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a b s t r a c t
Critical path analysis (CPA) is a method for estimating macroscopic transport coefﬁcients of heterogeneous materials that are highly disordered at the micro-scale. Developed originally to model conduction
in semiconductors, numerous researchers have noted that CPA might also have relevance to ﬂow and
transport processes in porous media. However, the results of several numerical investigations of critical
path analysis on pore network models raise questions about the applicability of CPA to porous media.
Among other things, these studies found that (i) in well-connected 3D networks, CPA predictions were
inaccurate and became worse when heterogeneity was increased; and (ii) CPA could not fully explain
the transport properties of 2D networks. To better understand the applicability of CPA to porous media,
we made numerical computations of permeability and electrical conductivity on 2D and 3D networks
with differing pore-size distributions and geometries. A new CPA model for the relationship between
the permeability and electrical conductivity was found to be in good agreement with numerical data,
and to be a signiﬁcant improvement over a classical CPA model. In sufﬁciently disordered 3D networks,
the new CPA prediction was within ±20% of the true value, and was nearly optimal in terms of minimizing
the squared prediction errors across differing network conﬁgurations. The agreement of CPA predictions
with 2D network computations was similarly good, although 2D networks are in general not well-suited
for evaluating CPA. Numerical transport coefﬁcients derived for regular 3D networks of slit-shaped pores
were found to be in better agreement with experimental data from rock samples than were coefﬁcients
derived for networks of cylindrical pores.
Published by Elsevier Ltd.

1. Introduction
A fundamental problem of subsurface hydrology is the interpretation and prediction of macroscopic properties of porous media
based on the microscopic structure of pores [1,13,16,42]. In the last
few decades, many researchers have employed percolation theory
in the quest for a micro-scale understanding of porous media;
reviews may be found, for example, in Berkowitz and Balberg [6],
Berkowitz and Ewing [7], and Hunt and Ewing [21]. The focus of
this paper is a methodology known as critical path analysis
(CPA), a technique that uses elements of percolation theory to calculate macroscopic transport coefﬁcients of heterogeneous materials [3,20,21].
The basic idea of CPA is that in a strongly heterogeneous medium, most transport occurs along a relatively small number of high
conductance pathways. Transport along these high conductance
pathways is constrained by their least conductive sections, which
act as ‘‘bottlenecks’’ to transport. Thus the size and frequency of
⇑ Address: US Salinity Laboratory, 450 W. Big Springs Rd., Riverside, CA 92507,
United States. Tel.: +1 951 369 4853; fax: +1 951 342 4964.
E-mail address: Todd.Skaggs@ars.usda.gov
0309-1708/$ - see front matter Published by Elsevier Ltd.
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the bottlenecks determine to a large degree the overall macroscopic transport properties.
CPA relies on percolation theory to enumerate the various
quantities needed to derive macroscopic transport coefﬁcients,
such as path separation distance and frequency of bottlenecks.
For example, a characteristic value for the bottleneck conductance
can be determined by considering a related percolation problem.
Speciﬁcally, in a heterogeneous medium with a variable local conductance g, the characteristic or critical conductance value, gc, is
deﬁned to be the largest conductance such that the set of conductances g > gc forms a spanning cluster. This may be expressed as [3]

pc ¼

Z

1

fg ðgÞdg

ð1Þ

gc

where fg(g) is the probability density function for the local or microscale conductance g, and pc is the percolation threshold for the
system.
CPA was originally developed to analyze conduction in disordered systems such as amorphous semiconductors [3,12]. In these
systems, the local conductances are exponential functions of random system parameters which are uniformly distributed, and thus
the local conductances follow a log-uniform distribution such that
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Nomenclature
CPA
CV
ECb
ECw
b
g0
d
fg
fd
g
gc
k
k⁄
K
l0
m

fg ðgÞ ¼

acronym for critical path analysis
coefﬁcient of variation
bulk electrical conductivity
electrical conductivity of saturating ﬂuid
breadth of slit-shaped pore
proportionality constant in the pore conductance model
spatial dimension (equals 2 or 3)
pore conductance probability density function
pore-size probability density function
pore conductance
critical pore conductance
ﬂuid permeability
normalization constant
hydraulic conductivity
pore length
exponent in pore conductance model

1
Wg

ð2Þ

where W  1 is a parameter specifying the broadness of the distribution and hence the degree of heterogeneity or disorder in the system. For sufﬁciently large W, CPA leads to an estimation of the
macroscopic conductivity, R, that is given by [19]

R ¼ CW y g c

ð3Þ

where C is a system dependent constant and y is termed the prefactor exponent. Numerical calculations of the conductivity of 3D networks are in general agreement with the form of Eq. (3) [38,39].
The form of Eq. (3) implies that the average separation between
high conductance pathways is a distance k that goes like k  Wy
[39]. Thus the distance between pathways increases with increasing heterogeneity (increasing W). The prefactor exponent y is presumed to be a universal exponent such that its value depends only
on the spatial dimension of the system. One hypothesis [31] is that
the exponent is given by y = (d  2)m, where d is the spatial dimension and m is the correlation length exponent from percolation theory (the latter known to be m = 0.88 for d = 3 and m = 4/3 for d = 2
[41]). With that formulation, y = 0.88 for 3D systems and y = 0 for
2D systems. Numerical simulations are generally in agreement
with y = 0 for 2D systems, but have found that y < 0.88 for 3D systems [28,30,39,43]. For example, Skaggs [39] estimated y  0.74
based on simulations of a 3D system with the local conductances
following the log-uniform distribution speciﬁed by Eq. (2).
Hunt [20,21] has noted that differences may exist between the
nature of the disorder found in semiconductors (e.g. Eq. (2)) and
that typically found in porous media, such that the success of
CPA in semiconductor physics does not necessarily imply that
CPA is applicable to either ﬂuid ﬂow or electrical conduction in
porous media. Nevertheless, the literature contains several apparently successful applications to porous media. Perhaps the best
known result was that obtained by Katz and Thompson [26,27].
In porous media, the critical conductance can be expressed in
terms of a critical characteristic pore diameter, dc. Using such a
relationship, Katz and Thompson [26] derived the following result
for saturated porous media,

k
¼ cKT d2c
EC b =EC w

ð4Þ

where k is the ﬂuid permeability, dc is the critical pore diameter, ECb
is the bulk electrical conductivity, ECw is the electrical conductivity

pc
W
y

a
b
d
dc
dmin
dmax
dg

g
k

l
m
r

percolation threshold
parameter in log-uniform conductance model
CPA conductivity prefactor exponent
parameter in power law pore-size distribution
parameter in power law conductance distribution
characteristic length of pore cross section (termed
‘‘pore-size’’)
critical pore-size
lower bound for d
upper bound for d
geometric mean pore-size
ﬂuid viscosity
conductivity length scale
mean of ln d
percolation correlation length exponent
standard deviation of ln d

of the saturating ﬂuid, and cKT  1/226 is a numerical constant. Eq.
(4) has no free parameters if dc can be measured. Katz and Thompson [26,27] determined dc on rock samples using mercury intrusion
measurements. Very good agreement was obtained between Eq. (4)
and measurements made on a variety of rock samples.
More recently, Hunt et al. [20–24] have applied critical path
analysis using continuum percolation and a fractal pore distribution model to derive expressions for the hydraulic conductivity
and water retention functions of unsaturated soils. In these models, the critical length scale (pore size) is related to the bubbling
pressure. Hunt and Gee [22–24] had success comparing their models against various experimental data. In these studies, bubbling
pressures and critical volume fractions were not measured directly; instead, an empirical result from a diffusion study by Moldrup et al. [35] was adopted to estimate these quantities.
As noted by David [15] and Bernabé [8], the experimental results of
Agrawal et al. [2] can also be considered consistent with the CPA conception of transport processes. In that work [2], molten Wood’s metal
was injected into rock samples of known permeability and then ‘‘frozen’’, thereby effectively removing the pores penetrated by the metal
from the active pore space. Agrawal et al. [2] observed that permeability was reduced by as much as a factor of 4 when the saturation of the
Wood’s metal was only about 10% and presumably conﬁned to only the
‘‘critical’’ percolating path. Thus the critical pathway accounted for
about 75% of the original rock permeability. Additional experimental
evidence is provided by Lukasiewicz and Reed [34], who found that
the permeability of porous alumina compacts with porosities ranging from 32 to 50% was controlled by a mean radius length that was
related to Katz and Thompson’s critical radius [37].
On the other hand, several numerical tests of CPA on network
models of porous media have produced mixed results which raise
some questions about the interpretation of the experimental results. Bernabé [8] found that macroscopic properties of 2D networks were strongly related to dc, but cautioned that CPA was
probably not valid for the simulated conditions and did not likely
provide the explanation for the signiﬁcance of dc. Among the reasons for this caution was the observation that only about 20% of
the ﬂow occurred on the critical path in networks that where
highly connected (high coordination number).
Bernabé and Bruderer [9] investigated the effect of the variance
of the pore-size distribution on 2D network transport properties.
For various pore-size distribution models, they found that when
pore-size variance (heterogeneity) was large, certain network
transport coefﬁcients were proportional to the square of the
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critical radius, as predicted by Katz and Thompson [26]. Again,
however, these authors noted that the observed ﬂow pathways,
although ‘‘localized’’, were not restricted to the ‘‘critical path’’,
and concluded that ‘‘the predominant role played by the critical
[pore diameter] cannot be explained by CPA’’ [9].
Friedman and Seaton [18] performed 3D network simulations
investigating the effects of pore-size distribution and lattice coordination number. These authors found ‘‘reasonable’’ agreement between the data and CPA predictions, noting that the agreement
was good whenever network connectivity (coordination number)
was low, but that the agreement became signiﬁcantly worse when
connectivity increased. Also, an examination of the data presented
in Fig. 5 of Friedman and Seaton [18] indicates that the relative
prediction error increased (seemingly towards an asymptotic value) when the broadness of the pore-size distribution increased,
an unexpected result given that CPA is normally expected to be
most applicable when there is strong disorder, i.e. a broad poresize distribution.
Taken collectively, these simulation studies raise some questions about the applicability of CPA to porous media and the proper
interpretation of the experimental results noted above. To what
degree is the CPA conceptualization of localized transport realized
in porous media? Is the apparent signiﬁcance of dc due to the argument made by CPA, or is it instead because of the coincidental correlation of dc with other signiﬁcant length scales? Resolving these
questions about the CPA approach is important because if CPA
lacks a strong physical basis there is little practical advantage to
be gained over conventional empirical constitutive models.
The objective of the present work was to clarify the performance of CPA when applied to network models of porous media.

m ¼ 2;

g 0 ¼ pEC w =ð4l0 Þ ðelectrical conductanceÞ

ð6Þ

m ¼ 4;

g 0 ¼ p=ð128gl0 Þ ðhydraulic conductanceÞ

ð7Þ

Slit-shaped pores

m ¼ 1;

g 0 ¼ EC w b=l0

ðelectrical conductanceÞ

m ¼ 3;

g 0 ¼ b=ð12gl0 Þ ðhydraulic conductanceÞ

ð8Þ
ð9Þ

2.2. Pore-size and conductance distributions
Two probability density functions for the pore-size d are
considered.
2.2.1. Power law distribution
Several past investigations of porous media have found that the
pore-size density function, fd, can be modeled as a truncated power
law distribution [4,17,21]. A generic model of this type is given by

fd ðdÞ ¼ Ad da1

ð10Þ

where dmin 6 d 6 dmax, a is the distribution shape parameter, and
a
a
Ad ¼ a=ðd
min  dmax Þ is the normalization constant (a – 0). The pore
conductance distribution for such a porous medium can be derived
from Eqs. (5) and (10):

fg ðgÞ ¼ Ag g b1

ð11Þ
Ad =ðmg b
0 Þ.
1

where b = a/m and Ag ¼
For b ? 0, this conductance distribution approaches fg  g , the logarithmically broad conductance
distribution for which CPA was originally developed (cf. Eq. (2)).
2.2.2. Lognormal distribution
Another commonly used pore-size density function is the lognormal distribution [18,29]. Letting l and r be, respectively, the
mean and standard deviation of ln d, the lognormal distribution is

2. Theory and methods
2.1. Pore network model
Consider a network of liquid-saturated pores arranged on a regular lattice with ﬁxed pore length l0. The conductance, g, of a pore
is given by

g ¼ g 0 dm

Cylindrical pores

ð5Þ

where d is a characteristic length of the pore cross-section and g0
and m are constants that depend on pore geometry and on the nature of the transport, i.e. viscous ﬂow or electrical current. Thus g
may refer to either hydraulic or electrical conductance. Examples
of the length d are the pore diameter in the case of cylindrical pores
and the pore width in the case of slit-shaped pores. For convenience
I will refer to d as the ‘‘pore-size’’ when the discussion is not speciﬁc
to a particular geometry. As is standard in critical path analyses, g is
assumed to be uncorrelated in space. This assumption may not be
overly restrictive even though many porous media exhibit at least
short range spatial correlations in pore properties; Liang et al.
[33], working with 3D stochastic pore models derived from image
analysis, found that after taking into account changes in the percolation threshold brought about by correlation, Eq. (4), which has the
same form as the results derived herein, was ‘‘remarkably’’ accurate
when applied to porous media with spatially correlated pore conductances. See Hunt and Idriss [25] for further discussion of percolation-based treatments of the conductivity of spatially correlated
media.
Following Friedman and Seaton [18], I consider two particular
examples for the pore geometry: cylindrical pores and slit-shaped
pores, the latter having a width d that is much narrower than its
breadth b (b is constant in the network). Letting g be the dynamic
ﬂuid viscosity and p = 3.14. . ., the constants in Eq. (5) for these two
geometries are [5,18]:

" 
2 #
1
ln d  l
fd ðdÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ
exp  pﬃﬃﬃ
2r
2prd

ð12Þ

which may be abbreviated LN(l, r). From Eqs. (5) and (12), the corresponding conductance distribution is

fg ðgÞ ¼ LNðml þ ln g 0 ; mrÞ

ð13Þ

2.3. Critical path analysis
2.3.1. Generalized conductivity
Different versions of CPA exist. All versions consider that transport is restricted by bottleneck conductances with some characteristic or critical value, but different conductivity calculations are
possible depending on assumptions made about the frequency of
the bottlenecks and how their separation varies with the degree
of system heterogeneity. I use a formulation proposed by Tyč and
Halperin [19,43] that is a generalization of Eq. (3),

R ¼ Cg c ½g c fg ðg c Þy

ð14Þ

In the context of the present work, R is a generic conductivity that
may represent either the hydraulic conductivity, K, or the bulk electrical conductivity, ECb. Eq. (14) is an estimation that is expected to
be applicable when fg is broad, which Tyč and Halperin [19,43] suggest occurs when gcfg(gc)  1 and gfg(g) is slowly varying in a large
neighborhood about gc. The latter condition is satisﬁed, for example,
if in the vicinity of g = gc, fg(g) is roughly fg(g)  g1, such that gfg(g)
is approximately constant in that neighborhood (cf. Eq. (2)).
Substitution of a model pore conductance distribution (Eq. (11)
or (13)) into Eq. (14) leads to an expression for the generalized
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conductivity in terms of pore conductances. Subsequently, Eq. (5)
can be substituted to obtain an expression for the generalized conductivity in terms of pore sizes. The following results are obtained
for the two model distributions:
Power law distribution

R ¼ Cg 0 Ayd my dcmay

ð15Þ

Lognormal distribution

"

R ¼ Cg 0 ð2pÞ

y=2

ðr

mÞy dm
c


2 #
ln dc  l
pﬃﬃﬃ
exp y
2r

ð16Þ

2.3.2. Hydraulic and electrical properties
The relationship between hydraulic and electrical properties is
of both theoretical and practical interest (e.g. [36,40,44]). In the
current work, formulating the ratio of the hydraulic and electrical
conductivities of the same pore network also has the practical
advantage of eliminating many system dependent constants. Taking mH, mE, g0;H, and g0;E to be particular values of the constants
in Eq. (5), the following expression is obtained for both the power
law (Eq. (15)) and lognormal (Eq. (16)) distributions:



 y
R mH ; g 0;H
g
K
mH
H mE
 ¼ 0;H
¼ 
dm
c
EC b
g 0;E mE
R mE ; g 0;E

ð17Þ

Thus applying the CPA model for the ratio of the hydraulic and electrical conductivities (Eq. (17)) does not require detailed knowledge
of the underlying pore distribution, only the value of the critical
pore size. On the other hand, the pore geometry is potentially signiﬁcant. Deﬁning k  K g to be the ﬂuid permeability, dg to be
the geometric mean pore-size, ECw to be the electrical conductivity
of the saturating ﬂuid, and k⁄ to be a pore geometry-dependent scaling factor, Eq. (17) may be expressed in non-dimensional form as:
Cylindrical pores

k=k
¼ 2y ðdc =dg Þ2 ;
EC b =EC w

k  d2g =32

ð18Þ

k  d2g =12

ð19Þ

Slit-shaped pores

k=k
¼ 3y ðdc =dg Þ2 ;
EC b =EC w

Eqs. (18) and (19) may be compared with an expression obtained by Friedman and Seaton [18] using an alternative classical
CPA model. According to the classical model, k/ECb is found by considering the ratio of the critical hydraulic and electrical conductances. Using the notation and conventions of the present paper,
their result may be written as

k=k
¼ ðdc =dg Þ2
EC b =EC w

ð20Þ

with k⁄ deﬁned as in Eqs. (18) and (19) for cylindrical and slitshaped pores, respectively.
The CPA conductivity exponent y is presumed to be universal,
such that its value depends only on the dimension of the system.
For 2D systems, the exponent is generally accepted to be y  0. In
this case, no difference exists between the classical result (Eq.
(20)) and that obtained in this work (Eqs. (18) and (19)). For 3D systems, however, estimates for y are in the range 0.6–0.88 [39], and
thus the new predictions differ from the classical result by a numerical factor of 2y in the case of cylindrical pores and 3y in the case of
slit-shaped pores. In this work, 3D CPA predictions are made with
y = 0.74, the value estimated by Skaggs [39] based on analyses of systems with a log-uniform conductance distribution (Eq. (2)).

2.4. Monte Carlo simulations
To assess the accuracy of the CPA models presented in the previous section, numerical simulations were performed to determine
the actual permeability and electrical conductivity of various pore
network models. For each simulation, a network with uncorrelated
random pore-sizes (d) was generated according to one of the two
probability density models considered above (Eqs. (10) and (12)).
Individual pore conductances were then set based on Eq. (5), with
the parameter values for g0 and m being determined by the pore
geometry used in the network and whether the computation was
for electrical or hydraulic conductivity (Eqs. (6)–(9)). A ﬁxed potential was maintained on two opposite sides of the network such that a
unit potential drop existed across the network. On the remaining
faces, no-ﬂow boundary conditions were maintained. Enforcing
mass (or charge) conservation at each node leads to a system of
equations that was solved for the nodal potentials using the conjugate gradient method with a block incomplete factorization [39].
The conductivity was then determined based on the computed ﬂow
in the network. Computations for the permeability and electrical
conductivity were done for each network realization and their ratio
calculated. One hundred realizations of each network conﬁguration
were generated, and the arithmetic mean result for each conﬁguration is reported below, which was not signiﬁcantly different from
the geometric mean, harmonic mean, and median values.
Three lattices were used for the pore network: the 2D square
bond lattice (pc = 0.5), the 2D triangular bond lattice (pc = 0.347),
and the 3D simple cubic bond lattice (pc = 0.2488). The values of
r considered for the lognormal distribution ranged from 0.1 to
1.3, which equates to a coefﬁcient-of-variation (CV) that ranged
from 0.1 to 2.1. The computed ratios of the hydraulic and electrical
conductivities were not dependent on the value of l. For the power
law distribution, the values of a ranged from 0.9 to 0.9. Also, two
bounds were considered: dmax/dmin equal to either 102 or 104. However, when dmax/dmin = 104, some larger a values produced networks with a very high degree of heterogeneity and the ﬂow
ﬁeld could not be resolved numerically; those parameter combinations were discarded. The parameter combinations that were evaluated successfully for the power law distribution had CVs ranging
from 0.6 to 2.3. Formulas for calculating CV, dg, and dc for the two
distributions are given in the Appendix.
Skaggs [39] investigated the effects of boundary conditions and
system size L on the computed mean conductivity of 3D networks
(where where L is the number of nodes along one edge of the network). The mean network conductivity was shown to decrease
towards an asymptotic value as the system size L was increased.
The rate of approach to the asymptotic value depended on the
boundary conditions (periodic vs. no ﬂow) and the degree of network inhomogeneity. For highly disordered 3D networks with noﬂow boundary conditions, Skaggs [39] found that L  18 was typically sufﬁcient to produce the asymptotic conductivity value (that
is, further increasing L did not change the computed mean value),
and ultimately used L = 32 to avoid ﬁnite-size effects. A similar analysis was done for the networks in the current paper and it was determined that 3D networks with L = 32 and 2D networks with L = 128
produced the asymptotic mean conductivity value; those are the
system sizes used to compute the results reported below. It was veriﬁed that results were unchanged when L = 64 (3D) and L = 256 (2D).
3. Results
3.1. 3D networks
Fig. 1 compares the CPA predictions for 3D networks of cylindrical and slit-shaped pores (Eqs. (18) and (19), respectively) with the
numerical data computed on cubic lattices with lognormal and
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Fig. 1. Comparison of CPA predictions with numerical data computed for 3D cubic
networks with cylindrical (Cyl) or slit-shaped (Slit) pores, and lognormally (LN) or
power-law (PL) distributed pore-sizes.

power-law pore-size distributions. Also shown is the prediction of
the classical CPA model, Eq. (20).
It is clear in Fig. 1 that the CPA model derived in the present
work, Eqs. (18) and (19), is in better agreement with the numerical
data than the classical CPA model. As predicted by Eqs. (18) and
(19), the Monte Carlo data for cylindrical and slit-shaped pores diverge at larger values of the dimensionless critical pore size dc/dg.
The new CPA model underestimates the data on average, whereas
the classic CPA model overestimates the data. The error for the
classic CPA was more severe for large values of dc/dg.
Fig. 2 presents the relative errors (difference between the prediction and the numerically computed value, divided by the
numerically computed value) for the predictions shown in Fig. 1.
Errors with respect to the individual data points in Fig. 1 are plotted as a function of the coefﬁcient-of-variation (CV) of the poresize distribution used in that simulation, which serves as a measure of the heterogeneity or disorder in the pore network. Fig. 2
shows that the accuracy of the new CPA model was better when
heterogeneity was high. For relatively homogeneous pore distributions (CV = 0.1), the relative error was approximately 50% for the
network with slit-shaped pores and 33% for the network with
cylindrical pores. When heterogeneity was larger (CV > 0.75), predictions with the new CPA model were within ±20% of the data.
The one exception was the network with lognormally distributed
slit-shaped pores, where that level of accuracy was obtained only
for CV > 1.
The results for the new CPA predictions are in contrast to those
obtained with the classical CPA model (Fig. 2). The classical model
overestimated the dimensionless conductivity ratio by an amount
that became larger as pore heterogeneity was increased, with the
error ranging from 12% in the most homogenous network to more
than 100% in networks with higher heterogeneity. A similar trend
in relative errors for the classical model can be observed by analyzing the CPA and numerical results presented in Fig. 5 of Friedman
and Seaton [18].

Fig. 2. Relative errors for the predictions shown in Fig. 1, plotted as a function of the
coefﬁcient-of-variation (CV) of the pore-size distribution.

Fig. 3. Comparison of CPA predictions with numerical data computed for 2D square
and triangular networks with cylindrical (Cyl) or slit-shaped (Slit) pores, and
lognormally (LN) or power-law (PL) distributed pore-sizes.

of pore heterogeneity considered, expect in the case of slit-shaped
pores on the triangular lattice with a power-law distribution,
where that level of accuracy was obtained only at higher heterogeneity (CV > 1). Noteworthy in Fig. 4 is the fact that the error was
zero for all cases with lognormally distributed pore-sizes on the
square lattice. Overall, the errors were smaller for the square lattice than for the triangular lattice, a ﬁnding consistent with Friedman and Seaton’s [18] observation that in 3D networks errors are
smaller in networks with lower coordination numbers.

3.2. 2D networks
4. Discussion
Results for the square and triangular networks are presented in
Fig. 3. Assuming y = 0, the classical CPA result and the CPA model
derived herein are equivalent in 2D systems. Fig. 3 shows that
the CPA prediction follows very well the general trend of the data
obtained on 2D systems.
Fig. 4 gives the relative errors for the predictions shown in
Fig. 3. The prediction error is within ±20% over the whole range

A 2D network conﬁgured as a regular square bond lattice is a
special case. Due to the self-dual properties of the square lattice,
it can be shown that whenever the distribution of ln g is symmetric, the conductivity of the network is exactly equal to the geometric mean conductance [11]. And since pc = 0.5 in the square lattice,
it is also the case that gc is equal to the geometric mean conduc-
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hydraulic conduction (Eqs. (5)–(9)). Consequently the separation
of hydraulic pathways will be greater than that of electrical pathways. Similarly, for a given pore-size distribution, the cylindrical
network produces a broader conductance distribution than the
slit-shaped network due to the higher values of the exponents m.
As was noted by Friedman and Seaton [18], Eq. (20) does not account for such differences in electrical and hydraulic conduction
and in pore geometry. The leading terms in Eqs. (18) and (19) account for the differing path separations. Thus Eq. (20) becomes less
accurate when heterogeneity is increased, whereas Eqs. (18) and
(19) become more accurate.
Although Figs. 1 and 2 demonstrate that Eqs. (18) and (19) are
an improvement over Eq. (20), that improvement comes at the expense of requiring knowledge of the local pore geometry (cylindrical or slit-shaped). An alternative comparison is obtained if instead
of the two Eqs. (18) and (19), we use a single predictive equation
that has the form of Eqs. (18) and (19), but with a leading numerical factor that is intermediate to those in Eqs. (18) and (19),

k=k
¼ 2:5y ðr c =rg Þ2
EC b =EC w
Fig. 4. Relative errors for the predictions shown in Fig. 3, plotted as a function of the
coefﬁcient-of-variation (CV) of the pore-size distribution.

tance when the distribution of ln g is symmetric. Thus for both loguniform and lognormal distributions, the conductivity of the
square lattice is equal to gc regardless of width of the distribution,
a result conﬁrmed by our numerical computations (zero error for
square lattices and lognormal distributions in Fig. 4). With y = 0,
the CPA prediction agrees perfectly with this exact result.
The fact that the square lattice is a special case is not always
recognized. Some previous numerical studies (e.g. [8,9]) used
square lattices and log-symmetric distributions to assess the relevance of dc. As expected, those investigators found that dc was
strongly related to the conductivity, although they apparently
were not aware of the exact result for the conductivity. It is not
possible to draw general conclusions about the applicability of
CPA and other transport theories from such simulations. The
importance of dc in this case is due to the particular properties of
the lattice and the pore distribution, and exists regardless of
whether ﬂow is localized.
Investigating CPA mechanisms and predictions using 2D networks other than the square network is also problematic. In the
CPA conception of transport in heterogeneous materials, the active
transport pathways are typically envisioned as a macrostructure
that exists on top of the underlying network. One model for the
macrostructure is the ‘‘links-nodes-blobs’’ picture (e.g. [41]), such
that transport occurs on connected chains of resistors that are
called links. The macrostructure is comprised of an irregular network of such links. If the links are separated on average by a distance k, and if the links have on average a conductance G, then
the conductivity of the macrostructure is expected to be

R ¼ k2d G

ð21Þ

where d (=2, 3) is the spatial dimension. For d = 2, the conductivity
in Eq. (21) does not depend directly with the path separation distance k (indirectly, G will be affected by k). Thus, 2D simulations
alone are not appropriate for investigating CPA predictions about
transport path separation or localization, and conclusions from such
investigations should be weighted accordingly (e.g. [8–10,14,15]).
To understand the differences between the 3D CPA models (Eqs.
(18) and (19) vs. Eq. (20)), recall that as heterogeneity in a network
increases, the distance between transport pathways increases. For
a given pore arrangement, the hydraulic conductance distribution
will be broader (more heterogeneous) than the electrical conductance distribution owing the larger value of the exponent m in

ð22Þ

The accuracy of Eq. (22) was evaluated in terms of the relative prediction error, as done in Figs. 1 and 2. It was found that predictions
with Eq. (22) were within ±25% of the numerical data when
CV > 0.75, not dramatically different from the ±20% level of accuracy
obtained with Eqs. (18) and (19), and still signiﬁcantly better than
the classical Eq. (20).
Thus far, all comparisons of pore network data and predictions
have been based on data scaled by the pore geometry-dependent
factor k⁄ and the geometric mean pore-size. While useful for model
testing, one is more generally interested in predictive equations in
the form of Eq. (4),

k
¼ cd2c
EC b =EC w

ð23Þ

where c is a numerical constant. Putting Eqs. (18) and (19) in the
form of Eq. (23), we obtain c  cCY = 2y/32  1/53 for cylindrical
pores and c  cSL = 3y/12  1/27 for slit-shaped pores. It is interesting to consider how Eq. (23) with these constant values compares
with an arbitrary model of the form cdpc , where c and p are optimized to minimize the squared deviations from the numerical data.
Fig. 5 presents Eq. (23) along with the results of the ﬁtting for cylindrical and slit-shaped pores. The results in Fig. 5 indicate that for
networks having pore-size distributions with CV > 0.75, the constants obtained in the CPA model are nearly optimal in terms of
minimizing the squared prediction error across the range of considered network conﬁgurations.
With respect to applications to real porous media, it was noted
above that Katz and Thompson [26,27] (hereafter KT) used CPA to
derive the value c  cKT  1/226. KT estimated that this value was
accurate to within a factor of 2 based on an evaluation of permeability, electrical conductivity, and mercury intrusion data for various rock samples having permeabilities that spanned
approximately 6 decades. However, some details of KT’s theoretical
derivation have been criticized [5,32], leaving open the question of
a satisfactory theoretical calculation that produces a numerical
constant which agrees with the KT data. KT’s calculation was for
a network of cylindrical pores in which the diameters were equal
to their lengths. Banavar and Johnson [5] and Le Doussal [32] did
CPA calculations for the same network and found c to be approximately 1/130 and 1/85, respectively, the former being within the
conﬁdence bounds of KT’s data. Still, these calculations may also
be questioned, as it has been noted that a network of cylindrical
pores with lengths equal to the diameters may not be physically
realizable or otherwise realistic (e.g. [18,21]). A common
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of slit-shaped pores were found to be in better agreement with
experimental data from rock samples than was coefﬁcients derived
for networks of cylindrical pores.
Appendix
The formulas in this appendix were used to calculate the coefﬁcient-of-variation (CV) for the pore-size distributions, the geometric mean pore-size (dg), and the critical pore-size (dc). The
latter is deﬁned by

pc ¼

Z

1

fd ðdÞdd

ðA1Þ

dc

Fig. 5. Comparison of the CPA model with the equation cdpc , where c and p have
been optimized to minimize the squared deviations from the data. Numerical data
are form 3D cubic networks with cylindrical (Cyl) or slit-shaped (Slit) pores, and
lognormally (LN) or power-law (PL) distributed pore-sizes.

alternative is a network in which the pores have a ﬁxed, uniform
length, such as the networks considered in the current study. For
such a network of cylindrical pores, Banavar and Johnson [5] and
Le Doussal [32] obtained 1/87 and 1/59, respectively, which are
comparable with the value obtained here, cCY = 1/53 (the difference
between cCY and the value from [32] is due only to differing values
of y being used in the calculations). These values are 2.6–4.3 times
larger than cKT and outside the conﬁdence bounds given for the KT
data. Le Doussal [32] has shown that adding additional disorder or
randomness to networks of cylindrical pores, such as in the pore
length, may lead to coefﬁcients in better agreement with the
experimental data.
Not previously considered is a comparison of the KT data with
calculations for a regular network of slit-shaped pores. This comparison requires a modiﬁcation of the KT data because KT’s measurement of dc was based on the Washburn equation for
cylindrical pores. Reconsidering the KT data in terms of slit-shaped
pores leads to a constant that is 4 times larger, c  1/57. The value
estimated in the present work, cSL = 1/27, is about a factor of 2 larger than this value, and at the edge of the conﬁdence bounds for
the KT data. Thus, coefﬁcients calculated for a regular network of
slit-shaped pores are in better agreement with experimental data
than those calculated for a regular network of cylindrical pores.
5. Summary and conclusions
Several past applications of critical path analysis (CPA) to pore
network models have produced results that appeared to be in contradiction to long-standing notions about CPA, or otherwise raised
questions about the applicability of CPA to porous media. To clarify
the performance of CPA on pore network models, numerical computations of the permeability and electrical conductivity of 2D and
3D pore networks were compared with CPA predictions. A new CPA
model for the relationship between the permeability and electrical
conductivity was found to be in good agreement with the numerical data, and to be a signiﬁcant improvement over a classical CPA
model. In sufﬁciently disordered 3D networks, the new CPA model
was within ±20% of the true value, and was nearly optimal in terms
of minimizing the squared prediction errors across differing network conﬁgurations. The agreement of CPA predictions with 2D
network computations was similarly good, although it was observed that 2D networks are in general not well-suited for evaluating CPA. Numerical transport coefﬁcients derived for 3D networks

where fd is the pore-size probability density function and pc is the
percolation threshold for the network. The percolation thresholds
for the lattices used in this work are pc = 0.5 for the square lattice,
pc = 0.347 for the triangular lattice, and pc = 0.2488 for the cubic lattice [41].
For the power law distribution (Eq. (10)), the following formulas apply (a – 0, 1, 2):

CV ¼ S=M


a dmin damax  damin dmax
 a
M¼
a 
ða  1Þ dmax  dmin

ðA2Þ
ðA3Þ

a
a 2
þ2
þ2 a
þ1 aþ1
d2min d2max
þ d2min
dmax  ða  1Þ ðdamin damax
þ damin
dmax Þ þ 2aða  2Þdamin
dmax
2

S2 ¼

a1 ða  1Þ2 ða  2Þðdamax  damin Þ2
ðA4Þ


a
a 1=a
dc ¼ pc dmin
þ ð1  pc Þdmax
c

c
Þdmin d1
max

dg ¼ expð1=a
a

a

ðA5Þ
ðA6Þ

a

where c  dmax =ðdmax  dmin Þ.
For the lognormal distribution (Eq. (12)), we have

CV ¼ ½expðr2 Þ  11=2
h
i
1
dc ¼ exp 21=2 rerfc ð2pc Þ þ l

ðA8Þ

dg ¼ exp½l

ðA9Þ

ðA7Þ

1

where erfc

( ) is the inverse complementary error function.
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