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EVALUATION OF NUMERICAL
TECHNIQUES APPLIED TO SOIL
SOLUTION SPECIATION INCLUDING
CATION EXCHANGE

PETER J. VAUGHAN*

Abstract

Most existing models of soil solution speciation utilize either Newton—
Raphson or Picard iteration to obtain a numerical solution to the
nonlinear set of algebraic equations expressing mole balance and
charge balance of free ions for major species as well as cation ex-
change. A computer program was written to test speed and accuracy
of these and other methods. Picard iteration was fastest but produced
a mean relative error (MRE) for mole and charge balance of 0.03
with no further convergence after a few iterations. A tensor (qua-
dratic) method and two simplex methods converged to the correct
result. The tensor method was preferable because the final result was
more accurate; the rate of convergence was faster by 10 to 100 times,
and convergence occurred for all compositions tested up to an ionic
strength of 0.25. These results point out the value of testing various
algorithms prior to implementation of speciation code applied to soils.

NUMERICAL CALCULATION of equilibrium chemical
speciation is a standard procedure that has been
the goal of many different models including WATEQA4F
(Ball and Nordstrom, 1991), PhreeqeC (Parkhurst and
Appelo, 1999), and EQ3NR (Wolery, 1992). These mod-
els include other types of chemical reactions in addition
to speciation within the aqueous phase such as cation
exchange, dissolution and precipitation of solid phases,
and reactions between surface species and the bulk solu-
tion. For the bulk solution, a set of master species is
normally constructed. These comprise a minimum set
of species from which all other species in the system
can be obtained by reaction. A numerical solution to the
mole balance and charge balance equations is commonly
obtained by successive approximation of the concentra-
tion vector of master species by the Newton—Raphson
method. This method relies on calculation of the Jacob-
ian, a matrix of the partial derivatives of the vector of
residual functions with respect to the master species
concentrations. The Newton—Raphson method is known
to have poor convergence or even failure to converge
for certain initial guesses of the concentration vector
(Parkhurst and Appelo, 1999; Schnabel and Frank,
1984). Furthermore, the convergence criteria for the
sequence of successive approximations, by Newton—
Raphson, to the correct solution are not necessarily met
unless the vector for the initial guess is within a specified
radius of the correct solution (Holstad, 1999). Given
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the difficulties associated with the Newton-Raphson
method as applied to speciation calculations, it appears
worthwhile to examine the effectiveness of various nu-
merical algorithms applied to the solution of speciation
problems common in soil science. Effectiveness needs
to be assessed both in terms of the accuracy of the
numerical solution and its speed. The importance of
accuracy is obvious but speed requires some clarifica-
tion. A common soil science application of speciation
codes would be solute transport problems as treated by
a finite-element model. In these models speed is critical
because of the large fraction of total execution time
that is spent computing the equilibrium speciation. For
example, profiling tests of the Unsatchem multicompo-
nent transport model showed this fraction commonly
exceeding 0.8 (P. Vaughan, unpublished data, 2001).

Solution speciation problems are normally formu-
lated as a set of nonlinear equations representing rela-
tionships among master and secondary species (Park-
hurst, 1997; Morel and Morgan, 1972). The relationships
among all species are expressed through consideration
of mole balance, electroneutrality, and the mass action
laws representing reactions. For soil solutions, cation
exchange reactions also need to be considered. This set
of mostly nonlinear equations can be solved numerically
by minimizing a residual function that provides quantifi-
cation of the total error associated with each succes-
sive approximation.

The Newton-Raphson and Levenberg—-Marquardt
methods rely on the Jacobian to make an improved
estimate of the unknown (Press et al., 1986). Some other
numerical techniques can also address the speciation
problem but do not require direct computation of the
Jacobian. These include Picard iteration, the Nelder—
Mead simplex algorithm (Nelder and Mead, 1965),
global methods such as simulated annealing techniques,
and a tensor method that utilizes a quadratic expression
to compute successive iterates (Schnabel and Frank,
1984). Several methods based on these various algo-
rithms were tested on a problem of solving for master
species’ concentrations when both cation exchange and
solution speciation are considered.

Materials and Methods

The problem to be solved consists of a set of mole balance
equations for each of the master species. These include master
species appearing as free ions in solution, components in sec-
ondary species and on exchange sites on the surfaces of solids.
An additional constraint is that of electroneutrality in the
bulk solution.

Cation-exchange reactions can be written in various ways
including the Gapon, Vanselow, and Gaines-Thomas formula-
tions (Sposito, 1981). This paper utilizes the Gapon formula-
tion in which the reaction is represented in terms of equiv-
alents.

Abbreviations: CEC, cation-exchange capacity; MRE, mean relative
error; RMS, root mean squares.
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Xl/mM + 1/”Nn+ = Xl/nN + 1/mM”’+ [1]

where X represents the concentration of either the m or n
cation on the exchange phase (mmol.) and M, N represent
the activities of each cation in solution (Robbins et al., 1980).
The mass action expressions, of the form

_ Xl/nN(Mer)l/m [2]

X]/mM(Nn+)1/n
can be combined with an equation expressing the cation-ex-
change capacity (CEC) as the sum of the exchangeable cations

(mmol, ) to obtain expressions for the exchange concentrations
(Robbins et al., 1980),

_ . |(Mg)”K, , (Na)
Xine, = CEC + | e
4+ & + 1:|
(Ca)"’K,

In this equation the three Gapon selectivity coefficients were
defined so that they appeared in either numerator or denomi-
nator of the various terms. From the standpoint of convenience
it’s easier to define the coefficients so that one exchange spe-
cies appears consistently in the numerator of the mass action
law. Choosing Xj,c, gives the following expression for Ca-
Mg exchange

_ (Mg)”szCa [4]
(Ca)l/zX 1/2Mg

that is the reciprocal of the expression for K; given by Robbins
et al. (1980). Expressions for the Gapon selectivity coefficients
for Ca-Na and Ca-K exchange are identical to those of Rob-
bins et al. (1980). The exchange-phase concentration can be
written as

1

(5]

where (w;) is the activity of the jth cation, g; is the stoichiomet-
ric coefficient and K; is the selectivity coefficient. For j= 1
the selectivity coefficient represents the exchange of 1/2Ca*"
with X),c, and is equal to one by definition.

Mass action expressions for ion pairs in solution can be
represented by:

R -1
X; = CEC K; (w;)" {2 K; (W]')a’}
i=1

— (Wi)j (yi)k 6
K=" e}

where (w;), (1), (¢;) are cation, anion, and ion pair activities,
respectively. The superscripts j and k are stoichiometric coeffi-
cients and the K is an equilibrium constant. Carbonate chemis-
try is computed on the assumption that pCO, is externally
fixed and that total alkalinity

TAIlk = 2CO;; + HCO;7 + [OH™] — [HT]
CO;; = [CO3] + [CaCOY] + [MgCOY]
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HCO;; = [HCO;] + [CaHCO;] + [MgHCO#]
+ [NaHCOY] [7]

is conserved (Simunek et al., 1996). The brackets in Eq [7]
signify molality.

The residuals for the mole balance equations for each of
the master species and overall electroneutrality form a residual
error vector that must be minimized to obtain the vector of
master species concentrations. For the algorithms discussed
here a single-valued objective function was required; there-
fore, the root mean square (RMS) of the residual error vector
was computed as this value. Because the exchangeable concen-
trations are expressed as mmol/kg soil, conversion of the
exchangeable concentration to a hypothetical molality is re-
quired before summation with the molality of the correspond-
ing species in solution,

1.0 X 107° pX;
= =P [8]
Z,G

In this expression, p is the soil bulk density (kg m~3), 0 is the
volumetric water content, z; is the ionic charge, and X; is the
exchangeable-cation concentration (mmol, kg™! soil).

Cx,i

Activity Coefficients

Activity coefficients for species in solution were computed
from ionic strength using the extended Debye-Huckel approx-
imation (Truesdell and Jones, 1974).

A2 AT
1 + Ba\I

The parameters a and b are species-specific whereas A and
B are dependent only on the dielectric constant, temperature,
and solution density. The variable, z;, denotes the ionic charge
of each species and [ is the ionic strength of the solution
(mol kg™1).

+ bl [9]

Iny = —

Data Sets

Five synthetic data sets were created to provide a range of
saturation paste-extract compositions and CECs typical of
soils (Table 1). The ionic strength of the solution should be
<0.2 to justify utilization of the extended Debye-Huckel
approximation for computation of the activity coefficients us-
ing specific ion coefficients (Truesdell and Jones, 1974). The
last solution listed in Table 1 had an ionic strength of 0.247
that was greater than the recommended range. However, the
objective of this exercise was testing a range of possible compo-
sitions in evaluating the performance and stability of the vari-
ous algorithms. The Gapon selectivity coefficients, as defined
in Eq. [5], were (K, = 0.63, K; = 042, K, = 2.78).

Numerical Tests

Performance of the various methods was based on a combi-

+ [NaCOs] nation of speed and accuracy. The speed component was mea-
Table 1. Hypothetical initial water compositions (mmol) for testing each algorithm’s capability (mmol).
Composition Ca* Mg* Na* K* Alk S04+ CI- No*~ CECY I
1 10. 5. 25. 1 5. 10. 25. 6. 50. 0.067
2 10. 5. 75. 1. 2. 40. 20. 4. 100. 0.123
3 20. 10. 100. 1. 5. 60. 40. 6. 200. 0.174
4 35. 20. 40. 5. 10. 20. 80. 25. 300. 0.183
5 30. 4s. 80. 0.5 20. 40. 120. 10.5 400. 0.247

+ Cation Exchange Capacity (mmol./kg Soil).
I Ionic strength of equilibrated solution.
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Fig. 1. Log (o) vs. log,y(¢) where o is root mean squares of the error vector for mole balance for each master species and the charge balance,
t is the elapsed central processing unit (CPU) time for completion of the subroutine containing the optimization code. Results for solution

Composition 2.

sured by determination of the central processing unit (CPU)
time required from start to completion of the iterative portion
of the program. Assessment of accuracy was based on rela-
tive error.

All algorithms were coded in Fortran 77 and all runs were
performed on a 50 Mhz Sun SPARC 20 '(Sun MicroSystems,
Palo Alto, CA). Five methods tested included two implemen-
tations of the Nelder—-Mead simplex algorithm (a modified
simplex algorithm - Cobyla2), a standard Nelder-Mead imple-
mentation, a global solver (Toms667), a tensor method (Ten-
solve) and a Picard (fixed point) iteration. The subroutine for
each method was passed a starting composition including total
free concentrations of master species, zero concentration for
secondary species and cation concentrations computed for a
single exchanger. The initial exchangeable concentrations
were calculated from Eq. [5] assuming that the free concentra-
tions of cations were the totals for the master cations. The
final RMS of the mole and charge balance error was computed
by a separate subroutine that was identical for all five methods.

The elapsed time allotted for a single test was controlled
to examine the tradeoff between elapsed time and accuracy.
This control was implemented in various ways for the different
methods. For example, control of the simplex methods was
accomplished by adjusting the maximum number of function
evaluations while the tensor method was controlled through
adjustment of the tolerance for the RMS of the combined
mole and charge balance errors.

To ensure that numerical results were correct, the concen-

!'The use of brand names in this report is for identification purposes
only and does not constitute endorsement by the USDA.

trations of the master and secondary species were used to
back calculate the equilibrium constants. Also, the Gapon
selectivity coefficients and CEC were back calculated from
the master cations and exchangeable-cation concentrations.

Results and Discussion

Several algorithms were studied using the MatLab
program on a desktop personal computer. The Levenb-
erg-Marquardt and Gauss—Newton methods were pro-
grammed to include a direct calculation of the Jacobian.
A comparison of the performance of these algorithms
when the Jacobian was directly calculated and when it
was approximated by finite differences indicated, sur-
prisingly, that the approximation of the Jacobian re-
sulted in faster convergence with less likelihood of the
solution becoming trapped in a false minimum. Direct
computation of the Jacobian also had increased the like-
lihood of an unsuccessful result given the same choice
of initial conditions. For these reasons the algorithms
requiring computation of the Jacobian were dropped
from further consideration.

The remaining five algorithms were tested on the
workstation. Results of the first test demonstrated that
the toms667 global solver was not an appropriate choice
for this problem because of its slow convergence (Fig.
1). Subsequent tests were performed only on the other
four methods.

Among the remaining methods there were large dif-
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Table 2. Comparison of the performance of the algorithms.

Method MRET MRE
1s 10s
Cobyla2 0.105 1.1 x 10
Nelder-Mead 0.33 0.0538
Picard 0.028 0.028
Tensolve 2.0 X 1071 1.4 X 1071

1 Mean relative error.

ferences in both accuracy and speed of the numerical
solution. The timings reported here were for Composi-
tion 2 with CEC = 100 mmol, kg~ soil (Table 1). The
fastest algorithm was the Picard iteration with an
elapsed time of 1.4 ms for the first iteration. When
solution speciation was calculated with no cation ex-
change the Picard iteration provided a fast and accurate
solution. Inclusion of the cation exchange, however, re-
sulted in lack of convergence with a minimum MRE in
mole balance and charge balance of ~0.03 for Composi-
tion 2 (Table 1). The continuation of Picard iteration
did not provide further improvement in the accuracy.
For the remaining compositions, as ionic strength in-
creased above 0.123 and the CEC was also increased,
the Picard method showed no convergence. It should
be noted that Picard iteration was done in stages with
the solution speciation alternating with cation exchange
and pH calculations. It is certainly possible that some
rearrangement of this code could potentially produce
better results. This does not apply to the other methods,
which are all simultaneous solutions.

The two simplex methods converged slowly but nu-
merical solutions with MRE of 0.001 or better were
obtained for Composition 2 (Fig. 1). A typical compari-
son of elapsed time to achieve the same MRE of 1.7 X
1073 was (tensor method, 0.173 s; Cobyla2, 7.6 s; Nelder-
Mead, ~40 s). The tensor method showed rapid conver-
gence in all tests and consistently achieved a MRE of
better than 1 X 102 Results obtained for the other four
solution compositions were similar to those obtained for
Composition 2. A significant difference in MRE among
the different solution compositions was a progressively
lower accuracy obtained by the standard Nelder—-Mead
method with increasing ionic strength. The modified
simplex method (Cobyla2) did not suffer from this prob-
lem. The correct back calculation of equilibrium con-
stants, Gapon selectivity coefficients, and CEC from
master species concentrations obtained from the tensor
method demonstrated that the correct numerical solu-
tion of the equations had been obtained.

The relative performance of the methods can be eval-
uated by comparing the MRE at some fixed elapsed
time for Composition 2 (Table 2). The two simplex
methods actually have higher MRE than the starting
guess and substantially greater error than the Picard
iteration at 1.0 s. At 1 s elapsed time, the tensor method
had obtained a MRE of ~2 X 1072, At 10 s elapsed
time, the Cobyla2 simplex method obtained a MRE of
1.1 X 107%, a significant improvement over the Picard
iteration. The standard Nelder—Mead algorithm, how-
ever, was less accurate than Picard at both 1 and 10 s.

These results indicate that the choice of algorithm

depends on the desired accuracy and speed. If only a
rough approximation is needed, ionic strength is <0.2,
and speed is a critical factor then the Picard iteration
would be the logical choice. The simplex methods
should only be used when their convergence can be
assured by allocating sufficient computation time. The
Cobyla2 method performed consistently better than
standard Nelder-Mead. Both of these methods have
a weakness of slow convergence early in the process.
Overall, the tensor method performed best among the
algorithms tested.

Conclusions

Various numerical techniques were tested for suitabil-
ity in the problem of equilibrium speciation when cation
exchange is also included. Given this problem and typi-
cal starting total concentrations for soil paste extracts,
the methods requiring computation of the Jacobian such
as Newton—Raphson and Levenberg—Marquardt were
found to have convergence that was highly dependent
on the starting guess. Methods that consistently ob-
tained accurate solutions included two simplex methods
and the tensor method. Picard iteration provided the
fastest computation of a rough approximation having a
relative error in mean mole balance of ~0.03. The two
simplex methods converged more slowly than the tensor
method by a factor of 10 to 1000 when obtaining the
same accuracy. The tensor method was judged to be
the best choice considering both speed and accuracy.
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DIVISION S-3—SOIL BIOLOGY & BIOCHEMISTRY

Nitrogen Dynamics in Humic Fractions under Alternative Straw Management
in Temperate Rice

Jeffrey A. Bird, Chris van Kessel, and William R. Horwath*

ABSTRACT

Crop residue management practices can affect N immobilization
and stabilization processes important to efficient utilization of N from
fertilizers, crop residues, and soil organic matter (SOM). A 2-yr, "N-
labeling field study was conducted to examine the effects of winter-
fallow flooding (vs. unflooded) and straw residue incorporation (vs.
burning) on the rates of sequestration and stability of specific SOM
pools critical in sustaining N fertility in rice (Oryza sativa L.). Five
SOM fractions were examined from soil samples obtained over Years
4 to 6 of a field trial: light fraction (LF), mobile humic acid (MHA),
mobile fulvic acid (MFA), metal-associated humic acid (MAHA),
and alkali-insoluble humics (HUM). After 4 yr of straw management
treatments, soil incorporation of straw increased MHA and LF C and
N compared with burned straw. Immobilization of N fertilizer peaked
in all SOM fractions after one growing season (120 d) and was greatest
in the MHA fraction over the 2-yr N study. Nitrogen fertilizer seques-
tration in MHA and LF was greater with straw incorporation com-
pared with burned. Turnover of immobilized “N-fertilizer in the stable
organic components was fastest in the labile MHA and MFA fractions
(7- to 9-yr half-life) compared with the half-lives of the moderately
resistant MAHA fraction (53 yr) and most stable HUM fraction (153
yr). While the MAHA and HUM fractions played a significant role
in N fertilizer immobilization and turnover, the MHA and LF fractions
represented the primary active sink and source of sequestered N
affecting both short- and long-term soil fertility.

oIL ORGANIC N is the largest source of plant-available

N for rice, representing 50 to 80% of total N assimi-
lated by the crop (Mikkelsen, 1987; Eagle et al.,2001). In
California, a recent transition in rice—straw management
from open-field burning to soil incorporation of straw
and winter-fallow flooding has prompted a reexamina-
tion of N immobilization-mineralization dynamics and
their effects on long-term N fertility in rice. The rela-
tively low N fertilizer-use efficiency in lowland rice sys-
tems compared with upland crops (40-60% recovery of
applied N) has been attributed in part to greater soil
N immobilization (Broadbent and Nakashima, 1970;
Vlek and Byrnes, 1986). Long-term straw incorporation
and winter flooding may alter humification processes
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thereby affecting N sequestration rates into SOM frac-
tions and its subsequent turnover.

Previous work from long-term rice management stud-
ies in tropical (Cassman et al., 1996; Bellakki et al.,
1998) and temperate (Eagle et al., 2000; Bird et al.,
2001) climates indicate increased plant-available soil N
supply after 5 to 10 yr of straw incorporation. In our
initial investigation after three seasons of straw incorpo-
ration compared with burning, greater rice N-uptake
and yield in annual trials without supplemental N fertil-
izer was observed (Eagle et al., 2000). No change was
found in total soil C and N after six seasons of straw
incorporation and winter-fallow flooding (Bird et al.,
2001). After many years of straw incorporation, a sus-
tained, greater soil microbial biomass (SMB) C and N
was reported (Powlson et al., 1987, Sgrensen, 1987; Bird
et al., 2001). An increase in SMB can affect C and N
sequestration rates of fertilizer and crop residues
through greater immobilization of and conversion to
stable SOM as well as through greater mineralization
of stabilized SOM C and N (Paul and Juma, 1981; Bird
et al., 2001). Furthermore, crop reside management has
affected utilization of N fertilizer in rice (Broadbent
and Nakashima, 1970, Huang and Broadbent, 1989; Bird
et al., 2001). These studies indicate that long-term straw
management in lowland rice can affect the size and
stability of the soil N supply.

Seasonal winter flooding (WF) of fallow rice fields in
the temperate climate of California has been imple-
mented to enhance habitat for migratory waterfowl in
the Pacific Flyway of California and has contributed to
greater straw decomposition rates (Hill et al., 1999; Bird
et al., 2000). Repeated submergence and drying of rice
soils has been shown to increase N losses compared
with losses in continually submerged soils (Patrick and
Wyatt, 1964; Kundu and Ladha, 1999). Total loss of N
fertilizer was similar, however, during Years 4 through
6 of a long-term study comparing winter-fallow flooding
(vs. unflooded) in temperate rice (Bird et al., 2001).
Results from the tropics indicate that longer and almost
continuous submergence in rice has decreased the de-

Abbreviations: GLM, general linear model; HUM, alkali-insoluble
humics; IRMS, isotope ratio mass spectrometer; LF, light fraction;
MAHA, metal-associated humic acids; MHA, mobile humic acids;
MFA, mobile fulvic acids; NF, nonwinter flooded; SMB, soil microbial
biomass; SOM, soil organic matter; WF, winter flooded.



