
Contents lists available at ScienceDirect

Minerals Engineering

journal homepage: www.elsevier.com/locate/mineng

Particle–bubble interaction energies for particles with physical and chemical
heterogeneities

Allan Gomez-Floresa, Scott A. Bradfordb, Gukhwa Hwanga, Graeme W. Heyesc, Hyunjung Kima,⁎

a Department of Mineral Resources and Energy Engineering, Jeonbuk National University, 567, Baekje-daero, Deokjin-gu, Jeonju, Jeonbuk 54896, Republic of Korea
bUS Salinity Laboratory, USDA, ARS, Riverside, CA, USA
c CSIRO, Mineral Resources Division, Clayton, Victoria 3169, Australia

A R T I C L E I N F O

Keywords:
Flotation
XDLVO
Surface roughness
Charge heterogeneity
Contact angle heterogeneity

A B S T R A C T

The interaction between a particle and bubble in a liquid medium is important in processes such as mineral
flotation or paper deinking. The sum of van der Waals, electrostatic, and hydrophobic interaction energies can be
calculated to predict if the net interaction is favorable or unfavorable for the particle to attach to the bubble.
However, conventional interaction energy calculations only relate to smooth and chemically homogeneous
surfaces. Particles used in flotation have natural and induced heterogeneities such as surface roughness (SR),
surface charge heterogeneity (CH), and surface contact angle heterogeneity (CAH). We therefore numerically
investigated the bubble−particle interaction energy for seven hypothetical combinations of SR, CH and CAH on
the particle. It was found that the strength in which the heterogeneities influence the interaction energy barrier
is in the order of CAH < SR < CH. The present work is the first to provide a full theoretical view of how
heterogeneities individually and in combination influence particle−bubble interactions.

1. Introduction

Interactions between particles and surfaces are important in various
science fields and applications such as for example: colloid transport
and retention in porous media (Cai et al., 2015; Han et al., 2016; Peng
et al., 2017), flotation (Choi et al., 2016; Kim et al., 2017; Park et al.,
2015), drug delivery (Falconer and Grainger, 2018; Gupta and Gupta,
2005), or bioleaching (Silva et al., 2015a; Silva et al., 2015b). The in-
teractions can result in attachment of particles on a surface, and this
surface can be a solid or gas phase. Specifically, flotation is a re-
presentative process of particle attachment to a gas phase (bubble
surface).

The Derjaguin, Landau, Verwey, and Overbeek (DLVO) theory is
used to calculate interaction energies that physicochemically interpret
the attachment of particles onto a surface and can predict whether it
will or will not occur. Classically, the DLVO theory consists of the sum
between the van de Waals (VDW) and the electric double layer (EDL)
interactions. The presence or absence of an energy barrier (Φmax) in-
dicates whether conditions are unfavorable or favorable for the at-
tachment, respectively. The classic DLVO theory has been useful in
describing the attachment that occurs in solid–liquid–solid systems.
However, it fails to describe the attachment when occurs in modern
mineral flotation due to the presence of a gas phase, non–polar

materials, and acid–base interactions (Israelachvili and Pashley, 1984;
Vanoss, 1993). In this case, the classic DLVO theory has to be extended
by including the hydrophobic (HYPB) interaction (Yoon and Mao,
1996) and the summation of the three interactions is called the ex-
tended DLVO (XDLVO) theory.

In this study we investigate the attachment of a hydrophobic par-
ticle to an air bubble in water (flotation). From Dr. J. A. Kitchener in the
1950's the DLVO theory has been related to flotation (Ralston, 2020),
his legacy remains and it is our desire to contribute. The classical DLVO
and XDLVO theories assumed that interactions occurred between phy-
sically and chemically homogeneous surfaces. However, in reality both
physical (shape or surface imperfections) and chemical (charge or hy-
drophobicity) heterogeneities are present on surfaces of mineral parti-
cles (Gaudin, 1932). Uneven surfaces having ridges and craters are
called surface roughness. Roughness may occur due to chemical pre-
treatments, grinding, comminution processes (Ahmed, 2010; Hassas
et al., 2016), or microorganism activity (Han et al., 2016). For practical
representations, surface roughness can be thought as pillars of certain
height distributed on a surface. Different charges on a surface are called
charge heterogeneity. Charge heterogeneities can occur due to natural
variation of functional groups on a surface, naturally embedded mate-
rials of different composition (impurities), uneven collector adsorption
on a natural surface or liberated minerals, or due to any chemical
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change or pretreatment before a subsequent process during mineral
processing (e.g., surface oxidation due to grinding) (Drelich and Wang,
2011; Gaudin, 1932; Kulkarni and Somasundaran, 1976; Song and
Elimelech, 1994; Zhang et al., 2016). Charge heterogeneity can be
thought as a grid on a surface where the squares have random positive
or negative charge. Similarly, different degrees of hydrophobicity (hy-
drophilicity) represented by a contact angle on a surface are called
contact angle heterogeneity. Contact angle heterogeneities can occur
due to uneven collector adsorption caused by surface roughness and
charge heterogeneity, liberation or surface oxidation during grinding,
chemical treatments during mineral processing, or surface composition
(Drelich and Wang, 2011; Gaudin, 1932; Kulkarni and Somasundaran,

1976; Medout-Marere et al., 2000; Xie et al., 2017). Contact angle
heterogeneity can be thought as a grid on a surface where the squares
have different contact angles.

The effect of surface roughness on particle–bubble interactions has
been experimentally and theoretically investigated by a limited number
of studies concerning flotation (Chen et al., 2018; Drelich, 2018;
Drelich and Bowen, 2015; Guven and Celik, 2016; Guven et al., 2015;
Guven et al., 2016; Hassas et al., 2016; Nikolaev, 2016; Xia, 2017; Xing
et al., 2017; Yin et al., 2018). Experimentally, it has been reported that
particle roughness generally increased flotation rate constants, reduced
the nano time of water film thining and rupture between a particle and
a bubble, improved particle attachment, increased the flotation

Nomenclature

A132 Combined Hamaker constant of particle (1) and bubble (2)
interacting in water (3)

A11 Hamaker constant of particle
A22 Hamaker constant of air
A33 Hamaker constant of water
b Parameter characterizing materials of interaction particles
c Speed of light
CH Surface charge heterogeneity
CAH Contact angle heterogeneity
db Bubble diameter
dp Particle diameter
Ek Kinetic energy of particle
ε0 Permittivity on a vacuum
ε3 Dielectric constant of water
EDL Electric double layer interaction
fLow Fraction of low contact angle
fp+ Fraction of positive charge
fSR Fraction of surface roughness
H Separation distance
hSR Height of surface roughness
HYPB Hydrophobic interaction
κ Debye–Hückel parameter

K132 Hydrophobic force constant of the particle–bubble-water
system

l Constant for the water
mp Mass of particle
IS Ionic strength
Φ2min Secondary minima
ΦEDL EDL interaction for homogeneous surfaces
ΦEDL,het EDL interaction having SR and/or CH
ΦHYPB HYPB interaction for homogeneous surfaces
ΦHYPB,het HYPB interaction having SR and/or CAH
Φmax Energy barrier
ΦT,het Total interaction energy of a physically and chemically

heterogeneous particle surface
ΦVDW Retarded VDW interaction of a homogeneous surface
ΦVDW,het Retarded VDW interaction having SR
SR Surface roughness
θ Relatively hydrophobic contact angle
θLow Low contact angle
VDW van der Waals interaction energy
velp Particle velocity at critical distance
ξb Zeta potential of bubble
ξp− Negative zeta potential of particle
ξp+ Positive zeta potential of particle

Fig. 1. Schematic representation of the SR, CH, and CAH on the particle within the zone of influence. Here hSR is the height of the roughness on the colloid, H is the
separation distance from hSR to the bubble. The different colors on the particle represent positive zeta potential (ξp+), negative zeta potential (ξp−), hydrophobic
contact angle (θ), and/or low contact angle (θLow).
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recovery, and increased the contact angle. Theoretically, it has been
reported that particle sub–microscopic roughness reduced the Φmax

significantly. Only a few tens of nanometers are sufficient to greatly
decrease Φmax and produce favorable conditions for attachment. Par-
ticle–bubble interactions that considered surface roughness has been
successfully related to experimental observations of flotation of rough
glass particles (Drelich and Bowen, 2015). Conversely, the role of
chemical (charge or hydrophobicity) heterogeneities or the combined
(synergy) role of surface roughness and chemical heterogeneity on
particle–bubble interaction has not yet been reported. The study of
individual and combined heterogeneities on particle–bubble interac-
tions is needed to clearly identify controlling mechanisms and to opti-
mize the design of mineral flotation.

In this study we conduct a systematic theoretical investigation of the
effect of particle physical (roughness) and chemical (charge and contact
angle) heterogeneities on particle–bubble interactions. The effect of
each heterogeneity is investigated individually and in combinations,
resulting in a total of seven cases of heterogeneity.

2. Materials and methods

In this study, we assume that a spherical methylated glass particle
interacts with an air bubble in a monovalent electrolyte solution of a
given ionic strength (IS). Only the particle exhibits surface roughness
(SR), charge heterogeneity (CH) and contact angle heterogeneity
(CAH). The approach to calculate the interaction energies using the
XDLVO theory considering surface heterogeneities is based on previous
literature (Bradford et al., 2017; Bradford et al., 2018), where the
XDLVO theory is calculated as a linear summation of interaction en-
ergies associated with combinations of fractions of SR, CH, and CAH.
Fig. 1 presents a schematic illustrating SR, CH and CAH on the particle
during interaction with a bubble. The particle exhibits fractions of
surface heterogeneities within an area of electrostatic zone of influence.
The zone of electrostatic influence is proportional to the colloid radius
and the Debye length. The fractions are equally distributed, do not
overlap, and represent a percentage of area. The particle contains a SR
fraction (fSR) with a height equal to hSR, a positive charge fraction (fp+)
equal to a positive zeta potential ξp+, and a low contact angle fraction
(fLow) represented with a contact angle θLow. The complementary frac-
tions (1–fSR), (1−fp+), and (1−fLow) correspond to a smooth surface, a
negative zeta potential ξp−, and a relatively hydrophobic contact angle
θ, respectively. The equation of the XDVLO interaction energy having
ternary heterogeneity is defined as

= + +HΦ ( ) Φ Φ ΦT het VDW het EDL het HYPB het, , , , (1)

where H is the separation distance from the bubble surface to the
leading face of the particle center at a height hSR (see Fig. 1), ΦT,het is
the total interaction energy of a physically and chemically hetero-
geneous surface. The retarded VDW interaction with SR contributions
(ΦVDW,het), the EDL interaction with SR and/or CH contributions
(ΦEDL,het), and the HYPB interaction with SR and/or CAH contributions
(ΦHYPB,het) were the considered, and are defined as
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where ΦVDW is the VDW interaction energy for homogeneous sur-
faces, ΦEDL is the EDL interaction energy for homogeneous surfaces,
ΦHYPB is the HYPB interaction energy for homogeneous surfaces.

The VDW (Yoon and Mao, 1996), EDL (constant surface potential)
(Hogg et al., 1966), and HYPB (Van Oss, 1994) interaction energies for
homogeneous surfaces are defined respectively as
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Table 1
Summary of SR, CA, CAH, and experimental parameters for the numerical experiments.

Case Figure dp (µm) hSR (nm) fSR (-) ξp+ (mV) fp+ (-) θ (deg) θLow (deg) fLow (-)

1: only SR 3 20, 120 0–1000 0–1 0 0 35 0 0
2: only CH 4 20, 120 0 0 0–60.7 0–1 35 0 0
3: only CAH 5 20 0 0 0 0 35, 64 5 0–1
4: SR and CH 6 120 10, 100 0–1 12.2, 36.5 0–1 35 0 0
5: SR and CAH 7 120 10, 100 0–1 0 0 35 5, 20 0–1
6: CH and CAH 8 120 0 0 12.2, 36.5 0–1 35 5, 20 0–1
7: SR, CA and CAH 9, 10 120 10, 100 0–1 6.1, 30.4 0–1 35, 75 5, 20 0–1

Fig. 2. Cartoon illustrating the seven cases of particle heterogeneity. Case 1:
only SR; case 2: only CH; case 3: only CAH; case 4: SR and CH; case 5: SR and
CAH; case 6: CH and CAH; case 7: SR, CH, and CAH. More details on hetero-
geneity fractions and other parameters can be seen in Table 1. The sizes and
heterogeneity distributions in this figure are not in real scale.
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where A132 (J) is the combined Hamaker constant of particle 1 and
bubble 2 interacting in water 3, b is a parameter characterizing mate-
rials of interaction particles which was set to 3×10-17 s (Yoon and Mao,
1996), l is a constant for the medium (water) of 3.3×1015 s−1 (Yoon
and Mao, 1996), c (m/s) is the speed of light, ε0 (F/m) is the permit-
tivity on a vacuum, ε3 (−) is the dielectric constant of water, dp (m) is
the particle diameter, db (m) is the bubble diameter of 1 mm (average
size in flotation cells) (Koh and Schwarz, 2006), ξp− (V) is the zeta
potential of the particle of−60.75 mV at an IS of 1 mM (Yoon and Mao,
1996), ξb (V) is the zeta potential of the bubble of −32.78 mV at 1 mM
IS (Yoon and Mao, 1996), κ (1/m) is the Debye–Hückel parameter, and
K132 (J) is the hydrophobic force constant of the particle–bubble-water
system which was related to the water contact angle of methylated glass
spheres by fitting previously reported data (Yoon and Mao, 1996). Since
the Hamaker constant for water (A33 = 3.7×10-20 J) (Israelachvili,
2011) is less than those of silica/glass particles (A11 = 6.5×10-20 J)
(Israelachvili, 2011) but is greater than that of air (A22 = 0 J)
(Israelachvili, 2011), A132 is usually negative. Thus, the VDW interac-
tion between bubble and particle is repulsive. Finally, A132

(Israelachvili, 2011) and K132 were respectively calculated as

= − −A A A A A( )( )132 11 33 22 33 (6)

= −K x θ6 10 exp(0.0623 )132
21 (7)

Particle–bubble interaction can be divided in three steps which are
collision, attachment, and detachment (Koh and Schwarz, 2006; Yoon
and Mao, 1996). Other physics underlying the attachment and de-
tachment on particle–bubble aggregates in agitated tanks include the

gravity force, buoyancy force, capillary force, and turbulence (Koh and
Schwarz, 2006; Yoon and Mao, 1996). Nevertheless, attachment and
the VDW, EDL and HYPB interactions are our focus in this study. Note
that Born repulsion is sometimes included in the XDLVO calculations
that consider detachment (Bradford et al., 2018), but was neglected in
this study because attractive capillary force dominates after attachment
when particles enter the bubble.

A sphere–sphere configuration for the interaction energies and nu-
merical experimental parameters (range of roughness height, zeta po-
tential, particle diameters, bubble diameter, contact angle, and others
in the set of equations) were selected based on previous literature (Chen
et al., 2018; Drelich, 2018; Drelich and Bowen, 2015; Ducker et al.,
1994; Gao et al., 2014, 2017; Guven and Celik, 2016; Guven et al.,
2015; Guven et al., 2016; Hassas et al., 2016; Moreno-Atanasio, 2013;
Nguyen and Evans, 2004; Nikolaev, 2016; Pineres and Barraza, 2011;
Xia, 2017; Xing et al., 2017; Yin et al., 2018; Yoon and Mao, 1996). A
total of seven hypothetical heterogeneity cases were employed in the
numerical experiments. The first case is a chemically homogenous
particle having SR, the second case is a physically smooth particle
having surface CH, the third case is a physically smooth particle having
surface CAH, the fourth case is a particle with SR and surface CH, the
fifth case is a particle with SR and surface CAH, the sixth case is a
physically smooth particle having both surface CH and surface CAH,
and the seventh case is a particle with SR, surface CH and surface CAH.
The numerical experimental parameters for each case are presented in
Table 1 and an illustration of each case is presented in Fig. 2.

Fig. 3. Case 1: Contour plots of the XDLVO energy barrier for particle–bubble
interaction as a function of hSR and its fraction for dp= (a) 20 and (b) 120 µm.
Other conditions are db = 1 mm, ξp = −60.75 mV, ξb = −32.78 mV,
IS = 1 mM, κ−1 = 9.63 nm. Note the difference in scale.

Fig. 4. Case 2: Contour plots of the XDLVO energy barrier for particle–bubble
interaction as a function of ξp+ and its fraction for dp= (a) 20 and (b) 120 µm.
Other conditions are db = 1 mm, ξp = −60.75 mV, ξb = −32.78 mV,
IS = 1 mM, κ−1 = 9.63 nm. Note the difference in scale.
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3. Results and discussion

Information such as Φmax and secondary minima (Φ2min) were ob-
tained from the numerical experiments. Results not presented in this
work indicate that the Φ2min is deep because of the strong HYPB in-
teraction, suggesting the possibility of “non–contact” interaction be-
tween the particle and bubble. However, direct contact of the particle
with the bubble is extremely important in an agitated flotation cell.
Direct contact occurs when the particle overcomes Φmax and strong
capillary forces stabilize the rising of the particle and bubble together.
We therefore focus on the value of Φmax to predict attachment of the
particle to the bubble in this work. Figure S1 of the Supplementary
Information (SI) presents the XDLVO profile for a smooth homogeneous
particle interacting with a bubble for comparison with the hetero-
geneity cases presented in the following sections.

3.1. Roles of single heterogeneities

Contour plots of the Φmax for case 1 are presented in Fig. 3 as a
function of fSR and hSR. It has to be pointed out that in case 1, including
all the other cases, the relatively low IS produces strong electric re-
pulsions between the particle and bubble. One option to reduce the
electric repulsion is to increase the concentration of salts to improve the
flotation (Choi et al., 2016). SR offers an alternative way to improve
flotation (Drelich, 2018; Drelich and Bowen, 2015; Guven et al., 2015)
without increasing the IS. For example, Fig. 3 indicates a relatively low
fSR and hSR of a few hundreds of nanometers is capable of greatly

reducing the Φmax, even when there is presence of strong electrostatic
repulsion. For a given dp and hSR, the value of Φmax decreases from a
maximum when fSR = 1 to a minimum when fSR decreases to low va-
lues. Although the cited literature (Drelich, 2018) reported the same
trend for fSR (dp = 150 µm, hSR of 5 nm), it did not provide a possible
explanation based on XDLVO theory and only concluded that low fSR
appears to reduce the XDLVO interactions more than high fSR. In our
work, we explain the trends regarding fSR and hSR in the following
discussion.

The contribution of the roughness top surface to the interaction
energy in Eqs. (2)–(4) increases with fSR, whereas that of the underlying
smooth surface increases with (1 − fSR). Consequently, the roughness
top surface controls the interaction energy at high fSR, whereas as the
underlying smooth surface is more important for small fSR. The value of
Φmax decreases with decreasing fSR because the interaction from the
underlying surface becomes more important and this interaction occurs
at a larger separation of H + hSR (Fig. 1). Conversely, Φmax increases
with fSR because the interaction from the roughness top dominates and
this interaction occurs at a shorter separation of H. Recall that the in-
teraction energy increases in magnitude at shorter H. Eqs. (5)–(7) in-
dicates that dependence of VDW, EDL and HYPB on separation distance
is proportional to −1/(6H), exp(−κH) and 1/H, respectively. Hence,
the value of Φmax is influenced simultaneously by hSR and fSR. In ad-
dition, the Φmax increases as dp increases (Fig. 3) hindering the parti-
cle−bubble interaction. It is known in mineral flotation that coarse
particle sizes are poorly floated (Gaudin, 1932; Koh and Schwarz,
2006).

Contour plots of the Φmax for case 2 are presented in Fig. 4 as a
function of fp+ and ξp+. For a given dp, the Φmax decreases as ξp+ and fp
+ increase. Conceptually, opposite charges attract each other and thus a
particle that is more positively charged, either in value or fraction, will
more easily attach to a negatively charged bubble. This attractive po-
sitive–negative interaction in the EDL interaction increases as ξp+ be-
comes more positive (the factor ξp+ξb increases in Eq. (5)) or with in-
creasing fp+ (Eq. (3)). The net charge of a particle is the average value
from all local charges (charge distribution) on a surface. Salt and col-
lector counterionic groups, including pH determining ions, can reverse
the net surface charge of either negative or positive charged particles.
For example, quartz is negatively charged over wide range of pH and IS
but can be positively charged after adsorption of high concentrations of
alkylammonium acetates (Fuerstenau, 2005; Parks, 1967). The inter-
action energies are proportional to dp in Eqs. (5)−(7). An increase in dp
therefore increases the magnitude of the Φmax (Fig. 4) but does not
influence the trend with ξp+ and fp+. Consequently, only one dp was
chosen for the remaining cases (3–7).

Contour plots of the Φmax for case 3 are presented in Fig. 5 as a
function of hydrophilic parameters fLow and θLow. The Φmax increases
with fLow. The fLow can be exemplified in three situations: first, a portion
of the particle surface remaining hydrophilic because collector has not
been adsorbed; second, a portion of the hydrophilic gangue mineral in a
partially liberated mineral particle; and third, a natural (or due to
grinding) uneven oxidation in the case of a sulfide mineral. Ultimately
in these situations, a fraction of the particle surface is relatively hy-
drophobic; e.g., (1−fLow). A particle with a high θ (=64 degrees)
covering only 30% (fLow = 70%) of its surface can eliminate the Φmax.
Although an increase in θ can considerably decrease the Φmax (Fig. 5),
its effect is diminished when fLow increases. Hydrophilic particles are
likely to have no attachment with hydrophobic air bubbles (Yoon and
Mao, 1996). Moreover, it has been reported (Sutherland et al., 1988)
that significant recovery of hydrophobic particles (e.g. copper ore of an
optimum size) can occur even if the surface liberation is as small
as < 10%. It has also been reported that quartz with a 0.5–10% sur-
face coverage of dodecylamine floated excellently (Sutherland and
Wark, 1955). Hence, CAH, mainly due to liberation and surface cov-
erage, can have important roles in particle–bubble attachment.

Fig. 5. Case 3: Contour plots of the XDLVO energy barrier for particle–bubble
interaction as a function of θLow and its fraction for θ= (a) 35 degrees and (b)
64 degrees. Other conditions are db = 1 mm, ξp = −60.75 mV,
ξb = −32.78 mV, IS = 1 mM, κ−1 = 9.63 nm.
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3.2. Roles of binary heterogeneities

The roles of binary heterogeneities were investigated in this section
after fixing selected parameters to relatively low and high values.

Fig. 6 presents 3D surface maps of the Φmax for case 4 that con-
sidered variations in both SR and CH parameters on the particle (see
Table 1). The 2D slices shown in Fig. 6ab demonstrate the influence of
SR parameters at different values of fp+ (z axis) when ξp+ equals
12.2 mV (Fig. 6a) or 36.5 mV (Fig. 6b). Fig. 6a and 6b exhibit similar
trends with fSR and hSR as shown for case 1 when fp+ is low (Fig. 3).
However, increasing fp+ or ξp+ produces further decreases in Φmax,
such that it is eliminated at higher values of fSR. In fact, the effect of SR

tends to disappear as the CH increases and has a dominant influence on
Φmax. This occurs when fp+=0.8 and ξp+=12.2 mV in Fig. 6a, and at a
lower value of fp+=0.4 when ξp+=36.5 mV in Fig. 6b. The 2D slices
shown in Fig. 6c,d demonstrate the influence of CH parameters at dif-
ferent values of fSR (z axis) when hSR equals 10 nm (Fig. 6c) or 100 nm
(Fig. 6d). Fig. 6c and 6d exhibit similar trends with fp+ and ξp+ as
shown for case 2 when fSR is high (Fig. 4). However, further decreases
in Φmax occur for small values of fSR, especially when hSR = 100 nm
(Fig. 6d). These results indicate that CH has a dominant influence on
Φmax when fp+ and ξp+ are large, but that small amounts of SR can have
a controlling influence when fp+ and ξp+ are below a threshold. Hence,
a combination of low fSR and high fp+ can reduce the Φmax and promote

Fig. 6. Case 4: 3D surface maps of the XDLVO energy barrier for particle–bubble interaction for (a, b) SR according to CH and (c, d) CH according to SR. Other
conditions are db = 1 mm, ξp = −60.75 mV, ξb = −32.78 mV, IS = 1 mM, κ−1 = 9.63 nm.
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particle–bubble interaction.
Fig. 7 presents 3D surface maps of the Φmax for case 5 that con-

sidered variations in both SR and CAH parameters on the particle (see
Table 1). The 2D slices shown in Fig. 7ab demonstrate the influence of
SR parameters at different values of fLow (z axis) when θLow equals 5
degrees (Fig. 7a) or 20 degrees (Fig. 7b). Fig. 7a and 7b exhibit similar
trends with fSR and hSR as shown for case 1 (Fig. 3). This indicates that
the effects of the SR remain large despite an increase in the CAH.
However, decreasing fLow produces further decreases in Φmax, such that
influence of SR is enhanced and roughness effects are observed at
higher values of fSR. Conversely, lower values of θLow increase the Φmax

(Fig. 4) slightly and this diminishes the influence of SR (comparison of

Fig. 7a and b). The 2D slices shown in Fig. 7c,d demonstrate the in-
fluence of CAH parameters at different values of fSR (z axis) when hSR
equals 10 nm (Fig. 7c) or 100 nm (Fig. 7d). Fig. 7c and 7d exhibit
similar trends with fLow and θLow as shown for case 3 when fSR is high
(Fig. 5). However, the value of Φmax was eliminated for small values of
fSR. A combination of low fSR and low fLow can therefore reduce the Φmax

and promote particle–bubble interaction.
Fig. 8 presents 3D surface maps of the Φmax for case 6 when CH and

CAH parameters on the particle were varied (see Table 1). The 2D slices
shown in Fig. 8a,b demonstrate the influence of charge heterogeneity
parameters at different values of fLow (z axis) when θLow equals 5 de-
grees (Fig. 8a) or 20 degrees (Fig. 8b). Fig. 8a and 8b exhibit similar

Fig. 7. Case 5: 3D surface maps of the XDLVO energy barrier for particle–bubble interaction for (a, b) SR according to CAH and (c, d) CAH according to SR. Other
conditions are db = 1 mm, ξp = − 60.75 mV, ξb = −32.78 mV, IS = 1 mM, κ−1 = 9.63 nm. Note the difference in scale.
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trends with fp+ and ξp+ as shown for case 2 (Fig. 4), and an increase in
CAH apparently does not have a large influence on the Φmax. The 2D
slices shown in Fig. 8c,d demonstrate the influence of CAH parameters
at different values of fp+ (z axis) when ξp+ equals 12.2 mV (Fig. 8c) or
36.5 mV (Fig. 8d). Fig. 8c and 8d exhibit similar trends with fLow and
θLow as shown for case 3 when fp+ is low (Fig. 5). However, increasing fp
+ strongly decreases Φmax and reduces the influence of CAH. It is
therefore suggested that the CH (fp+ and ξp+) has more impact on the
Φmax than the CAH (fLow and θLow). A particle surface having a combi-
nation of low–medium fLow and high fp+ will strongly influence the

particle–bubble interaction.

4. Roles of ternary heterogeneities

Lastly, case 7 considers a more realistic particle surface having
combined SR, CH and CAH. The value of the Φmax was calculated for a
total of 16,000 unique combinations of fSR, fp+, fLow, θ, ξp+, hSR and
θLow. Table 1 provides details of the considered parameter ranges. The
multivariable analysis in Minitab 19 (e.g., Multiple Correspondence
analysis) was used to analyze this whole data set and results are shown

Fig. 8. Case 6: 3D surface maps of the XDLVO energy barrier for particle–bubble interaction for (a, b) CH according to CAH and (c, d) CAH according to CH. Other
conditions are db = 1 mm, ξp = −60.75 mV, ξb = −32.78 mV, IS = 1 mM, κ−1 = 9.63 nm. Note the difference in scale.
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in Figs. 9 and 10. Fig. 9 shows the trends that the Φmax has with in-
dividual variables. The fSR seems to have a quadratic influence on the
Φmax, the fp+ and fLow seem to have an exponential influence, and the θ,

ξp+, hSR and θLow seem to have a linear influence. Apparently, the Φmax

is influenced in the order hSR ~ ξp+~θ < θLow < fLow < fSR < fp+.
Table 2 presents a classification of variables and Φmax into low,

medium, and high ranges based on the Minitab 19 multivariable ana-
lysis. Each unique combination of variables and associated Φmax were
retained after the classification. A correspondence plot presented in the
Fig. 10 suggests the variable combination ranges that result in low,
medium, and high categories of Φmax. The multiple correspondence
analysis creates artificial dimensions (coordinates) to compare var-
iances (e.g., inertia or the ratio between individual variability and the
total variability). Fig. 10 shows the first two dimensions that have the
highest percentage of inertia which is one measure of the quality of the
results. The low category for Φmax is likely to occur when fSR = low, fp
+=high, fLow = low, θ = high, ξp+=high and θLow = high. The
medium category for Φmax is likely to occur when fSR = medium, fp
+=medium, fLow = medium and high, θ = medium, ξp+=low,
hSR = high and θLow = low. Finally, the highest category for Φmax is
likely to occur when fSR = high, fp+=low and hSR = low.

It should be mentioned that differences in the relative importance of
SR, CH, and CAH may occur depending on selected parameter values,
solution chemistries, collector type, particle sizes, phases, and whether
detachment is considered. For example, the VDW interaction is at-
tractive for particle–solid interaction, whereas it is repulsive for parti-
cle–bubble interactions. The HYPB attraction is much greater for par-
ticle–bubble systems than most particle–solid systems. Furthermore, CH

Fig. 9. Main effects plot for the variables analyzed in Case 7. db = 1 mm, ξp = −60.75 mV, ξb = −32.78 mV, IS = 1 mM, κ−1 = 9.63 nm. For each variable
n = 16,000.

Fig. 10. Correspondence plots of Case 7 for the combined effects of SR, CH and
CAH on energy barrier. db = 1 mm, ξp = −60.75 mV, ξb = −32.78 mV,
IS = 1 mM, κ−1 = 9.63 nm. For each variable n = 16,000.

Table 2
Selected ranges of values for the variables investigated in Case 7.

Range

Variable Low Medium High

fSR (-) 0–0.01 0.01 < fSR ≤ 0.2 0.2 < fSR ≤ 1
fp+ (-) 0–0.2 0.2 < fp+≤0.6 0.6 < fp+≤1
fLow (-) 0–0.2 0.2 < fLow ≤ 0.6 0.6 < fLow ≤ 1
θ (deg) 0–20 20 < θ ≤ 50 50 < θ ≤ 180
ξp+ (mV) 0–10 10 < ξp+≤30 30 < ξp+≤70
hSR (nm) 0–200 200 < hSR ≤ 600 600 < hSR ≤ 1000
θLow (deg) 0–5 5 < θLow ≤ 10 10 < θLow ≤ 35
Φmax (kT) 0–1×103 1×103 < Φmax ≤ 1×104 1×104 < Φmax ≤ 1×108
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and CAH mainly influence the Φmax in particle–solid interaction,
whereas only low fractions of SR are known to create shallow primary
minimum interactions that are susceptible to diffusive or hydrodynamic
release from a particle–solid interface (Bradford et al., 2017 and 2018).

5. Conclusions

This work investigated the individual and combined effects of par-
ticle SR, CH and CAH on the Φmax for particle–bubble interaction. The
influence of fSR, fp+ and fLow on the Φmax is quadratic, exponential, and
exponential, respectively, and their apparent strength is in the order
fLow < fSR < fp+. The combined effect of the heterogeneity fractions
are expected to result in low, medium and high ranges of Φmax (see Case
7 for details on the combinations and ranges). This work focused on the
physicochemical aspects that predict the attachment of a particle to a
bubble and future work should also consider the stabilization of the
particle after attachment, and their contribution when hydrodynamics
are also considered. A final note is that even though the Φmax is much
higher than in typical colloidal systems (Bradford et al., 2017 and
2018), bubble and particle velocities can result in high kinetic energy
during collision such that the particle can jump over the Φmax if it is
sufficiently small and attachment can occur. This can be seen with the
following example based in previous literature (Yoon et al., 2016).
Imagine a silica particle (dp = 120 µm) and a bubble near an impeller.
The particle of mass mp approaches the bubble surface at a critical
distance with a velocity velp of 1 cm /s and an Φmax of 1000 kT
(4.11×10−18 J) (the limit of the low Φmax in Table 2). The probability
of attachment is calculated as exp(−Φmax/Ek), where Ek is the particle
kinetic energy calculated as 0.5·mp·velp. Accordingly, the particle will
have a probability of attachment of 91%. On the contrary, if the same
particle is far away from the impeller its velocity is much lower, say,
0.1 cm/s, and in that situation, its probability of attachment will be
0.01%. Therefore, the effects of hydrodynamics will be considered in a
future work. The validation of this work is deemed to the, currently not
achieved, preparation of well–controlled SR, CH and CAH on mineral
surfaces.
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