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A B S T R A C T

Particles of various shapes (e.g., spheres or rods), sizes (e.g., nm to microns), interiors (e.g., solid or hollow), and
materials are used in many industrial and environmental applications. The
Derjaguin–Landau–Verwey–Overbeek (DLVO) theory has commonly been used to calculate and predict the
adhesive interaction of these particles with solid surfaces. However, DLVO theory treats these particles as
equivalent spheres for simplicity ignoring shape in numerous cases. The surface element integration (SEI) ap-
proach allows DLVO theory to be extended for different particle shapes, orientations, and interiors. In this study,
the SEI approach was applied to calculate the interaction energy between hollow and solid cylinders with a flat
surface. The effect of aspect ratio and particle orientation on interaction energies was investigated under dif-
ferent solution chemistry conditions. Our study is relevant for an extensive range of particle aspect ratios,
ranging from nanosized particles such as carbon nanotubes or nanowires, which have high aspect ratios, to
micron-sized particles such as bacteria, which have low aspect ratios. The energy barrier tended to increase
when the angle that the larger axis of the particle made with the normal to the surface changed from perpen-
dicular (0 rad) to parallel (π/2 rad). The aspect ratio did not affect the trend of the energy barrier for solid
(200–1000) and hollow (25–1000) cylinders of relatively high aspect ratios, but it produces a non-monotonic
trend for solid (2–100) and hollow (2–10) cylinders of low aspect ratios. The present study advances our un-
derstanding of adhesive interactions for particles having a wide range of aspect ratios and interior properties at
various orientations with the surface.

https://doi.org/10.1016/j.colsurfa.2019.123781
Received 24 June 2019; Received in revised form 8 August 2019; Accepted 8 August 2019

⁎ Corresponding authors.
E-mail addresses: Scott.Bradford@ars.usda.gov (S.A. Bradford), kshjkim@jbnu.ac.kr (H. Kim).

Colloids and Surfaces A 580 (2019) 123781

Available online 09 August 2019
0927-7757/ © 2019 Elsevier B.V. All rights reserved.

T

2669

http://www.sciencedirect.com/science/journal/09277757
https://www.elsevier.com/locate/colsurfa
https://doi.org/10.1016/j.colsurfa.2019.123781
https://doi.org/10.1016/j.colsurfa.2019.123781
mailto:Scott.Bradford@ars.usda.gov
mailto:kshjkim@jbnu.ac.kr
https://doi.org/10.1016/j.colsurfa.2019.123781
http://crossmark.crossref.org/dialog/?doi=10.1016/j.colsurfa.2019.123781&domain=pdf


1. Introduction

Particles in nature exhibit a myriad of shapes, which can be partially
or completely represented by regular or irregular geometric shapes [1].
Such particles include colloids of different sizes, for example micro- or
nano-colloids, viruses, organic macromolecules, soil and mineral par-
ticles, and bacteria. Different shapes, including spheres, barrels, ellip-
soids, cylinders, cubes, and tetrahedral, have been used in environ-
mental and colloid science studies [2–4]. Ellipsoid, cylindrical, rod-like,
and bullet-like particles have been the special focus of research because
they can be used as surrogates for various bacteria and engineered
nanoparticles or because they exhibit high performances in selected
applications [5–9]. Ellipsoids and cylinders can have very broad aspect
ratios, usually defined as the proportion between the short and long
axes. For example, carbon nanotubes (CNTs), either single-walled
(SWCNTs) or multi-walled (MWCNTs), are engineered nanoparticles
with large aspect ratios that are extensively used in applications such as
vaccines, scaffolds, biosensors, antistatic coatings, and bullet-proof
vests [10]. The transport and deposition of SWCNTs and MWCNTs have
been the center of attention of several studies because of their en-
vironmental impact [10–17].

Several studies have considered particle aspect ratios that are
smaller [2,3,7,18–34] or larger [11–16,35–37] than 25 to conduct ex-
periments in broad fields of science. Important results from those stu-
dies can be summarized as follows. Aspect ratio affects settling of
particles. Self-assembly is different according to aspect ratio. Low as-
pect ratio (≈4) particles assemble in a smectic order and high aspect
ratio (> 10) particles in a nematic order. Short length cylinders tend to
self-assembly on end-to end orders. Fabrication of arrays of nano-
particles can be tuned by water chemistry and order varies according to
aspect ratio. An increase in aspect ratio of particle increases particle
retention. Uptake of particles in liver increases as aspect ratio de-
creases. Aspect ratio influences interactions with polymer layers. The
interaction with a cell surface and consequent mechanism of particle
uptake by a cell varies according to aspect ratio. It can been perceived,
therefore, the importance of investigating the influence of aspect ratio.

Deposition of particles is commonly interpreted using the
Derjaguin–Landau–Verwey–Overbeek (DLVO) theory [2,4,8,9], which
describes the interaction of a particle with a surface as the sum of van
der Waals (VDW) attraction and electrostatic double layer (EDL) in-
teraction. Mathematical descriptions of DLVO interactions are normally
based on the Derjaguin assumption (DA) that particles are spherical
(equivalent sphere) for simplicity in many cases, distance of interaction
is shorter than the radii of curvature of the particle, interaction energy
between two surfaces occurs at small region around the point of closest
approach, and other implications after assumptions [38]. Some studies
have discussed the disadvantages of the DA and proposed modifications
to DLVO theory to account for the particle shape [9,14]. Expressions of
VDW and EDL for non-spherical particles exist in literature [39–43].
Short expressions can be based on the DA at preferential orientations
and distances considering only cylinder radius, and complex expres-
sions can based on the linearized Poisson-Boltzmann equation, Lifshitz
equation, Helmholtz equation or others. For those reasons, in-
vestigating the effects of shape and orientation of a cylinder interacting
with a surface using those approaches can be geometrically limited and
mathematically extensive and complex. The DLVO theory has been
modified using surface element integration (SEI) to account not only for
the shape but also for the particle orientation relative to a surface [14].
Moreover, the SEI resolves limitations in the DA. Therefore, the SEI
method is suitable for investigating the effects of shape, orientation,
and aspect ratio on particle interaction with a surface.

Cylinders, which geometrically represent carbon nanotubes or cer-
tain microorganisms, may have broad aspect ratios, ranging from very
high ones in case of carbon nanotubes to very low ones in the case of
bacteria. Typical dimensions of carbon nanotubes [11–13,15] are
400−5000 nm length and 0.8−30 nm diameter, aspect ratio of

80− 1000. Typical dimensions of bacteria [44–46] are 400− 8000 nm
length and 300−1500 nm diameter, aspect ratio of 1−10. Further-
more, cylinders can be hollow in the case of a CNT or solid in the case of
a bacteria. The SEI approach has previously been applied to investigate
the interaction of hollow cylinders of high aspect ratio with surfaces for
various orientation angle [14]. However, the effect of the aspect ratio
and orientation on the interaction of solid and hollow cylindrical par-
ticles have not yet been systematically investigated until now. Fur-
thermore, the effect of the aspect ratio of particles has been experi-
mentally investigated in self-assembly, biomedical, retention and
transport applications even though it has not been studied inside the
DLVO framework, experimentally or theoretically. Therefore, in this
study, we theoretically investigate the manner in which the DLVO in-
teraction energies behave depending on the aspect ratio and orientation
of solid and hollow cylinders by applying the SEI method. The cylinders
in this study have the properties of a SWCNT because this material is
relevant in nanoparticle manufacturing and environmental studies.

2. Numerical methods

A schematic of the interaction of a cylinder particle with a flat
surface can be observed in Fig. 1. The SEI approach [9,14] was used to
calculate the total interaction energy for a cylindrical particle with a
flat surface for different particle aspect ratios and surface orientations
using the geometry shown in Fig. 1 and the following governing
equation: [9,14]

=U D S n k E h dS( , , ) ˆ ˆ ( )i S i i i
i (1)

where U(D,φ, Si) is the total interaction energy of surface Si on a cy-
lindrical particle with a flat surface, the subscript i=1, 2, 3 on para-
meters denote the top, side, and bottom surfaces of the cylinder, re-
spectively, D is the distance from the center of the cylinder to the flat
surface, φ is the orientation angle that the long axis of the particle
makes with the surface normal, n̂i is the outer unit vector normal to the
cylinder surface element dSi, k̂ is a unit vector normal to the flat sur-
face, and E(hi) is the unit interaction energy between the surface ele-
ment and the flat surface at a local distance of hi. The value of hi is the
distance between the surface element and the flat surface.

The differential area of the surface element dSi of a solid cylinder is
given as follows: [14]

Fig. 1. Schematic of the interaction of a hollow cylinder with a flat surface. The
body-fixed (xyz) and space-fixed (XYZ) coordinates originate at center O. The
body-fixed coordinates are rotated at an interaction angle (φ) relative to XYZ. A
detailed description of all the symbols and their mathematical expressions is
provided in the materials and methods section.
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where a is the semi-axis of the cylindrical particle along the x and y
axes, ρ and θ are the radial and azimuthal coordinates in a cylindrical
coordinate system, respectively. The quantities, n̂i, k̂ , and hi can be
determined as follows: [14]
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where D = H + Lcosφ + asinφ, H is the distance of minimum ap-
proach, and L is the semi-axis of a cylinder directed along the z axis.

The total DLVO interaction energy for each surface element with the
flat surface is the sum of VDW and EDL interactions as follows:

= +E h E h E h( ) ( ) ( )i VDW i EDL i (5)

The VDW is a body interaction and EDL is a surface interaction
[47–49]. Expressions for the VDW and EDL interactions were obtained
from the Hamaker approach [47] and the linear superposition expres-
sion [48], respectively, as:

=E h A
h

( )
12VDW i

i
2 (6)

=E h kT
ve

h( ) 32 exp( )EDL S c s i0 1

2

i (7)

where A is the Hamaker constant for the cylinder–water–surface system
(the surface was quartz and the cylinder had the properties of a SWCNT
because it is a particle of environmental relevance as mentioned in the
introduction), ε0 is the permittivity of vacuum, ε1 is the relative per-
mittivity of the solution, γ is the Boltzman factor of the work required to
bring an ion from infinity to a location where the charge is ψ as γ =
tanh(veψ/4 kT) for a cylinder (denoted with subscript c) or a flat surface
(denoted with subscript s), v is the valence of the electrolyte, e is the
electron charge, k is the Boltzmann constant, T is the temperature, ψ is
the surface charge taken as the zeta potential, and κ is the Debye–-
Huckel inverse length of the ion layer.

The total interaction energy of a solid cylinder, U(D,φ), is simply
given as:

= + +U D U D S U D S U D S( , ) ( , , ) ( , , ) ( , , )1 2 3 (8)

In contrast, the value of U(D,φ) is more complicated for a hollow
cylindrical particle that is water filled. In this case, the inner, water
filled, cylinder surface (S IN2 ) also needs to be considered in the calcu-
lation. The separation distance and differential area of this surface
element is given as [14]

Fig. 2. van der Waals interaction energy between a solid cylinder and a flat surface at an ionic strength of 0.1 M. The energy predictions with the closest separation
distance and interaction angle according to the aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. Note the difference of scale in the Y-
axis.
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where R is the thickness of the cylindrical particle along the smaller
axis. An additional surface integration of the van der Waals interaction
(UVDW ) over S IN2 needs to be conducted similar to Eqs. (1–6). The value
of U(D,φ) for a hollow, water filled, cylindrical particle is then given as:
[14,50]

= + +U D U D S U D S U D S
U D S

( , ) ( , , ) ( , , ) ( , , )
( , , )VDW IN

1 2 3

2 (10)

Here the lower limit of integration on ρ for surfaces S1 and S3 are equal
to 0 and a-R for solid and hollow cylindrical particles, respectively. In
addition, a hollow cylinder has open ends, and thus the S IN2 may con-
tribute to the EDL interaction. However, the exposed part of S IN2 is
relatively small according to the orientation. Therefore, we have as-
sumed that its contribution to the EDL interaction is negligible.

The above approach was used to calculate the DLVO interactions for
hollow and solid cylinders with aspect ratios from 2 to 1000. The aspect
ratio is given by the semi-axis L divided by the radius a of a cylinder.
The cylinders were assumed to have the properties of a surface-mod-
ified SWCNT, and the calculations were performed at an ionic strength
(IS) of 0.1 and 0.001M of a monovalent salt. Further, the average zeta
potentials of the surface-modified SWCNT and the flat surface (silica
mineral) were −34.50 and −38.81mV at high IS (0.1M) and −44.5
and −52.07mV at low IS (0.001M), respectively [14,50–53]. The

length of the SWCNT was fixed to 400 nm and the Hamaker constant of
the SWCNT–water–surface system was 9.81×10−21 J [14] at
298.15 K.

3. Results and discussion

The VDW interaction between a solid cylinder and a flat surface is
presented in Fig. 2 as a function of H for various aspect ratios (L/a) and
orientations with the surface (φ). A decrease in H produces an increase
in the VDW attraction as predicted by Eq. (6) (proportional to 1/hi2).
For a given φ the strength of the VDW interaction energy increases over
a larger range in H as the aspect ratio decreases. This occurs because
more particle surface area interacts with the flat surface when a in-
creases and the aspect ratio decreases. The figure also shows that the
strength of the VDW interaction is dependent on φ. Specifically, the
strength of the VDW interaction increases with φ in the following order,
0≈<π/6≈<π/3<π/2 rad for aspect ratios ≥10 and π/6≈<π/
3< <0<π/2 rad for aspect ratios< 10. This trend has not pre-
viously been reported in the literature. This dependence of VDW on φ is
predicted by Eqs. (3) and (4) due to differences in the interacting sur-
faces, hi, and n kˆ ˆi . Surface S2 exclusively contributes to the interaction
energy when φ=π/2 rad, and this produces the largest VDW attraction
because it has a greater interacting surface area and smallest separation
distances for the considered aspect ratios. In contrast, only surfaces S1
and S3 contribute to the interaction energy when φ=0 rad. This pro-
duces a very weak VDW interaction when the aspect ratio is high (low

Fig. 3. van der Waals interaction energy between a hollow cylinder and a flat surface at an ionic strength of 0.1 M. The energy predictions are with the closest
separation distance and interaction angle according to the aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. Note the difference of scale
in the Y-axis.
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interacting area) but becomes stronger for smaller aspect ratios (higher
interacting area). All three surfaces influence interaction energy cal-
culations when 0< φ<π/2 rad. In this case, an increase in φ decreases
the relative contribution of S1 and increases that of S2. The strength of
the VDW interaction increases with φ when the aspect ratio is ≥10
because the maximum value of h2 is smaller and this increases the
contribution of the domain surface S2. A different dependency on φ
occurs when the aspect ratio is< 10 because surface S1 tends to domain
the interaction.

The VDW interaction between a hollow cylinder and a flat surface is
presented in Fig. 3 as a function of H for various aspect ratios (L/a) and
orientations with the surface (φ) when R=0.154 nm (one diameter of
carbon atom in the case of a SWCNT). Results in Fig. 3 generally follow
the same trends as Fig. 2 for H, the aspect ratio, and φ. However,
comparison of Figs. 2 and 3 reveals that the VDW attraction was re-
duced for the hollow cylinder in comparison to the solid cylinder. Eq.
(10) indicates that this is because the VDW attraction is equal to that of
the outer solid cylinder minus that for inner cylinder defined by surface
S2IN. When φ=π/2 rad the VDW interaction is only reduced on S2. In
addition, the lower limit of integration on ρ for surfaces S1 and S3 are
equal to 0 and a-R for solid and hollow cylindrical particles, respec-
tively. This exclusively reduces the VDW contribution on surfaces S1
and S3 when φ=0, π/6, and π/3 rad. Note that this reduction in the
VDW interaction was much more pronounced when φ=0 rad than
when φ=π/2 rad because the value of R was very small (0.154 nm). All
surfaces contribute to the interaction when 0< φ<π/2 rad; with S1
dominating for lower (< 10) aspect ratios and lower φ, and S2

controlling for higher (≥10) aspect ratios and higher φ. Consequently,
the reduction in the VDW interaction was greater for lower aspect ratio
and for lower φ. Overall, the strength of the VDW attraction increased
with φ as 0<π/3<π/6<π/2 rad for all investigated aspect ratios.
Similarly, the strength of the VDW interaction has been reported to
increase as the aspect ratio decreased for hollow SWCNT with aspect
ratios of 1000 and 133 at one φ, and to increase with φ when the aspect
ratio equaled 285 [14]. In this work, it is shown that these same trends
apply for a wider range of aspect ratios and φ.

The EDL interaction between a solid cylinder and a flat surface can
be observed in Fig. 4 as a function of H for various aspect ratios (L/a)
and orientations with the surface (φ). A decrease in H produces an
exponential increase in the repulsive EDL interaction as predicted by
Eq. (7). For a given φ the strength of the EDL interaction increases as
the aspect ratio decreases when H< 5 nm. This occurs because more
particle surface area is available to interact with the surface when a
increases and the aspect ratio decreases. The figure also shows that the
strength of the repulsive EDL interaction is dependent on φ. Specifi-
cally, the strength of the repulsive EDL interaction increases with φ in
the following order: 0<π/3<π/6< <π/2 rad for L/a of 100, π/
3<π/6< <0< <π/2 rad for 5≤L/a<100, and π/3<π/
6< <π/2< <0 rad for L/a of 2. These trends have not been pre-
viously reported in the literature and are predicted by Eqs. (3) and (4).
Similar to VDW interactions, this dependency of EDL interaction on the
aspect ratio and φ is due to differences in the relative contributions of
S1 and S2. The strength of the EDL interaction increases with φ when
the aspect ratio is ≥10 because the maximum value of h2 is smaller and

Fig. 4. The electrostatic double layer interaction energy between a solid cylinder and a flat surface at an ionic strength of 0.1 M. The energy predictions are with the
closest separation distance and interaction angle according to the aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. Note the difference
of scale in the Y-axis.
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this increases the contribution of the domain surface S2. A different
dependency on φ occurs when the aspect ratio is< 10 because surface
S1 tends to control the interaction. As seen in Eq. (7), the exponential
term increases as the product of -κ·hi decreases producing more repul-
sion at lower hi. When the aspect ratio is 2 the EDL repulsion is greater
at 0 rad than at π/2 rad because h1 is smaller than h2, even though the
area is slightly smaller at 0 rad than at π/2 rad.

The EDL interaction between a hollow cylinder and a flat surface is
presented in Fig. 5 as a function of H for various aspect ratios (L/a) and
orientations with the surface (φ) when R=0.154 nm. Comparison of
Figs. 4 and 5 reveal that the EDL repulsion was reduced for the hollow
cylinder in comparison to the solid cylinder when φ=0 rad. The limits
of integration indicate that when φ=0 rad the S1 of the hollow cylinder
is actually a ring having a small area. This causes considerably weaker
EDL repulsions than the EDL repulsions of a solid cylinder. When φ=π/
2 rad the EDL interaction is dictated only by S2. Eq. (10) indicates that
the strength of the EDL interaction is the same for solid and hollow
cylinders because the EDL is a surface interaction (e.g., it is not influ-
enced by the hollow interior). Reductions in the EDL for the hollow
cylinder when 0<φ<π/2 are therefore only due to the influence of S1
and S3. The strength of the repulsive EDL interaction increased with φ
in as follows, 0<π/6<π/3< <π/2 rad for aspect ratios ≥100 and
π/6<π/3<0< <π/2 rad for aspect ratios< 100. It has been pre-
viously reported [14] that the strength of the EDL increased with φ as
0<π/6<π/4<π/2 rad when the aspect ratio was 285.

The summation of the attractive VDW and repulsive EDL interaction
energies produces the total DLVO interaction energy profile according

to Eq. (5). The DLVO interaction between a solid cylinder and a flat
surface is presented in Fig. 6 as a function of H for various aspect ratios
(L/a) and orientations with the surface (φ). For all aspect ratios and
angles, the attractive VDW is dominant at H>4 nm producing a finite
secondary minimum. The VDW controls this minimum, and it becomes
deeper as the aspect ratio decreases because the strength of the VDW
increases with the aspect ratio. The repulsive EDL is dominant at
1<H<4 nm producing an energy barrier (EB). Values of the EB for
solid cylinders of various aspect ratios at different φ are provided in
Table 1. The EB height increases with φ as: 0<π/6<π/3< <π/2
rad for aspect ratios ≥200, as π/3≈<π/6<0< <π/2 rad for
67≤L/a<200, and as π/3<π/6< <0<π/2 rad for aspect ra-
tios< 67. There is a shift in the EB height order between 0 and π/2 rad
when the aspect ratio is 2 that can be expressed as π/3<π/6< <π/
2< <0 rad. This occurs when φ=0 rad because the EDL interaction
becomes considerably stronger than when φ=π/2 rad because of a
closer approach distance of the surface elements. In this case, the EDL
interaction controls the EB. The smallest EB occurs at an angle of π/3
rad because the VDW and EDL interactions are the weakest at this angle
and their summation results in small values of EB when the aspect ratio
is ≤67. The VDW dominates at H<1 nm producing an “infinite” en-
ergy sink.

The DLVO interaction between a hollow cylinder and a flat surface
is presented in Fig. 7 as a function of H for various aspect ratios (L/a)
and orientations with the surface (φ) when R=0.154 nm. Results in
Fig. 7 generally follow the same trend as Fig. 6 for H, the aspect ratio,
and φ. However, comparison of Figs. 6 and 7 reveal that the DLVO

Fig. 5. The electrostatic double layer interaction energy between a hollow cylinder and a flat surface at an ionic strength of 0.1 M. The energy predictions are with
the closest separation distance and interaction angle according to the aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. Note the
difference of scale in the Y-axis.
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interaction was reduced for the hollow cylinder in comparison to the
solid cylinder, especially when φ=0 rad. In addition, the values of the
EBs for various aspect ratios at different φ are provided in Table 1. The
EB values increases with φ in the following order, 0<π/6<π/
3< <π/2 rad for aspect ratios ≥25. This trend was also found in
previous literature [14] for aspect ratios of 1000, 500, 285, 200, and
67. Nevertheless, the increase in EB height with φ can be expressed as
π/6<0≈<π/3< <π/2 rad for aspect ratio 10≤L/a<25, and π/
6<π/3<0< <π/2 rad for L/a<10 because the strength of the EDL

interaction becomes weaker at intermediate angles even when L/a de-
creases to 2 and 5.

Results for the hollow cylinder approach that of the solid cylinder
when R is increased (Table 1). The total interaction energy for a hollow
cylinder on S2 increases with an increase in R because it produces a
smaller S2IN and therefore less subtraction from the inner cylinder (Eq.
10). Similarly, the lower limit of integration on ρ for surfaces S1 and S3
(e.g., a-R) also decrease as R increases and this increases the total in-
teraction energy contribution on S1. Table 1 indicates that the total

Fig. 6. The DLVO profiles of the total interaction energy between a solid cylinder and a flat surface at an ionic strength of 0.1 M. The energy predictions are with the
closest separation distance and interaction angle according to the aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. Note the difference
of scale in the Y-axis.

Table 1
The interaction energy barriers between a solid, or a hollow, cylinder and a flat surface at an ionic strength of 0.1 M for a monovalent electrolyte according to the
aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. The interaction energy was calculated as the sum of van der Waals and electrostatic
interactions.

L = 200 nm Energy barrier (kT) of a solid cylinder (a-Rb)/a Energy barrier (kT) of a hollow cylinder

a (nm) L/a φa = 0 π/6 π/3 π/2 0 π/6 π/3 π/2

0.2 1000 0.011 0.034 0.088 14.0 0.230 0.011 0.033 0.088 15.6
1 200 0.281 0.352 0.486 62.8 0.846 0.080 0.190 0.408 73.4
2 100 1.126 0.910 0.902 109.0 0.923 0.167 0.335 0.700 119.3
3 67 2.532 1.413 1.203 144.5 0.949 0.253 0.444 0.918 153.4
8 25 18.0 2.830 2.041 257.3 0.981 0.687 0.795 1.561 262.2
20 10 112.6 4.317 3.065 415.5 0.992 1.727 1.241 2.366 417.7
40 5 450.2 5.773 4.136 592.1 0.996 3.460 1.695 3.213 593.3
100 2 2813.9 8.492 6.209 941.8 0.998 8.660 2.558 4.854 942.3

a The angle of interaction is in radians.
b R is a constant value of 0.152 nm.
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On the other hand, the EBs at π/3 and π/2 rad are slightly bigger for a
hollow cylinder than for a solid cylinder. This is because the VDW at-
traction of a hollow cylinder is just slightly weaker than that of a solid
cylinder when φ=π/3 and π/2 rad. The S2 has a greater contribution
than S1 at these angles. The subtracted interior of a hollow cylinder
does not greatly influence the VDW attraction (body interaction) pro-
ducing slightly smaller VDW interactions than a solid cylinder. The EDL
repulsion (surface interaction) is practically the same because the ex-
terior S2 mostly provides the EDL interactions, thus the EB of a hollow
cylinder is slightly smaller than the EB of a solid cylinder. Fig. 9 pre-
sents the EB of solid and hollow cylinders as a function of aspect ratio
for various φ. The figure demonstrates the angular dependence of the
EB according to the aspect ratio. Intermediate angles of π/3 and π/6 rad
give the lowest EB for solid and hollow cylinders. For a given low aspect
ratio, a solid cylinder shows minimum EBs at π/3 rad while a hollow
cylinder shows minimum EBs at π/6 rad.

The EBs for solid and hollow cylinders of various aspect ratios at
different φ at an IS of 0.001 M are provided in Table 2. Note that the
VDW interaction does not depend on the IS. On the contrary, the ex-
ponential decay of the EDL interaction distance strongly depends on the
Debye–Huckel inverse length which is defined by the solution chem-
istry. A high IS compresses the double layer thickness that reduces the
EB and may increase the depth of secondary energy minimum. Con-
versely, a decrease in the IS increases the EB and the secondary
minimum can practically disappear. Table 2 shows that the EBs of a

hollow cylinder are smaller than of a solid cylinder, and that the EB
increases as the aspect ratio decreases. Additionally, Fig. 10 shows a
comparison of the EB between a solid and a hollow cylinder for dif-
ferent aspect ratios and φ at an IS of 0.001 M. In the case of a hollow
cylinder for all aspect ratios inside the range of 2–1000, the EB in-
creases from a minimum value at 0 rad to a maximum value at π/2 rad.
On the other hand in the case of a solid cylinder for aspect ratios inside
the range of 25–1000, the EB increases from a minimum value at 0 rad
to a maximum value at π/2 rad. Outside this range, the EB increases as
π/3≈<π/6<0< <π/2 for an aspect ratio of 10≤L/a<25 and as
π/3<π/6<0<π/2 for aspect ratios< 10. Compared to the EBs at a
higher IS (Fig. 8), the range of monotonic increase is wider for both
hollow (2–1000) and solid (25–1000) cylinders. This is because the EDL
interaction becomes more dominant at low IS decreasing the EB espe-
cially at low φ (0≤φ≤π/6 rad).

An important remark is that this work applies to nanoparticles and
bacteria because the aspect ratio can be the same for both particle di-
mensions. For example, a nanoparticle of length of 100 nm and dia-
meter of 50 nm and a bacteria of length of 1 μm and diameter of 0.5 μm
will have the same aspect ratio of 2. The difference will be in the
magnitudes of the VDW, EDL and total DLVO interaction energies,
where the nanoparticle will yield smaller magnitudes than those of the
bacteria but the trends will be the same with the ones presented in this
work. This is demonstrated in Table 3 that presents the EB of a micro
scale cylinder of length of 4000 nm (size comparable to bacteria; see the
introduction) and different diameters. The cylinder has properties of a
bacteria with charge of −3.73 mV interacting with a quartz surface of
charge −66.7 mV in a IS of 0.0001 M KCl, and the Hamaker constant of
the bacteria-quartz-water system is 6.5×10−21 J [54].

4. Conclusions

This study examined the interaction energy as a function of distance
for solid and hollow cylindrical particles with a flat surface for different
particle aspect ratios and surface orientations. Surfaces S1 and S3 ex-
clusively contribute to particle interactions when φ=0 rad, whereas S2
only influences interactions when φ=π/2 rad. Surfaces S1, S2 and S3
influence the interaction energies when 0< φ<π/2 rad. In this case,
an increase in φ and aspect ratio decreases and increases the relative
contributions of S1 or S3 and S2, respectively, due to differences in the
interacting surface area and the distance of the surface elements with
the flat surface. The VDW interaction of a hollow cylinder is determined
by subtracting the VDW interactions of a solid outer and hollow inner
cylinders. Consequently, the VDW interaction of a solid cylinder are
considerably stronger and operates over longer separation distances
than those of a hollow cylinder. The EDL interaction of both solid and
hollow cylinders operate at short distances. Furthermore, the strength
of the EDL interaction of a solid cylinder is similar to that of a hollow
cylinder, especially when φ=π/2 rad and except when φ=0 rad where

Fig. 9. The interaction energy barriers between solid and hollow cylinders and
a flat surface at an ionic strength of 0.1 M according to angle of interaction as a
function of aspect ratio. The interaction energy was calculated as the sum of van
der Waals and electrostatic interactions. The angle represents the orientation
angle that the long axis of the cylinder makes with the surface normal. The y
axis is in log scale.

Table 2
The interaction energy barriers between a solid, or a hollow, cylinder and a flat surface at an ionic strength of 0.001 M for a monovalent electrolyte according to the
aspect ratio. The aspect ratio is given by the semi-axis L divided by the radius a. The interaction energy was calculated as the sum of van der Waals and electrostatic
interactions.

L = 200 nm Energy barrier (kT) of a solid cylinder Energy barrier (kT) of a hollow cylinder

a (nm) L/a φa = 0 π/6 π/3 π/2 0 π/6 π/3 π/2

0.2 1000 0.006 0.128 0.382 7.145 0.005 0.128 0.382 7.371
1 200 0.140 0.717 1.953 35.5 0.040 0.656 1.911 39.1
2 100 0.562 1.676 4.010 70.2 0.083 1.317 3.785 75.2
3 67 1.264 2.878 6.131 104.0 0.126 1.970 5.606 109.7
8 25 8.968 11.4 17.0 263.6 0.343 5.043 14.0 267.6
20 10 56.2 37.5 39.2 559.9 0.862 11.3 30.0 561.9
40 5 224.7 74.5 64.5 897.3 1.727 19.4 48.5 898.5
100 2 1404.1 140.1 110.4 1522.9 4.321 35.3 83.0 1523.4

a The angle of interaction is in radians.
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