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On a d&rit  l'erosion ; cause de plui! sur les hautes terres par la 
balnnce de mass e t  les equations pour !e detachment de sMinent entre les  
wisselets e t  llinter/action entre l e  detachment d'ecouleraent e t  l a  q u a n t i t ;  
de 56diment. On a decrit-l'ecoulement d'eau par les equations d'ongles 
clnematiques. 

Le dgtackent d'ecoulement e t  les capacite's de transport ont  6t6 
d&rit par 1ss fonctions,de puissance de la profoncteur de ecoulement. 
On a f a i t  d'assumer l e  detachment entre les ruisselets est par rappart 
au d6bit de  pluie. 

On obtient ler equations en deux dilnensiom qui dgcrive?t la  distr ibutfm 
en temps e t  position de la concentratren de s6diment e t  du debit de transport 
pwr 1 a branche ascendante 1 'equil ibre partie d ' u n  hydrogramme d'ecoul ement . 

1 Contribution of the North Central Region, Agricultural Research service, 
U.S.D.A. in coopera tion with the !.lissouri Agricul tural Experiment Sta- 
tion and the Civil Engineering Department, University of f4issouri7 
Colurabia, Missouri. 
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'RASIC EQUATIONS - 
The motion of the f lu id  and the sediment across the land are  described by 

the equations for  conservation of mass, momentum and energy. For t h i s  problem 
the material i s  treated as  i f  i t  i s  traveling in a sheet across the  land sur- 
fa&, This is obviously an incorrect hypothesis. The deviation of the  hy- 
pothesis froq real i ty  is accounted f o r  in  various c o e f f i c i ~ t s  which a r e  de- 
terrrfngd experisrefltatly. 

The equations will be derived f o r  a s t r i p  of surface of uni t  width. A 
, longitudinal view o f  the surface is chovm i n  Fig. (1). Conservation of mass 

8 reguircs tha t  f o r  the f lu id .  

4 .  a ~ ~ - $ + . ~ t + c h ~ ~ t -  [ I q + $ p ~ t = ~ h d x  (1 
S 

- 
Ah d fer tSN serf+- 

. ' ~ a ,  - p+. ~t + E~ AX ~t + E~ AX ~t - I C ~  + wpj ~t = A ( C ~ ) A X  (2) 
2 fa which: q = f low rate per wit width, L /T; x = length coordinate, {L); 

t = time coordinate, (T); a = effcxtfw preci i t a t ion  rate, .  LJT; h = d e p h  of 5 ttol, {L); c = c-ar of  mlimt, F/L ; Ell = ra te  of e m l a  per unf t 
2 

' lm@% dm 0 flow, F / L ~ ;  E = rate of i n t e r r i l l  emrion per foot, F/L T. 
Algebraic . ar ip lat ion  bt Eq. (1) end Eg. (2)  rrsults in  

a t  a (3) 
a d  

nte mmmtm quatian i s  approxfraat.4 by the relation 
q = ohm (5) 

as i n  kimmafic wave analysis of the flow. & and m are  constants. 
Tke relatiomhips describing the ra tes  of r i l l  and i n t e r r i l l  erosion, ER 

and EI, must also be e s t ab l i skd ,  
2 Foster and Meyer suggest that 

; + ? = I  (6) 

i n  which: Dc = deta-nt capacity of the flow, F / ( L ~ T ) ;  Tc = transport  ca- 

pacfty of the f low,  F/(LT). 
.-s &tadwent capacity cw he related to  the  s k r  s t r e s s  an t h e  bed, T ~ ,  

a5 

D, = a r: = a(ys0) "(h)" (7) 
i n  which a i s  a c m t a n t  of proportionality, .y i s  the f lu id  specific weight, 
N L ~ .  and So is the  slope of the bed, and n IS a constant. 

Foster and hkyer3 .further suggest that  the transport and detachment capa- 
c f t i e s  are  related by a constant such tha t  

3 
3 

2 Foster, G. R. and L. D. Neyer, "x Closed Form Erosion Equation f o r  Upland 
Areas," Sedimentation: A Symposium to Honor Professor H. A. Einstein. H. bl. 
Shen, Ed., Fort' ~ o l  1 i no, Colorado, u.S. A., 1971. 

3 m. 
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fhen. w i t h  Eqs. (6, 7 and 8) 

I The i n t e r r i l l  cont r ibut im.  EI, has been discussed i n  d e t a i l  by Foster, 
4 p r  and Onstad . They indicate tha t  EI varies w i t h  the r a i n f a l l  i n tens i t y ,  

- 

oil and cover conditions and w i th  slope steepness. The re la t ionsh ip  can be F pressed as 
i 

C d i n i n g  Eqs. (31, (4), (5),  (9) and (10) resu l t s  i n  

ac h - - + q C  at ax = %(6hn - cq) + K ~ C  - a= 

' T k  solutions f o r  the f low equations f o r  constant r a i n f a l l  excess luye 
been given by several i n w ~ t i g a t o r s ~  see f o r  example ~a~lesen'. The m u 1  ts, 
f o r  constant e f fec t ive r a i n f a l l  ra te  are 

WI ffl q=coh8)=arrt  
along a character ist ic defined by 

m-1 x - x * = w  ( t - to ) '  f 13) 

Several resu l ts  are important i n  the analysis o f  the sediment transport. The 
tiare o f  concentration f o r  the f low i s  given by 

The f low solut ion can be divided i n t o  two regions i n  the x- t  plane: tk zone 
of f low establishment and the zone o f  established flow, as sshm i n  Fig, (2). 
I n  the zone o f  flow e s t a b l i s h ~ n t  the discharge i s  a funct ion o f  t i r e  alcne, 
whereas i n  the zone o f  established f low the discharge i s  a functicm o f  space 
a1 one, 

4 Foster, G. R., L. (D. Pkyer, and C. A. Onstad, "Eros im Equat i~ns Derived 
From Modeling Principles," American Society o f  Agr icu l tura l  Engineers Prac,, 
Paper 73-2550, presented a t  National meeting, Dec. 1973, Chicago. 

5 Eagleson, P. S., Dynamic Hydrology, McGraw-Hill Book Company, k w  York, 7970 
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1 The sediment transport equations (11) can be solved i n  two parts correspond- 
fng to the f l o w  zones. In  the zone of f low  establishment the equation t o  be 
solved i s  

i n  which the flow relationship a. = a(& has been used. This can be expressed 
as the ardinary differential equation 

kr *dr We CloqiY$I~ltte rr Mi- the c k r w h r i s t i c  lines fcrr the solution and 
bgbm by tAe curves 

h of these chmcteristia are displayed i n  Fig. (2) as  dashed lines. 
Equation (16) can be tmde a perfect differential using f&e integrating 

a d  the integral for equal fiar and ixitn-e capnci t y  exponents, m , and 
n p ,  bet- -1. 

%Iln m #RLn ra 
PC " KRwW1 1 ? ed1 ( f )  I& + Kl 1 e & 4 - )  Jh 

C tc 
(19) 

.* .-wt 
G r b i c k  tc is  tkc t k  o f  cmcentratim for .tk flol, Eq. (14). The first 
tatqraf can be Integrated by parts t o  yield 

B 1 ,-t 
br 

e - f  e'ciu + (constant) 5 c * - -  [$- K,] 
a 

w i t h  the variable t given by 

lk constant of fntegration must be zero i n  ordek for  the concentration to  
k f i a i t e  a t  rl = 0, so the solution i s  

TlPe integral can be expressed as a i n f i n i b  series. The series terminates a f t e r  
it Pew terms for those special cases i n  which m = 1/lt i n  which N i s  an intecer. 
h most cases, however, m i s  greater than one. For the particular value of m=2 
%he integral is tabulated as Da,sonls integral.6 

The sediment transport rate, g, is given by 

Q ' C 9  (23) 

s v e g u n ,  Itandbook of Mathematical Functions, National 
Bureau of Standards, Applied tlath Series, 55, blashington, D.C., 1964. 
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which csnknm-dirnensimalizedbydiv4dingbytfPe t ranspart .capaci tyat  the . 

awtfall fw equilibrium c a d i  tions. From Eq. (8) 

(TcIe = ~ ( o t ~ ) '  = WL/a 

fhims, the sediment transport rate can be expressed as 

EqatIon (25) is valid in the zowe o f  f?ar establishment fo r  the case where the 
flaw srsd w s l m  eqments, ~1 and, n, are -1. For exponents greater than m a ,  tbe #a#&. uf Be solutrsr crrases th bolsdary bewean the zone of flar . 

es lisbiwssk rsd $!be soae! af e s ~ l t s b e d  f3w. The s o l u t i m  mist be continued 
cms+$ering ti& dbga ta f?w d t h s .  - 

~ T # ~ ~ o F E ~ T ~ I ~  nmi - -  . 

qaattrn fprpL the sdfment  mmntration Eq, (11) ia 
s b d  flaw Gm b express& 

a 
;)c ac - -1 K~ c 

- ~ / " ( Q X F ~  - 5~ + ii- - -; ='axa w 
in  which tkm flaw retir~ c n r ~ ~ t l ~ d .  ~ h i s a m k e q m s s e d A  
the ordinuj, d l f f e e t  
, n - -1 

% rki& em EM- for %he sol~&icra a 4  i s  
@-by * r - r , = x - x o  

1 
3 -' 

t-\=.-p'x I h -  xo Ilrn) 

fgre of  tftese paths are also dirplajed in Fig. (2) as dashed lines. 
'Ike wdinar~r d ' t f f emt i a l  equation caft be converted tr, a perfect differf i~n-  

Hal rssing the integrating hcteur 
~ * = 5 e  

7Bc salutim can be express&, for  m, as 

I -$L(R/L) e - t -  (t- K %* * ( cms twt )  ;JC e 

Ths apnstsnt of integration is determined using the condition that  the solutions 
asst match a t  the boundary between the zone of f lon establishment and the zone 
gf established f low. "' 1 , tt, = cwrdinates of boundary, and Q = concentra- 
ti= an bbm4r)l. The resu t ing solution is 

I 
I 

Is6 
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e, x f L  B 1-exp[-RRL(x-xb)/t] c = ;; + (cb - E) $ exp[-KRL(x-xb)/L] - (z - KI) 

The corresponding sediment transport rate i s  given by 

cb ) ' ~X~C-%L(X-S)/LI = -  (1 - -  B/a r 
1 - ex?[-$L(x-x,.,)/L] #I x 

) ( ) ~  , 

SEDIK!IT TWISWRT - AT EfJUILIBRIUfl 

Sediment transport achieves steadg, s ta te  wtaen both of tbe f o l l ~ w g  mdi- 
tions are met: 

(I) The solution path for  the flow star t ing f m  x = 0 a t  t = 0 
madres the ootfall. This defines the time of concentration 

t - -1 c 7 / ~  8 tc = (z) 
(2) The solution path for the sediment starting from x = 0 a t  t = O 

reaches the outfall. This ti= is given by 
1 - -1 1. 

L 1/rUQrn 'I - 
Mote that the time for conditim (2) is m times the time of conceatratian. 

EXAMPLE AND slMMRY 
A t  q u i  l ib r im,  €q, 433) reduces to 

KI 1 - e x p l - ~ L ( x / L ) I  
+&'f - (1 --I B/a KRL 

7 Foster and Heyer established this e q u i l i b r i a  relation and ampa\lled f t  w i t h  
the experimental results o f  Young and ~utchler.8 Excellent a g r w m t  was found 
using KI($/a) = 0.15 ; $L = 0.28 . 

Tkese same pa-m were as& t o  evaluate the nan-eguilbbr9tm sechra~~~t 
transport equaticw, and, for  w2, the results are displayed 3n Fig. ('3'). 

The basic equations can be used as the basis of a model af so i l  mownetit 
ac'mss a watershed. Application to an actual watershed wil l  require numerical 
solution of the differential equations. The results of this  analytical saTutim 
provide a check of the n w r i c a l  pwcedure and slnould help i f f  Facating tke 
source .of computational difficulties.  

@. a* 
Young, R.A.. and C.K. Mutchler, "Soil Movement on Irregular Slopes.' Water 
Resources Research, 5(5), 1969. 
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1: (herlad RP s d c l  and sjmbls for  u n i t  w i d t h .  

Fig. 2: Characteristic lines for solution of s e d i m t  motion 
Eqoatiu~s. m a  2 



Fig. 3: Sediment tramport rats as a fiunctim o f  ti= Ud s p ~ e  
for rn = 2. Kl/(8/a) = 0.15, and K& = 0.28. 


