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SOIL FAILURE MODELS FOR VERTICALLY OPERATING AND

HORIZONTALLY OPERATING STRENGTH SENSORS

S. O. Chung,  K. A. Sudduth

ABSTRACT. Soil strength, or mechanical resistance of a soil to failure, has been widely used to estimate the degree of soil
compaction. Conventional measurements with cone penetrometers are laborious; therefore, an on-the-go soil strength profile
sensor that collects data dense enough to show the spatial within-field variability in soil strength would be a desirable
alternative.  Because soil failure involves complex interactions among many variables, determining design parameters of a
soil strength sensor and interpreting test results could be improved with a theoretical understanding of the soil failure process.
Mathematical models to estimate the force required to penetrate (cut and displace) soil with a prismatic cutter traveling
horizontally and with a cone penetrometer traveling vertically were developed based on the passive earth pressure theory and
the concept of a variable failure boundary. Both models were expressed as additive forms of density, cohesion, and adhesion
components of the soil, with each effect multiplied by a corresponding dimensionless number. Charts of dimensionless
numbers were developed to investigate the behavior of each strength component at various values of soil internal friction
angle, soil-metal friction angle, and tool cutting angle. The models were used in simulation to optimize design parameters
of the sensor, including component dimensions and the location and spacing of sensing elements. Based on this optimization,
a prismatic sensing tip with a 3.61 cm2 base area and a 60° cutting angle was selected, and the corresponding simulated
maximum force and strength measurements were 2.2 kN and 6.0 MPa when operating at speeds up to 5 m s−1. Model validation
showed that the extension of the failure boundary was significantly correlated with soil properties such as bulk density, water
content, and internal friction angle. The variable failure boundary model developed in this study more consistently and
accurately represented field data than did three previously developed modeling approaches.

Keywords. Penetrometers, Precision agriculture, Sensors, Soil compaction, Soil strength.

oncern about soil compaction has increased as agri-
cultural machinery has become larger and tillage
practices have changed in recent decades. Compac-
tion, which increases soil strength and decreases soil

aeration, can restrict the growth of plant roots and negatively af-
fect the environment (Hillel, 1980; Soane and Van Ouwerkerk,
1995). Because direct field measurements of compaction are
difficult, soil strength is often used as a surrogate measurement
(Canarache, 1991), with the cone penetrometer (ASAE Stan-
dards, 2003a, 2003b) being the primary measurement device.
However, cone penetrometer readings are discrete point mea-
surements, making it difficult to collect enough data to accurate-
ly represent within-field variations in soil strength. A soil
strength sensor able to obtain measurements at multiple depths
continuously while traveling across the field would be much
more efficient in detecting compacted zones, and several such
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prototype sensors have been developed (e.g., Glancey et al.,
1989; Adamchuk et al., 2001; Andrade et al., 2001; Chukwu
and Bowers, 2005).

After reviewing the advantages and disadvantages of each
existing sensor, we initiated a project to address the problem
with a somewhat different design, beginning with a theoreti-
cal understanding of soil failure processes. The variables
involved in soil failure interact with each other in a complex
manner. Because of this, determining design parameters of a
sensor and interpreting test results on the basis of experimen-
tal results alone would be difficult. Mathematical modeling
and simulation could reduce the number of experiments
required and give a better understanding of test results.
Knowledge of the relationships between soil strength and the
controlling factors, potentially obtained from simulation, is
also important for proper application of the sensor measure-
ments. Another use of soil failure modeling would be to
theoretically  compare on-the-go sensor results with data
obtained using a cone penetrometer.

Tools working in soil exert forces that cause different soil
failure patterns corresponding to stress-strain behaviors:
tension, compression, shear, and plastic flow. Several
mathematical  force prediction models for narrow tines and
soil-penetrating  tools have been developed using the passive
earth pressure theory developed by Rankine (Gill and Vanden
Berg, 1968). Payne (1956) applied theories of classical soil
mechanics to investigate the performance of soil imple-
ments. In the case of wide tools, he neglected the edge effects
of the tool in describing draft since the aspect ratio
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(depth/width) was small, reducing the problem to a two-di-
mensional case. Later, Hettiaratchi et al. (1966) used the
logarithmic spiral method in their two-dimensional analysis
to determine passive earth pressure. Their model included
terms accounting for cohesive, adhesive, frictional, and
gravitational  forces.

The assumption that edge effects are negligible is not valid
for the case of narrow tools. For narrow tines, Payne (1956)
observed that the bottom surface of cleavage would be
interrupted by side surfaces, and a block of soil adjacent to
the tine would be isolated. He also stated that narrow tines
would not displace the soil far enough laterally to bring it into
plastic equilibrium. Several three-dimensional mathematical
models have been developed to predict draft force and the soil
area disturbed by a narrow tine: Hettiaratchi and Reece
(1967), Godwin and Spoor (1977), and McKyes and Ali
(1977).

As in the case of narrow tines, several models have been
proposed based on the soil failure patterns around a vertically
operating tip (Terzaghi, 1943; Meyerhof, 1951; Hu, 1965).
Godwin and Spoor (1977) used Meyerhof’s approach to
derive a force model for lateral soil failure (or flow failure)
caused by a horizontally operating prismatic cutter. Gill and
Vanden Berg (1968) stated that total force on a prismatic
cutter could be separated into normal force and tangential
forces on the wedge of the cutter, and tangential force on the
side of the cutter. Alihamsyah et al. (1990) tested a
horizontally operating penetrometer using conical and
prismatic tips. With a prismatic tip, soil penetration resist-
ance was reduced since the tip displaced soil only to the sides.

This theoretical analysis was part of an overall project to
design and evaluate a prototype on-the-go soil strength
profile sensor. The purpose of the sensor was to obtain
“CI-like” measurements at multiple depths directly in front
of a soil-cutting tool as it traveled across a field at speeds near
those of normal tillage operations, and to detect spatial and
vertical variability of soil strength under field conditions.
Results of previous investigations (e.g., Alihamsyah et al.,
1990) led to our choice of a prismatic tip as a horizontally
moving, soil-penetrating tool to minimize interference
between the tips at different depths.

OBJECTIVES
The overall objective of this research was to model soil

failure caused by prismatic and conical tools and to conduct
model simulations to obtain information useful for sensor
design and the interpretation of test results. Specific objec-
tives were to:

� Develop and validate mathematical models of soil fail-
ure caused by a horizontally operating prismatic tool
(i.e., soil strength profile sensor, SSPS) and a vertically
operating conical tool (i.e., cone penetrometer).

� Investigate the relationships between soil strength and
controlling factors, and between the soil strength index
measured by the soil strength profile sensor and cone
index (CI) measured by the cone penetrometer.

� Determine parameters and considerations for sensor
design, such as the expected range of soil strength and
the effects of tool geometry on measured forces.

MODEL DEVELOPMENT
PRIOR RESEARCH

Factors affecting soil failure caused by a tool can be
identified by the equations in analytical models (e.g., Gill and
Vanden Berg, 1968; Hettiaratchi and Reece, 1974; Plasse et
al., 1985), a semi-empirical technique like the dimensional
analysis method (e.g., Schuring and Emori, 1964; Wismer
and Luth, 1972), or experimental study (e.g., Alihamsyah et
al., 1990). The parameters generally fall into four categories:
(1) tool design: lengths and angles describing tool geometry,
and interaction between elements due to arrangement;
(2) soil conditions: unit weight, internal friction, cohesion,
clay content, particle size distribution, water content, and
organic matter content; (3) soil-tool interactions: soil-tool
friction and adhesion, and (4) operating conditions: operating
depth and speed. These factors, as well as interactions
between the factors, influence soil failure behavior in a
complex manner.

Soil shear failure has been analyzed and explained using
the Mohr-Coulomb failure theory. Based on the Mohr-Cou-
lomb theory, the location of soil failure can be found if the
shape of the soil failure surface is known. Unfortunately, this
shape is not known in most cases. Experimental observations
have found soil failure surfaces to be formed of combinations
of a curved line near the tool and a straight line connecting
the curve and ground surface (e.g., Payne, 1956). This
logarithmic spiral method has been used to estimate soil
failure surfaces in modeling of soil movement by tines

Table 1. Variable notations, definitions, and measurement units.
Notation Definition and Units

α Cutting angle of the tool, π − 2ε (radians)
β Extension of radial shear zone (radians)
δ Soil-tool friction angle (radians)
ε Base angle of the tool (radians)
φ Soil internal friction angle (radians)
γ Unit weight of soil (N m−3)
η 0.25π − 0.5φ (radians)
θ 0.75π + 0.5φ − ε + β (radians)
b Width of the tool (m)
c Cohesion of soil (N m−2)
ca Adhesion of soil to the tool (N m−2)
D Operating depth of a prismatic tip (m)
e Base of natural logarithms

F
Force acting on the tool (N). Subscripts: p (prismatic tool), c

(conical tool), and i (inertia)
g Acceleration of gravity (9.81 m s−2)
h Height of a prismatic tip (m)
m Unit mass of soil (kg m−3)

N

Dimensionless number describing geometry of the soil fail-
ure. Subscripts: p (prismatic tool), c (conical tool), γ
(soil weight), c (cohesion), and a (adhesion)

p0 Geostatic pressure due to soil weight (N m−2)
qf Average unit pressure acting on the shaft (N m−2)

qn

Normal component of the passive pressure acting on the
tool base (N m−2)

r0, r1

Radii of the logarithmic spiral at w = 0 and θ, respectively
(m)

s, p Shear and normal stress (N m−2)
t Time (s)
v Speed of the tool (m s−1)
w Angle of the logarithmic spiral (radians)
W Weight of soil acting on the failure zone (N)
z Operating depth of the tool (m)
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Figure 1. Patterns of soil failure under deep foundations as proposed by Terzaghi (1943, left), Meyerhof (1951, center), and Hu (1965, right).

(e.g., Terzaghi, 1943; Osman, 1964) and bearing capacity of
foundations by soil-penetrating bodies (e.g., Terzaghi, 1943;
Meyerhof, 1951; Hu, 1965). Using the variable notations giv-
en in table 1, the equation for a logarithmic spiral is:

 φ= tan
0

werr  (1)

Models of soil failure due to a horizontally operating
prismatic tool and a vertically operating conical tool in a
homogeneous soil can be derived using theories developed
for soil movement by narrow tines and the bearing capacity
of foundations. Figure 1 shows three variations of the soil
failure pattern, as assumed by previous researchers. The soil
failure boundary (fig. 1, left) proposed by Terzaghi (1943)
consisted of a wedge-shaped central zone (A), two zones of
radial shear (B), and two passive Rankine zones of plane
shear (C). For a shallow foundation, the shearing resistance
of the soil located above the level of the foundation base was
neglected and replaced by pressure acting at the level of the
base.

Meyerhof (1951) argued that observed soil movement was
not in accordance with the above failure mechanism,
especially in a cohesive material with internal friction, and
extended the zone of radial shear so that the failure area
increased with foundation depth (fig. 1, center). For shallow
depths, results of laboratory and field tests on buried and
driven foundations in clay and sand showed good agreement
with the theory. For deep foundations, however, actual base
resistance was less than estimated and an empirical com-
pressibility factor was introduced to reduce the shearing
strength.

To overcome limitations of Meyerhof’s model in friction-
al soils and for deep foundations, Hu (1965) limited the zone
of radial shear to the area where the lateral distance of the
failure zone from the shaft was a maximum, and took the
effect of soil weight (W) above the failure zone into account
in the calculation of base resistance (fig. 1, right). Theoretical
values showed good agreement when compared with experi-
mental results for the base resistance of buried strip
foundations in loose and dense sand. However, for cohesive
soils, the estimated resistance needed to be corrected with a
depth-dependent factor greater than 1.

Although the general formulation of these three models
was similar, they differed in definition of the radial shear

zone. These variations in approach were attempts to accu-
rately model the soil failure behavior for different soils, due
to the fact that a single failure model would not fit to actual
resistance data collected under different soil (e.g., cohesion,
internal friction, texture, compressibility, bulk density, and
water content), tool, and operational conditions. In this
research, we developed a more general model based on those
of Terzaghi (1943), Meyerhof (1951), and Hu (1965) by
defining the extension of the radial shear zone as a variable
(�). Our new “variable failure” model was a generalization
of the above three models, which could be obtained by setting
� to 0°, 90°, and � °, respectively.

HORIZONTALLY OPERATING PRISMATIC TOOL

Using the Mohr-Coulomb criteria, the soil failure surface
will be the one that results in the minimum total force on a
soil-penetrating  body. The minimum force can be obtained
by varying the location of the origin of the log spiral curves
(Osman, 1964). Hettiaratchi et al. (1966) showed that curves
of individual force functions were flat in the vicinity of their
minimum turning points, and the minimum force was similar
to the value when the origin of the log spiral was at the outside
edge of the tool base. Therefore, for simplicity of computa-
tion, a close approximation was obtained by setting the origin
of the log spiral at the outside edge of the base of the
penetrating body, or point a in figure 2. We used ideal soil
failure with a combination of log spirals and straight lines for
force modeling. However, we used continuous log spirals to
evaluate the distance of soil disturbance and the inertia effect
due to operating speed, to maintain the continuity of the
failure surface seen in real soils (fig. 2), as suggested by
Godwin and Spoor (1977). The continuous log spiral was
obtained by setting � = �, where the lateral distance of the
failure zone from the shaft was a maximum.

In a study modeling the cleavage of soil by tined
implements,  O’Callaghan and Farrelly (1964) stated that a
vertical tine showed two modes of rupture determined by the
aspect ratio (depth/width) of the tine. The transition from one
mode to the other occurred when the aspect ratio was 0.6 for
a flat vertical tine. O’Callaghan and McCoy (1965) extended
the work to cleavage of soil by inclined and wedge-shaped
tines. They found that the mode of cleavage was similar for
both flat and wedge-shaped tines and that raking a tine
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Figure 2. Soil failure mechanism for a horizontally operating prismatic tool, assuming only lateral failure. Inset shows location of prismatic tool
(circled) as part of a multiple-depth soil strength sensor.

forward in the travel direction increased the depth of mode tran-
sition (critical depth). Godwin and Spoor (1977) identified two
failure mechanisms: an upper failure zone near the ground sur-
face where the soil displacement had forward, sideways, and
upward components (crescent failure), and a lower failure zone
where the displaced soil had only forward and sideways compo-
nents (lateral failure). They showed that, with a flat vertical tine
of 25.4 mm width, lateral failure occurred at depths lower than
about 120 mm (aspect ratio >4.7). In this study, we assumed that
only lateral failure occurred along the entire operating depth
since the prismatic tool was wedge-shaped, vertical, and narrow.
Crescent failure was assumed to occur only very near the ground
surface, and therefore the possibility of crescent failure was not
included in the model.

The soil strength that a horizontally operating prismatic
tool (i.e., soil strength profile sensor) will encounter can be
derived from the normal component of the passive pressure
acting on the tool base, as described by equation A.8 in the
Appendix. A prismatic tool likely displaces the soil only in
the lateral direction, so the prediction of soil strength
becomes a simple problem by neglecting edge effects of the
tool in the upper and lower vertical directions. The only effect
of soil weight is the geostatic pressure acting along the line
af, the magnitude of which is p0 = �z(1 − sin�) (Lambe and
Whitman, 1969). The effect of shaft friction through the area
acf was not added to the geostatic pressure since the
cross-sectional area of the shaft was assumed to be smaller
than the base area of the tip. Integrating equation A.8 over the
length ad (b/(2 cos �)) and depth (z) gives the corresponding
normal force (Fps) acting on the prismatic tool in a static or
quasi-static condition:
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High speeds near those encountered in normal tillage
operations may result in a significant force increase. McKyes
(1985) discussed two dynamic effects: inertia forces due to
accelerating  the soil volume, and changes in soil strength at
a high rate of shear. He also stated that the effect of shear rate
was not significant in purely frictional soils, but was
significant in clay soils, outweighing the inertia forces.
Stafford (1984) showed that there would be a large effect of
strain rate on soil shear strength in “flow failure” of the soil,
when no distinct shear planes were evident. He also stated
that flow failure was likely to occur at high water content
(above the plastic limit) or high speed. In our study, only
inertia forces were taken into account, assuming no viscosity
under normal tillage field conditions (e.g., Reece, 1965).
Inertia forces can be calculated by integrating the soil volume
being accelerated by a prismatic tool along the log spiral
failure surface:
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Equations 2 and 3 are the forces acting on a prismatic tool
when the height of the tool is equal to the operating depth. For
a soil strength profile sensor that has multiple sensing tips at
different depths, z in the equations needs to be evaluated from
D − 0.5h to D + 0.5h, where D and h are operating depth below
the soil surface and height of each tip, respectively. Then,
dividing the summation of the resultant forces by the base
area gives the soil strength for the horizontally operating
prismatic tool. The forces acting on an individual prismatic
tip and corresponding prismatic soil strength index (PSSI)
are:

 psaapscpsps bhNccbhNbhzNF ++γ= γ2  (4)
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VERTICALLY OPERATING CONICAL TOOL
The force model for soil failure due to a vertically

operating conical tool (fig. 3; i.e., cone penetrometer) was
also derived from equation A.8. As in the case of a
horizontally operating tool, the effect of shaft friction is
ignored, due to the shaft being smaller than the conical tool
as prescribed by ASAE standard S313.3 (ASAE Standards,
2003a). In the case of a vertical penetration, the maximum
value of � is a function of operating depth (z) as given by
equation 7 (adapted from Meyerhof, 1951). At shallow
depths, �max is constrained by equation 7 because the soil
failure boundary may reach the ground surface before it is
developed fully. At greater depths where the failure boundary
can develop fully, �max is �/2. Then, the value of � is also a
function of operating depth:
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The length of the plane shear surface af is also dependent
on operating depth. Therefore, the average geostatic pressure
(p0) acting on the plane shear surface is given by equation 8:
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In the model for a horizontally operating tool, the only
effect of soil weight was through the geostatic pressure acting
on the plane shear surface. In case of a vertically operating
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Figure 3. Soil failure mechanism for a vertically operating conical tool.

tool, there was an additional effect of soil weight within the
soil failure volume. The passive force due to the soil weight
was found by balancing the moments about point a� (fig. 3).
Forces considered in the equilibrium of moments were the re-
sistance (P1) due to the soil wedge ge� f�, the weight (W) of the
segment a� de� g, and the passive force (P�) acting normal to the
cone surface (fig. 3). Detailed procedures of the force calcula-
tion were as explained by Osman (1964). The force component
normal to the cone base per unit length of a� d was:
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Integrating equations A.8 and 9 over the cone surface,
�b2/(4 cos �), and summing the resultant forces gives the
corresponding normal force (Fcs) acting on a cone penetrom-
eter in a static or quasi-static condition:
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Inertia forces on the conical tool can be calculated by
modification of equation 3, as given by equation 11:
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Summing the forces in equations 10 and 11 and dividing
by the base area of the cone gives the soil strength for the
vertically operating conical tool, normally referred to as cone
index (CI), and given by equation 12:
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Figure 4. Changes in gravitational (top) and cohesive (bottom) dimensionless numbers for a horizontal prismatic cutter at different cutting angles, soil
internal friction angles (10°, 25°, and 40°, shown numerically in the graphs), soil-tool friction angles, and extensions of the shear zone (solid line, � =
0°; dashed line, � = 90°).

MODEL CHARACTERIZATION
HORIZONTALLY OPERATING PRISMATIC TOOL

Soil strength measured by a horizontally operating
prismatic tool would vary due to the many factors involved
in the soil failure process, as described by equations 4 and 5.
In equation 4, the resultant static passive force was expressed
as additive terms of three force components (gravitational,
cohesive, and adhesive pressure) multiplied by correspond-
ing dimensionless numbers (Nps �, Npsc, and Npsa). Quanti-
fication of the force requires determination of the
dimensionless numbers, which are functions of cutting angle,
soil internal friction angle, and soil-tool friction angle, and
reflect the shape of the soil failure region.

The first two dimensionless numbers in equation 4, the
gravitational  (Nps�) and cohesive (Npsc) components, deter-
mine a large portion of the resultant static force and include
complex nonlinear terms. Figure 4 shows the behavior of the
gravitational  (top) and cohesive (bottom) dimensionless
numbers at different cutting angles, soil internal friction
angles, soil-tool friction angles, and extension angles of the
radial shear zone. The cohesive dimensionless number was
larger than the gravitational dimensionless number by a
factor of 10. Both dimensionless numbers increased as the
soil internal friction angle, soil-tool friction angle, and
extension angle of the radial shear zone increased.

For a perfectly smooth surface (� = 0), a sharper cutter
(smaller cutting angle) resulted in a smaller value. However,
for a perfectly rough surface (� = �), a minimum value did
not occur at the smallest cutting angle but at intermediate or
large angles. With � = �, the cutting angles that produced the
smallest dimensionless number at 10°, 25°, and 40° soil

internal friction angles were 80°, 65°, and 50° for the
gravitational  component (Nps�), and were 48°, 56°, and 48°
at  � = 0° and 63°, 63°, and 50° at � = 90° for the cohesive
component (Npsc).

VERTICALLY OPERATING CONICAL TOOL

The forces acting on a vertically operating conical tool
and the resulting soil failure patterns differ from those for a
horizontally operating prismatic tool for two main reasons:
different tip geometries (i.e., conical vs. prismatic), and the
effects of geostatic pressure and soil weight due to the
different operating directions (i.e., vertical vs. horizontal).
Differences in the inertia component (eqs. 5 and 11) are only
due to differences in tool geometry, i.e., surface area of the
tip. The force in a quasi-static condition (eqs. 4 and 10) differs
due to the effects of tool geometry and the direction of
operation. The terms �/4 and �/2 in equation 10 account for
the effects of the conical shape. The dimensionless number
for the cohesive force on the tool base (Ncsc) was identical to
the corresponding term for the prismatic tool (eq. 4) except
for these geometrical factors.

The effects of operating direction are more complex for a
vertically operating conical tool. First, the geostatic pressure
acting on the plane shear surface (p0) and the limit of the
radial shear zone (�max) are functions of operating depth.
Second, there is an additional gravitational component due to
soil weight within the failure region. Figure 5 shows the
behavior of the gravitational components due to geostatic
pressure (top, Ncs�) and weight of soil above the level of the
conical tool base (bottom, Ncs�� ) at different cutting angles,
soil internal friction angles, soil-metal friction angles, and
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Figure 5. Changes in gravitational dimensionless numbers due to the geostatic pressure (top) and soil weight (bottom) for a vertical cone penetrometer
at different cutting angles, soil internal friction angles (10°, 25°, and 40°, shown numerically in the graphs), soil-tool friction angles, and extensions
of the shear zone (solid line, � = 0°; dashed line, � = 90°).

extension angles of the radial shear zone. In all cases, larger
friction angles between soil particles resulted in larger forces
on the tool, as was also seen for the horizontally operating
prismatic tool. The gravitational dimensionless number for a
vertically operating tool due to geostatic pressure showed
values similar to those for a horizontally operating tool
(compare top panels of figs. 4 and 5). The dimensionless
number due to weight of soil within the failure volume (Ncs�;
fig. 5 top) was larger than the dimensionless number due to
geostatic pressure (Ncs�� ; fig. 5 bottom) by a factor of 10.

Comparison of figures 4 and 5 indicates the influence of
different aspects of the soil failure force components due to
the different operating directions of the tools. Cohesive force
was dominant for the horizontally operating tool, while
gravitational  force due to soil weight became significant
along with cohesive force for the vertically operating tool.
For a vertically operating tool, the geostatic pressure was a
complicated function of both depth and extension angle of
the radial shear zone, as compared to the simple form �z(1 −
sin�) for the horizontally operating tool. In addition, the
effect of soil weight within the failure volume was greater
than the effect of the cohesive component, especially for soils
with larger soil-metal friction angles.

APPLYING THE MODEL IN SENSOR DESIGN
Simulations were performed with the model for a

horizontally operating prismatic tool to determine several
design parameters for an on-the-go soil strength profile
sensor. Issues investigated were: (1) expected maximum soil

strength to determine the required dynamic range of the
sensor, (2) distance of soil disturbance to determine mini-
mum spacing of the sensing tips, and (3) estimation of force
profile as a function of operating depth.

We used results presented earlier in the Model Character-
ization section to select a cutting angle of 60º for the
prismatic tip of the strength sensor. Because the cohesive
component dominated the overall force on the horizontal
prismatic cutter, and increased with increasing soil-tool
friction angle, we wished to minimize Npsc at the maximum
soil-tool friction angle (� = �). The 60º cutting angle
provided close to the minimum cohesive force over a range
of soil internal friction angles and radial shear zone extension
angles (fig. 4).

Width and height of the cutting tip were both 1.9 cm,
resulting in a 3.61 cm2 base area, similar to the size of the
ASAE-standard large penetrometer cone (3.23 cm2) (ASAE
Standards, 2003a, 2003b). Forces were evaluated to a depth
of 0.5 m since this portion of the soil profile was considered
to be important for the early stages of crop growth and
because a large portion of the variability observed in CI data
is typically contained within this depth (Chung and Sudduth,
2004; Chung, 2004).

For the simulation, extreme values from field tests
described later in the Model Validation section were used for
soil properties. These maximum values for wet unit weight,
cohesion, and soil internal friction angle were 18.5 kN m−3,
31.3 kN m−2, and 35.7°, respectively. Adhesion and soil-tool
friction angle were assumed to be the same as cohesion and
soil internal friction angle (i.e., � = �), which was the upper
limits of these parameters. Extension of the radial shear zone
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Figure 6. Simulated total force and soil strength on a prismatic tip at a 50
cm depth as a function of operating speed.

was set to 45°, as an intermediate value between the mini-
mum (0°) and maximum (90°).

EXPECTED MAXIMUM SOIL STRENGTH

Local soil strength at a 50 cm depth was evaluated. Results
showed that the force and soil strength (PSSI) experienced by
an on-the-go sensor operating horizontally at a depth of
50 cm were less than 2.2 kN and 6.0 MPa at speeds up to 5 m
s−1 (fig. 6). It should be noted that: (1) extreme values were
used for soil properties in the simulation, and (2) the actual
operating speed would likely be less than 5 m s−1. Schuring
and Emori (1964) defined a critical speed, below which
effects of soil inertia would not be significant, as gbv 5= ,
based on the results of dimensional analysis. At the critical
speed for the simulated sensor (0.97 m s−1), the increase in
soil strength was 0.5% relative to the soil strength at a static
condition (i.e., v = 0). Based on these results, selection of a
force sensor with a dynamic range greater than 2.2 kN was
deemed appropriate.

DISTANCE OF SOIL DISTURBANCE
From equation 3, the distance of soil disturbance in the

lateral direction as a function of tool width and soil internal
friction angle for a given cutting angle of the tool is given by:

 











+

ε
=

φφ+ε−π
1

cos2
distanceDisturbed

tan)(eb
 (13)

Figure 7 shows the estimated distance of soil disturbance
as a function of soil internal friction angle for different tip
widths. Tip height was set the same as tip width for this
simulation. The simulated distance of soil disturbance would
be useful to select locations for sensing tips or prismatic
penetrating tools. The spacing between adjacent tips should
be greater than the disturbed distance to minimize the
interference between tips. For 1, 2, and 3 cm wide tools, the
distances of soil disturbance in the lateral direction were 7.7,
15.4, and 23.1 cm, respectively, at the simulated maximum
soil internal friction angle (� = 36°). For sensor design, the
main concern was interference between the tips in the vertical
direction. Soil disturbance in the vertical direction is
expected to be less than in the lateral direction due to shape
of the prismatic tip, displacing soil mainly to the sides.
Although simulation results could give some indication of
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Figure 7. Simulated distance of soil disturbance in the lateral direction for
different tool widths and soil internal friction angles.

appropriate tip spacing, the actual amount of interference
should be investigated experimentally to determine the final
sensor configuration.

PSSI PROFILE ALONG DEPTH
Using equation 4, PSSI was estimated as a function of

depth. The operating depth was varied from 1 to 50 cm with
a 2 cm increment. The results of the simulation showed that
the mechanical resistance acting on the prismatic cutter
increased as a squared function of operating speed and as a
linear function of operating depth (fig. 8). These theoretical
PSSI profiles were obtained with the assumption of homoge-
neous soil properties within the depth range. Actual PSSI
profiles would be more complex and non-linear since soil
properties would not be homogeneous along the soil depth.
Interpretation of sensor measurements at different depths
should consider this increase of PSSI as a function of depth.
That is, for identical soil properties, PSSI measured closer to
the soil surface will be less than PSSI at greater depths.

MODEL VALIDATION USING SENSOR FIELD

DATA
Model validation data were obtained from two research

fields in central Missouri, one near Centralia with finer-tex-
tured soils, and the other near Hartsburg with coarser-tex-
tured soils. Four 10 × 10 m areas were chosen to encompass
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Figure 8. Simulated soil strength (PSSI) at different operating speeds, as
a function of operating depth.
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Table 2. Properties of soil samples from four 10 × 10 m test areas and validation results of the PSSI and CI models.

Depth
(cm)

Soil Unit
Weight[a]

(kN m−3)

Water
Content
(% d.b.)

Cohesion
(kN m−2)

Internal
Friction
Angle

(°)

Soil Texture
(fraction, decimal)

Measured
Model-Determined

PSSI
(MPa)

β for
PSSI
(°)

CI
(MPa)

β for
CI
(°)

PSSI
(MPa)

CI
(MPa)Sand Silt Clay

Area A
10[b] 16.6 26.4 20.5 27.8 0.19 0.60 0.21 1.02 (0.27)[c] 0.94 (0.24) 1.02 43.2 0.94 35.6
20 16.5 38.9 25.3 16.2 0.13 0.45 0.43 1.10 (0.15) 1.05 (0.18) 0.78 90.0 0.82 90.0
30 16.2 40.6 20.2 19.9 0.10 0.37 0.54 1.40 (0.18) 0.98 (0.11) 0.92 90.0 0.95 90.0
40 17.2 33.2 18.3 29.5 0.14 0.45 0.41 1.64 (0.24) 1.07 (0.14) 1.64 62.1 1.07 34.9
50 18.2 28.1 26.5 23.3 0.10 0.60 0.30 1.67 (0.73) 1.37 (0.24) 1.67 81.7 1.37 62.1

Area B
10 16.7 26.5 16.7 33.9 0.12 0.74 0.15 1.53 (1.08) 1.27 (0.33) 1.53 39.5 1.27 29.7
20 18.4 24.3 31.3 29.6 0.13 0.70 0.17 1.65 (0.41) 2.36 (0.37) 1.65 36.1 2.36 50.4
30 18.5 25.2 30.6 35.7 0.11 0.72 0.17 2.43 (0.56) 2.34 (0.46) 2.43 25.0 2.33 20.2
40 18.0 27.3 30.9 27.4 0.22 0.62 0.16 2.51 (0.43) 1.99 (0.52) 2.51 69.7 1.99 51.1
50 16.9 30.2 21.5 32.7 0.14 0.70 0.15 1.55 (0.33) 1.47 (0.40) 1.55 32.1 1.47 22.8

Area C
10 16.7 14.7 19.6 30.5 0.83 0.13 0.05 0.57 (0.31) 1.28 (0.55) 0.57 4.4 1.28 42.6
20 18.1 21.2 23.7 29.3 0.69 0.25 0.05 0.89 (0.17) 1.71 (0.36) 0.89 20.3 1.70 50.3
30 16.9 21.1 17.4 28.1 0.76 0.17 0.07 1.77 (0.31) 2.26 (0.45) 1.77 77.8 2.26 89.2
40 16.9 23.2 12.0 33.1 0.74 0.17 0.08 1.66 (0.39) 1.85 (0.53) 1.66 58.1 1.85 58.0
50 18.3 27.1 190 32.7 0.47 0.45 0.08 1.00 (0.36) 1.76 (0.44) 1.00 17.3 1.76 35.4

Area D
10 18.1 24.3 24.3 25.4 0.57 0.25 0.18 0.72 (0.29) 0.56 (0.26) 0.72 28.0 0.56 11.1
20 17.6 25.1 28.7 19.4 0.33 0.45 0.22 0.58 (0.18) 0.65 (0.22) 0.58 32.4 0.65 34.1
30 17.3 31.8 25.0 22.3 0.44 0.30 0.25 1.12 (0.22) 0.96 (0.26) 1.12 69.5 0.96 54.3
40 16.4 30.0 20.2 26.6 0.36 0.41 0.23 1.04 (0.16) 1.08 (0.11) 1.04 49.0 1.08 44.9
50 16.2 32.3 22.1 19.6 0.22 0.61 0.16 0.84 (0.17) 1.13 (0.14) 0.84 72.2 1.13 89.5

[a] Soil weight was calculated by γ = (moist bulk density) × (acceleration of gravity, 9.81 m s−2).
[b] Soil properties corresponding to each sensor depth were determined from 10 cm long samples centered on each depth.
[c] Values in parentheses are standard deviations of field-measured PSSI and CI (MPa).

the texture differences. The two areas selected in the Central-
ia field included relatively more clay (area A) and relatively
more silt (area B) in the soil profile (table 2), while the areas
in the Hartsburg field contained relatively more sand (area C)
and relatively less sand (area D). PSSIs were collected at five
depths (10, 20, 30, 40, and 50 cm) at a nominal operating
speed of 1.5 m s−1 and a 100 Hz sampling frequency using the
prototype SSPS (Chung et al., 2006). Relevant dimensions of
the SSPS sensing tips were h = 0.019 m, b = 0.019 m, and �	=
60º. From each area, CI profiles were also collected with a
3-probe ASAE-standard small cone penetrometer at 16 to 20
locations. A non-standard penetration rate of 40 mm s−1 was
used to speed data collection and because our previous re-
search (Sudduth et al., 2004) showed no significant differ-
ence in CI between this rate and the standard 30 mm s−1. PSSI
and CI measurements were averaged by depth and texture
area, resulting in 20 values, one for each depth-area com-
bination. For soil properties, four 7.6 cm diameter, 60 cm
deep soil core samples were taken from each area and stored
in a cold room at 4°C. Before laboratory tests, the samples
were divided into 10 cm long increments corresponding to
the five depths at which PSSI data were collected. Soil prop-
erties determined from these samples were soil weight and
soil water content using gravimetric methods, texture by pi-
pette analysis (Gee and Or, 2002), and cohesion and soil in-
ternal friction angle by direct shear tests (Fredlund and
Vanapalli,  2002). Data obtained and used in the model valida-
tion are summarized in table 2 for those 20 samples (4 areas
× 5 depths). Chung (2004) provided more detailed informa-
tion on sensor construction and data collection.

Strength parameters in table 2 were used as inputs to
equations 4 and 12 to determine the optimum extension of the
radial shear zone (�) giving soil strength values closest to the
field PSSI and CI measurements. Additionally, soil-steel
friction angle was calculated by � = [(0.590 × sand fraction)
+ (0.735 × silt fraction) + (0.375 × clay fraction)] × �,
where the coefficients were interpolated from Potyondy
(1961) for unsaturated dense sand, silt, and clay soils,
respectively, and adhesion was calculated by ca =
c(cot�/cot�), as suggested by Hettiaratchi and Reece (1967).
With the variable failure models, the calculated strength
values were identical to the measured values, except for two
cases where � was constrained at the upper limit of 90°. The
value of � determined in the analysis was correlated with soil
properties to determine any significant relationships. Visual
inspection of scatter plots between the data did not discover
any higher-order (nonlinear) relationships. Pearson correla-
tion coefficients of soil properties with �, and significance
levels (P values) are summarized in table 3. Pearson
correlation coefficients of soil properties to � were signifi-
cant (P < 0.1) for soil weight, soil water content, internal
friction angle, and clay content, except that clay content was
not significantly correlated to � for CI (P = 0.16). Soil weight
and soil internal friction angle were negatively correlated
with �, while soil water content and clay content were
positively correlated with �.

When applying our variable failure model, an appropriate
value or function for � must be determined. For this validation
data, we chose to relate � to measured soil internal friction
angle, since this was the measured soil parameter with the
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Table 3. Correlations of extension of radial
shear zone (�) with soil properties.

Soil Property

β for PSSI β for CI

r P value r P value

Soil unit weight (kN m−3) −0.40 0.08 −0.48 0.03
Soil water content (%)  0.68 0.01  0.40 0.08
Cohesion (kN m−2) −0.04 0.88 −0.12 0.60
Internal friction angle (φ, deg.) −0.61 0.01 −0.60 0.01
Clay content (decimal)  0.64 0.01  0.33 0.16
Sand content (decimal) −0.34 0.14  0.02 0.95
Silt content (decimal)  0.02 0.94 −0.23 0.32

largest absolute correlation (table 3) to the model-determined
optimum � (table 2) consistent across both PSSI and CI data.
Figure 9 shows a scatter plot between the measured soil inter-
nal friction angle (�) and the corresponding extension of the
radial shear zone (�) determined by the PSSI and CI models.
Using linear regression, extension of the radial shear zone
was expressed as:

 � = 124.32 − 2.74� (r2 = 0.37, P < 0.01) (14)

Then, PSSI and CI were predicted using equations 4 and 12,
respectively, by setting � as a function of soil internal friction
angle (eq. 14), 0° (Terzaghi, 1943), 90° (Meyerhof, 1951), and
� ° (Hu, 1965), and compared with field measured PSSI and CI.
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Figure 9. Scatter plot of the optimum extension of the radial shear zone
as a function of soil internal friction angle, showing significant negative
linear correlations.

Figure 10 shows the results of linear regression (y-intercept
= 0, � = 0.05) of model-determined soil strength values with
different � settings to field PSSI measurements, while figure
11 shows the same relationship for CI measurements. As ex-
pected, slopes indicated that Terzaghi’s model significantly
underpredicted both PSSI and CI measurements, while
Meyerhof’s model significantly overpredicted measured
data. Hu’s model showed better predictions of PSSI and CI,
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Figure 10. Model-determined soil strength values as a function of field PSSI measurements, using different � values. Individual data points (n = 20),
linear regression (y-intercept = 0), and 95% confidence bands on regression slope are presented, with dashed 1:1 lines shown for comparison.



861Vol. 49(4): 851−863

0 1 2 3
Measured CI, MPa

0

1

2

3

M
od

el
−d

et
er

m
in

ed
C

I,
M

Pa

0 1 2 3
Measured CI, MPa

0

1

2

3

M
od

el
−d

et
er

m
in

ed
C

I,
M

Pa

0 1 2 3
Measured CI, MPa

0

1

2

3

M
od

el
−d

et
er

m
in

ed
C

I,
M

Pa

0 1 2 3
Measured CI, MPa

0

4

8

12

M
od

el
−d

et
er

m
in

ed
C

I,
M

Pa

Slope = 0.40+0.06
r2=0.91, RMSE=0.19 MPa
β=0�(Terzaghi, 1943)

Slope = 0.78+0.16
r2=0.84, RMSE=0.53 MPa
β=φ (Hu, 1965)

Slope = 0.93+0.12
r2=0.93, RMSE=0.40 MPa
β=124.32−2.74 φ

(this study)

Slope = 2.49+0.64
r2=0.78, RMSE=2.04 MPa
β=90�(Meyerhof, 1951)

Figure 11. Model-determined soil strength values as a function of field CI measurements, using different � values. Individual data points (n = 20), linear
regression (y-intercept = 0), and 95% confidence bands on regression slope are presented, with dashed 1:1 lines shown for comparison.

compared to Terzaghi’s and Meyerhof’s models, but still sig-
nificantly underpredicted soil strength measurements. Even
though equation 14 only represented 37% of the variability
in �, our variable failure model approach exhibited the best
prediction of field PSSI and CI measurements, with slopes
not significantly different from 1 (� = 0.05).

The variable failure boundary concept is illustrated in
figure 12. When a soil has greater internal friction, the failure
boundary would extend further in the lateral direction and the
extension of the radial shear zone would be less. A soil with
lower soil internal friction angle would show the opposite
behavior, with less extension of the failure boundary in the
lateral direction and greater extension of the radial shear
zone. The variable failure boundary relationship developed
here (eq. 14) was derived from data representing a wide range
in soil properties (table 2) and resulted in reasonable model
results (figs. 10 and 11) using a limited dataset. However,
additional data collection and modeling would be required to
develop a generally applicable expression for estimating the
extension of the radial shear zone.

CONCLUSIONS
An on-the-go soil strength profile sensor could provide

data for estimation of soil compaction. The sensor would

obtain measurements comparable to cone index (CI), which has
long been used as a standard method, but more rapidly and with
a higher spatial density. In this study, soil failure caused by pris-
matic and conical tools was mathematically modeled and com-
puter-simulated to obtain information useful for on-the-go
sensor design and for the interpretation of test results. Major
findings are summarized in the following paragraphs.

Larger φ
Smaller β

Smaller φ
Larger β

Figure 12. Illustration of the variable failure model concept, exhibiting
different extensions of the radial shear zone at different soil internal fric-
tion angles.
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A model for soil failure caused by a horizontally operating
prismatic tool (i.e., soil strength profile sensor) was devel-
oped, based on Rankine’s passive earth pressure theory. The
model was a generalization of previously reported models
and used the concept of a variable failure boundary. The
model was expressed as an additive function of soil weight,
cohesion, adhesion, and operating speed terms. Each term
was multiplied by its corresponding dimensionless number,
which was a function of tool cutting angle, soil internal fric-
tion angle, and soil-metal friction angle.

A model was also developed for soil failure caused by a
vertically operating conical tool (i.e., cone penetrometer).
Differences between the two models were due to effects of
tool geometries (prismatic and conical), and differences in
geostatic pressure and soil weight due to the operating
directions (horizontal and vertical).

The mathematical models were characterized by ex-
amination of the behavior of the dimensionless numbers. For
horizontally operating tools, the cohesive component was
dominant. However, for vertically operating tools, the
gravitational  component was also important, especially the
effect of soil weight within the failure region. Increases in soil
internal friction and soil-metal friction angles resulted in
larger dimensionless numbers. Intermediate cutting angles
yielding minimum dimensionless numbers were found, and
based on this a 60° cutting angle was selected for the sensor
design.

Simulation with a 3.61 cm2 base area for the prismatic tip
showed that: (1) the expected force and PSSI acting on the
tool were less than 2.2 kN and 6.0 MPa at speeds up to 5 m
s−1, (2) the theoretical distance of soil disturbance laterally
was 7.7 cm per cm of tip width, and (3) the force acting on
the prismatic tool increased as the square of operating speed
and linearly with operating depth.

Model validation showed that: (1) good calibrations to
mean soil strength were obtained using the variable failure
model, (2) the optimum extension of the failure boundary
determined from the model was significantly correlated with
soil properties including soil weight, soil water content,
internal friction angle, and clay content, and (3) when the
extension of the failure boundary was expressed as a function
of soil internal friction angle, the variable failure model
exhibited better predictions of field-measured PSSI and CI
than the single failure models developed by previous
researchers.
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APPENDIX
NORMAL COMPONENT OF THE PASSIVE PRESSURE ACTING

ON THE TOOL BASE

In the plane shear zone aef (fig. 2), plastic equilibrium
requires that along ae and ef the shearing strength (s1) is equal
to c + p1tan�, where p1 is the normal pressure expressed by
the equation (Meyerhof, 1951):

    
)2sin(sin1

cos]cossincos)2[sin( 2
0

1 φ+ηφ−
φ+φφ−φφ+η= pc

p  (A.1)

In the above equation, p0 is the pressure acting along af.
The magnitude of 
 depends on the degree of mobilization
(ranging from 0 to 1) of shearing strength on the surface.

Meyerhof (1951) showed that bearing capacity was not very
sensitive to the degree of mobilization. Therefore, to simply
the analysis, 
 was set to �/4 − �/2 following the suggestion
of Godwin and Spoor (1977). Rearranging equation A.1 then
gives:

 )sin1(cos 01 φ++φ= pcp  (A.2)

Along ad the normal and tangential components of the
stress on the soil side are (Meyerhof, 1951):

 φ−= cot)( csp  (A.3)

and

 φθφ+= tan2
1 )tan( epcs  (A.4)

where � = (� − �) + � − 
 = 0.75� + 0.5� − � + � 
The corresponding passive pressures on the tool side are:

 φ−== cot)( cspp p  (A.5)

and

 δ+= tanpap pcs  (A.6)

From this, the normal component of the passive pressure
acting on the tip per unit length of ad is:

 ε+ε= cossin ppn psq  (A.7)

Substituting equations A.2 through A.6 into equation A.7
gives the normal component of the passive pressure acting on
the tool base:
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