2
D5  1.41L2 . 35 L7698 L2242 L51 3475 L
0.6 11,5310 b6 L3202 L4743 4970 2091 2
0,7 1,235  1,0955 LHO L 547) «5559 « 14700 L
0,3 2,23061 11,3417 JOL22 6705 +6570 5190 2
0,9 33,1616  1,1970 . 7925 9433 . 3201 . 1139 L
1.0 o 1,0000 O 1,0000  1,0000 1

33,2137

™e charts of fi-ures 1L and 15 are based upon a series of such
integrations,  Laen interration provides one noint on the chart,
Ficure 1! znous the rise at the center of a square recharge nlot,
"he rise at e center of & circular recherge plot of the same
area is 2lso shovm Jor purnoses of comparison. 1he rise at the
cen'er of the cirenlar rechar:e area wWas conmputed by use of
formuln 1,

#i-nre 15 shows suecessive profiles of tho mound alonz a line
pazsin from the center ol the plot throush the niddle of a side,
“his chart mav be used elther to estinate the helzht of a mound
o1 to detorwine the aguifer properties fvom ohserved data , An
exarle ef the use of hese charts is iven belovw,

a




Sunrnae

XK = 015 ft/oor (X = DL N O | fl;z/sec

D = 100 feet
v

It

0,15 {dimensionless)

Techarse 1s sonlied to a square nlot 330 feet on 2 side at the
rate of wne font per day for 15 days., Compute the height of
the sreund viater uound at the end of this peried,

a 77,16 x 10~% ft/see.

Fifteen dnvs is {18)(%6500) = 1295700 scconds

it = (77.16;(10)_ (129&0”0) = ind feet r
W - = __7423.’! . = N = O.LLS', &

L0t VL) (0,17 (1296000) (el

Frori fiure 15 for x = 0, y = 0, h = 0,207
15

Then h = {100)(0,207) = 20,7 fect,. Tiis is tihe estimated
risze at 'he center i the plot. The result can be comnared
with that shown on parce 0,

i1

Indzr the edge of the nlot where x V, v = 0,

Z

h = 0,152, Tien h = (1D20){0,152)
Rt

[}

15.2 fcet .

At X = ‘;',’ ' Y = O = 0.0'.:!. h = (100)(0.04) = :‘.‘.O ft-

-
Rt -

Fisure 14 will be useful

wvhiere ¢~ rise ol fne mround wiater mound under the center nf the

210t 1s observed and it is desired to determine the aouifer

constant OO0 sSurnose o rise of 20,7 fecet 1s ohsnrvaed under

the oenter of the anusre nlol describtied above after the nlot has

brren rechiar-ed at the rate of 1 oot per day for 15 days. It

is assumed that V15 known from a laboratorvy measurement to be

I

tiien

h = 20.7 = 0,207

TE Ll
Prom i ure 14 for h = 0,207 read i = 0443
v Vit

YA




Then

Jroew e = 3300 = 707
el 3 ety
I Ot = 513900 o= 53900 o 0,114 £t2/ac

LY (12960707

T™ig fisure is to be ecompared to X = 0,1 ftz/sec. with
vrieh we hemaEn ginece the second comnutation retraced sthe ground
coverned in tae {(irst computzation, The difference in the values
is due to errors iatroduced in rezdin;; thie charte,

The chart of Yl ure 16 13 similar to that of figure 15 btut
anrlies to n rectaamular rechar:e nlot wnose lenvth is twice
its wideh. A5 beforz, the chart aonlies to the ecnnditions along
the axis of :x ., The pattern is sgymmetrical with respect to the
v axis. The ciart anrnnlies to the half of the pattern to the
richt of the g axis

o

e

The chrrt of fiure 17 arplies at the center of a2 rectan-
gular recanr-e nlot, The pattern of rise is shovn for (L/W)
ratios of 1, 2, 4 and for an iInfinitelv lony strin, As the
(L/A) rvatio rrows larce compared to unity the pattern of the
rrovnd rater unund, taken alons a section Jjoinins the centers
of the lon~7 :ides, anproaches the pattarn wiich develops along
a transverse section of an infinitely lont strip, The corre-
snondence is close even for (LAY) = L . wWith W = 330 feet,
an {L/7) ratig of 4 and the aguifer properties of Lhe examnle
of pame H2y tie rattern of the mound at tie end ol cme weelk
ol recharee usmld be alwest indistinruishable from tl at of an
infinitely lonv strin. aifter 15 davs there would be some
differancos. 1f, therelore, observations are wade along a line
joining ' e renters or the lonv sldes of a rectangular rechar-e
nlot the c¢hinrts for (L/)) ratios of 1, 2 and '~ will scrve
fairly vell tor detartination of aquifzr properties and the
delinervion of mound patterns,

s oon exaile ©l Lhe use of firure 17 nhe shape of the
cronmnd totey mound afcer recharce has been appliad for several
perinds of time vill be computed, The conditions will be the
garie = Cor Lie exannle of pame G2 except that (L/)) = 2
s yrec' . rrme 1ot would then be 500 feet lons and 330 feet
ride, Mo nanner of kine the eomputations 1s ahown in the
follovins tabnlation for tim 1 dav or 46400 seconds.

)
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'he (h/'t) v:.luss arc read from the caart of figure 16 for
/SRR = 1auTs. ‘ |

1 = V7.6 x 10° [t/sec Rt = {77.16)(10)(36400) = 6, 667ft,
JEXt = (0)(0,1)(36400) = 15,9 ft. (i4/ /L ix £) = 1.775

- _b_ h = ’_}:]_ Rt
= it MRt
. {fent)
0,00 0,213 5409
0,25 6.923 2+47 |
0.5 0.5 3433
0,75  0.123 0. 32 L
l..)o 0.0IIS 0030 ;

_ G
e LE L

Robert E. ‘ilover
Apl‘il 25 ’ 19U1

b e
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Tie ense usreonted here 1ay e descrited as fallows: A con-
vinious roecharge alomt a line, o)l asount  qp 1t</sec, moves dovm-

dard until it meets the surfoce of a horizontal impar.cable

nere ino larer,  The accumulating recharre builds a mound of
hel<ht h on the nerciin layer, “the heicht h is a funetion
ot x, thre distance from tne toe of the mound, and t the tima
since reciar-e vevnn. ho bed abosvys Lhe nerciin, laver has a
nermeability ¥ and a voids ratio V .,

Since %

i
solution will
later. he condition of continnity is expressed vy the ditferen-
tial chuatinn:

1 K a [ ] ]

Let

Q“ L P & A T

-~ ) ; ?
I .Fb | (f\ ! MF%

In teris of these virisables the differcntial equation beconmes

, 8&.)'3__ N,
4 o8 T Vg T

gl e . (95)
99,

Thin iz Dree of Jivensioned quantities and indicates that one
ci-rt of thc Fors
L&, 8, ) will suitice for all casns.
| i
"o bherion nrocedure i baced anon the f911e0in; considera-
BT  Toth e 1o acyrons a sectisn at X at the tiie t 1is

. o e (90)

In wLorig o e verlebles  (924) this relatson waxes the £orm:

;.? = r11 r\ an' (9?)'

1O

—
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and Ly 1Inte vation

b
:/i*- T "E_"_ dé‘ * o 4 (9%) )
2 TN

The flow 7 13 nsed in bhrilding the mound. ‘This relationsihip
can bta exnhressad in the form:

F o= v @ho{% c .. (99)

Or, in terns of -the variables (94 )

-~

.,
L\@——“'—?{é‘; « .. (100}
)96, 7

The iteratinn procedure can now projsress by the following steps:

(1) ZConstriuct, by some means, a first aparoxination
chart. It will be shovm later how this was done by con-
sidering vhe mound Lriansular).

{7) Plot Irom this chart a cnart with Y\‘ as ordinate and E%

as abscissa, Mis chart will have o lanmily of curves
corresnonding to equally spaced values of c@ .

(3) TFrom this chart pick valuss of c)ﬂ //@53 and construct
from them a chart wita ngil/ﬂyéé' as ordinate and Ci

a5 abscissa. The curves of i is chart will correspond to
cho3en values of Ch .

(L) #rom vhe values of this chart compute
11 r)@
Ly vse of Cornila (100},

(5) Substitute tihese values in formmla (43} and compute T\
!

71



() Use thase values to construct a second arproximation w (S )U }

[ B !

chart and repeat the above process to obtain a third approxi-
mation.

(7) Repeat as nanv tines as necessary until the nth 2nd n 4 13t
approximations agree. This is the sclution sousht.

The accuracy obtainable by the graphical procedure outlined
above is limitod by the inaccuracies introduced in step 3 since
thie nrocess ol judoine pradients by eve is not hirhly accurate.
flowever, in view ol the irrepularities of real aquifers and the
diffienlty of evaluating these properties,a chart can be constructed
in this way which should be accurate enourh to serve well in actual
practice, The itcration process could probably be carried throush
by a numerical nrocedure to obtain rmreater accuracy, if this were
fo:nd to be desirable, but the computations required would be both
exacting and tedious,

The itzration procedure can be mucn shortened if a goed first
apnroximation is available. Such an approximation was obtained in
the nresent case by assuminr the mound to be triangular ¥ith a base
width of 2b and a heisht at the apex of hy. By using tne rela-
tions that the gradient (hp/b) must be able to transmit the flow
(9a3/2) to each side or

2 .
Kha . 2L . .. (101)°
b 2
and that the volume V, of the mound
V, = nhay o o o (102)°
2
must be consistant with the yolume of the recnarge water or
= 31t '
Vm 5 o » o (103)
Blimination of b from these eguations will yield
3 P
hy = Lt .. (204)°
2 KV '
and, Ly substitution
g "—_--;
b = 28 qy 7 . . . (205)7
Ve




g A XTEEN PORITRVL IO Cyiry aun Do Sorblne it L T

two cquacions sinee the mound 1s assumed to bo bounded Liv o

T i L e SR T e che w BT e e w oRl Y S 3 e F R e e A e gt L Sl =

oy b —

Lrafchy

lines, The first approximation ls indicated on firure 15 by

dotted linc~a, ‘'he two shovm are for ( €1/ 107) equal %o
2,0, Limits wave not riven for the intesrals of equations

1.0 and
(92) and

{100} since they depend upen the position chosen for the oripin.
In maxing Lhe secnnd appreoximation computations it was found
desirable to shift the oririn to the noint of rechar e. The inte-

prations wirs made nunerically by Simpsont's ruale or average
proceidurces, Tho Jlrgt approximalio-n desceriobed above proves
near £o the tLrae solution, For this reason ard bacaunge of

ordinate
o be
thao

difficvlties inherent in step 3 thre computatiocns were carried only

to the second anproximation.

Examnle

The bed of a previously dry waier corse is to be used for
recharne purnoses by releasing a2 flow of water down it., The wetted
perimeter will be malntained at an averare width of about 20 fect
and the roate of infiltration will be 0.5 fe«t of water per day.

The sands underlyins~ Lhie water course have a permeability

K = 0,0020 ft/sec and a voids ratio of Vv = 0,72 . These

sands rast con an impermeable shale at a depth of 30 feet,

Compute

the height of the mound under the water course and the width of the

mound after one month of recharge,
Snlution
There are =0L00 seconds in a davy. Then

a = 1;%%{%%21 = ,000,115,75 fi?/sec,

ay L DOVINSYS = L057A7 ft.
K .0020

©

One month is 2627270 seconds. Then

O~ Xt = (,00°0)(2623000) = 5256 =  412900.
NG (Go72)(,05787) ,01273

From the ¢ art of U4 e 17, by interpolation

Y\ = Gﬁ.ll and <§= 6650

) \




Thien, by using vhe relationsd ol ('

b= (5N = LOSTI(A0 = 3.48 feet

x = (& = (L05737)(6050) = 385 feet '
The total wldth or the niound is then

(2){375) = 770 feet.
As a check, we may compare the amount of recharge supplied in theo
month with the ¢ontents of tlie mound considered to be triannular
in shape,

The total supply 1is:

(.000,115,75)(262?000)
of the watercourse.

30L.2 ceubic feet per foot of length
The contents of the mound are, approximately:

(7795)(3,43}){0,22) = 295 cubic feet.per foot of length
2

of vater course. This ficure is a little low since the mound is
slightly convex. ‘‘he discrepancy is about 3 percent.

The correspondrnnce is considared satisfactory,

. /l\'f /—4' 7 /C f/é 2 '?-:f’
Robert E., Glover
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“Taper 250Y iransactions ASCn. 1933,

River Depletion Resulting from Pumping a Well Near & River,
“TNee Glover and Glenn G, Balizer. Transactions AGU,, Vol 35
NO.B. June 1951!'.

The Conduction of Heat, Carslaw.- lMaciiillan Co. 1921,

Heat Condug¢tion. L.R. Ingersoll, O.J. Zobel and A.C. Ingersoll.-
HeGraw=Hill. 1948

Conduetion of Heat in Sclida, H.,S. Carslaw and J.C. Jaeger.-
Oxtord. 194c.

_ The Mathematies of Diffusion. J. Crank,- Oxford. 1957,

{Treats many mon-linear partial differential equations)

Differential Equationa, R.P. Agnew.- MeGraw-ilill. 1942,
(Chapter L0 describes Picard's method as applied to ordinary
differential equations.)

Momoire sur la Theorie dos Fguations aux Derivees Partielles at .

“Ta llethodc des Aphroximations successives, kaile Picard.=-
Tiouvilles Journal de rathematiques, ceries 4 Vol .6. 1890-
pp 145=210,




Tableas

Tables of tha Error Function and 1tg Derdivative, U.S. Department
of’ Commerce- [Jational Bureau of Standards, Applied lathematics
Serias 4l. 1954.

(Containa a 15 place table of the Probability Integral)
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