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a b s t r a c t

Colloid suspensions commonly exhibit a distribution of sizes, but most transport models only consider a
single colloid size. A mathematical model was therefore developed to describe the advective and disper-
sive transport and first-order retention and release of a stable or aggregating polydispersed colloid sus-
pension in porous media. The colloid size distribution was described using a unimodal or a bimodal
lognormal probability density function (PDF), and Brownian aggregation was considered by making log-
normal PDF parameters a function of time. Filtration theory was used to predict the retention rate coef-
ficients for the various colloid sizes. The amount of retention for a stable polydispersed suspension was
highly dependent on the colloid size distribution parameters, especially for a bimodal lognormal PDF.
Increasing the distribution variance produced hyper-exponential retention profiles and an increase or
a decrease in colloid retention depending on whether the medium colloid size was close to the optimum
size for transport. Aggregation produced a similar decrease in the breakthrough concentrations with
injection time as ripening, especially when the sticking efficiency was low. Aggregation effects were
much more pronounced at higher input concentration levels, which also produced retention profiles that
were increasingly hyper-exponential. Simulation results indicate that the colloid size distribution of
stable and aggregating polydispersed suspensions always becomes more uniform and approaches the
optimum transport size with increasing distance, suggesting that consideration of polydispersed suspen-
sions is of primary importance near the injection surface.

Published by Elsevier Ltd.
1. Introduction

Most research studies and mathematical models to describe
colloid (microorganisms, clays, nanoparticles, etc.) transport and
fate in porous media have been developed for monodispersed col-
loidal suspensions (Schijven and Hassanizadeh, 2000; Bradford
et al., 2014). In reality, natural suspensions exhibit a wide distribu-
tion of colloid sizes (Ryan and Elimelech, 1996; Filella et al., 1997;
Bradford et al., 2006; Alem et al., 2013, 2015). The colloid size dis-
tribution reflects the variation in the initial conditions, different
rates of retention and/or release of specific colloid sizes, and/or
aggregation. The colloid size has a strong influence on the rates
of retention, release, and aggregation. For example, the mass trans-
fer rate of colloids to the solid water interface (SWI) and the aggre-
gation rate are strongly dependent on the colloid size (Elimelech
et al., 2013; Messina et al., 2015). Consequently, the transport
and retention behavior of a polydispersed colloid suspension can-
not be determined simply from the mean colloid size
(Vigneswaran et al., 1990).
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A number of studies have demonstrated that the size distribu-
tion of colloid suspensions can change during transport (e.g.,
Vigneswaran et al., 1990; Mackie and Zhao, 1999; Bradford et al.,
2006; Wiesner and Bottero, 2007; Klaine et al., 2008; Fang et al.,
2009; Chatterjee et al., 2010; Solovitch et al., 2010; Bian et al.,
2011; Chen et al., 2011; Jiang et al., 2012; Wang et al., 2012a,
2012b; Alem et al., 2013, 2015; Taghavy et al., 2015). Differences
in the retention behavior for the individual size classes and/or
aggregation will produce changes in the colloid size distribution
during transport. Jiang et al. (2012) found that ZnO nanoparticles
aggregated during transport, and that the retained aggregate size
decreased with transport distance. Wang et al. (2012a) and
Solovitch et al. (2010) reported that the average size of TiO2

nanoparticles increased dramatically after passing through sand
columns. Conversely, Chen et al. (2011) and Wang et al. (2012b)
found that the size of TiO2 and Alizarin red S labeled hydroxyap-
atite nanoparticles decreased after transport through sand col-
umns. Differences in the size distribution of colloids with
transport have been associated with observed non-exponential
profiles of retained colloids that are not consistent with filtration
theory predictions (Chatterjee and Gupta, 2009; Chen et al.,
2011; Jiang et al., 2012; Wang et al., 2012b).

A limited number of models have been developed to simulate
the transport and retention of polydispersed colloid suspensions
(Chang and Vigneswaran, 1990; Mackie and Zhao, 1999;
Chatterjee and Gupta, 2009; Raychoudhury et al., 2012). The earlier
models were designed to examine improvements in long-term
wastewater filter performance as a result of retention of a polydis-
persed colloid suspension (e.g., ripening) (Chang and Vigneswaran,
1990; Mackie and Zhao, 1999). In this work, we consider clean-bed
(early-time) retention behavior that is more representative of stud-
ies in natural environments with dilute colloidal suspensions.
Chatterjee and Gupta (2009) developed a steady-state advective
transport and first-order retention model for polydispersed colloid
suspensions and demonstrated that it could produce hyper-
exponential retention profiles. Chatterjee et al. (2010) applied this
model to study the transport of a polydispersed suspension and
accounted for the influence of colloid size on the retention coeffi-
cient using empirical correlations for the mass transfer coefficient
and fitted values of the sticking efficiency. Raychoudhury et al.
(2012) simulated the transport, retention, and release of an aggre-
gating colloid suspension by coupling the solution of the transient
advective dispersion equation that included first order terms for
colloid attachment and detachment with a kinetic aggregation
model. Differences in the retention rate coefficient with colloid size
were accounted for using filtration theory.

A variety of stochastic models have been used to account for
chemical heterogeneity of the colloid population (Tufenkji et al.,
2003; Bradford and Toride, 2007). In these works various probabil-
ity density functions (PDFs) for the colloid attachment coefficient
have been utilized (Tufenkji et al., 2003) with joint PDFs for the
effect of correlation between parameters (e.g., attachment and
detachment coefficients, attachment coefficient and pore-scale
velocity distribution, and detachment coefficient and the pore-
scale velocity distribution) on colloid transport (Bradford and
Toride, 2007). Simulation results demonstrate that the retention
profile of retained colloids is highly sensitive to the PDF of the col-
loid attachment coefficient and/or the correlations between
stochastic model parameters. We believe that these stochastic
models may be extended to simulate the transport and retention
behavior of polydispersed colloid suspensions, although this has
not yet been undertaken.

The objective of this research was to develop an improved
model to describe the transport and retention of stable or aggre-
gating polydispersed colloid suspensions in porous media. Specific
model refinements include consideration of: (i) a variety of PDFs
for the colloid size distribution; (ii) aggregating suspensions; (iii)
total and size class concentrations in the aqueous and solid phases;
and (iv) changes in the colloid size distribution with transport dis-
tance. Illustrative simulations are presented to demonstrate the
sensitivity of model predictions to various parameter values.
Results provide new insight on causes for time dependent break-
through curves and non-exponential retention profiles, and
changes in colloid size distributions during transport, retention,
and/or aggregation of polydispersed suspensions under specific
physicochemical conditions.
2. Modeling colloid transport and retention

2.1. Monodispersed suspensions

Colloid transport in porous media is frequently described using
a one-dimensional advection dispersion equation with terms for
first-order retention and release (e.g., Schijven and Hassanizadeh,
2000; Bradford et al., 2014). This approach implicitly assumes a
monodispersed suspension of colloids with a given diameter or
range in diameter (Di expressed in nm). When the volumetric
water content and flux remain constant in time (steady-state water
flow), the aqueous phase colloid mass balance equation is written
as:

@Ci

@t
¼ vk @

2Ci

@z2
� v @Ci

@z
� kiCi þ qbkrs

h
Si ð1Þ

where Ci [NL�3; N and L denote the number of colloids and length,
respectively] and Si [N M�1; M denotes mass] are the colloid con-
centration of diameter Di in the aqueous phase and on the solid
phase, respectively, ki [T�1] is the retention rate coefficient for col-
loid diameter Di, krs [T�1] is the constant colloid release rate coeffi-
cient, t [T] is time, z [L] is depth, v is the average pore-water velocity
[L T�1], k is the dispersivity [L], qb [M L�3] is the soil bulk density,
and h [–] is the volumetric water content. The corresponding colloid
mass balance equation for the solid phase is given as:

qb

h
@Si
@t

¼ kiCi � qbkrs
h

Si ð2Þ

The dispersivity was set to 0.1 ⁄ LD for all simulations, where LD
[L] is the length of the considered simulation domain. Values for h
and qb were set equal to 0.34 and 1.82 g cm�3, respectively; typical
values for a sand (e.g., Schaap et al., 2001).

The CXTFIT code (Toride et al., 1995; Tang et al. 2010) was used
for the analytical solution of Eqs. (1) and (2). The initial concentra-
tion in the simulation domain was zero, a third-type boundary
condition was employed for pulse application at the inlet, whereas
a concentration gradient of zero was set at a depth equal to infin-
ity. The analytic solution provides values of Ci(z, t; Di) and Si(z, t; Di),
which are proportional to the influent concentration Ci0 for colloids
with diameter Di. Values of Ci(z, t; Di) and Si(z, t; Di) were divided by
Ci0 to obtain normalized concentrations (denoted as C�

i ðz; t;DiÞ and
S�i ðz; t;DiÞ, respectively), which are independent of the influent col-
loid number.

Colloid filtration theory was used for ki to reflect clean-bed con-
ditions for retention (Yao et al., 1971) as:

ki ¼ 3ð1� hÞ
2d50

giav ð3Þ

where gi [–] is the collector (porous medium) efficiency, a [–] is the
colloid sticking efficiency, and d50 [L] is the median grain diameter
of the porous medium. The value of gi accounts for the mass flux of
colloids with diameter Di to the collector surface via diffusion,
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interception, and gravitational sedimentation. It is defined as the
ratio of the total colloid flux that strikes the collector (grain surface)
to the rate at which particles flow toward the collector (Yao et al.,
1971). Correlation equations to predict gi as a function of system
variables (water velocity, colloid size and density, and collector
size) have been developed from pore-scale simulations of colloid
transport in simplified grain geometries under water saturated con-
ditions (e.g., Tufenkji and Elimelech, 2004; Messina et al., 2015).
These correlation equations are strong functions of Di. In this work,
we employ the correlation equation of Messina et al. (2015) to
estimate gi.

The value of a in Eq. (3) is controlled by forces and torques that
act on colloids near the SWI (Bradford and Torkzaban, 2015). The
Brownian force arises from random fluctuation in the kinetic
energy of diffusing colloids that is dependent on the solution tem-
perature and colloid size (Ahmadi and Chen, 1998). Hydrodynamic
forces and torque that act on a colloid adjacent to the SWI are
dependent on the colloid size, the water velocity, the porosity,
the grain size distribution, and the pore-space geometry (e.g.,
microscopic roughness and grain-grain contacts) (Bradford et al.,
2011). Adhesive forces and torques are sensitive to a myriad of fac-
tors, including: solution chemistry, the surface properties and
deformation of the SWI and colloid, and the size and amount of
nanoscale roughness, microscopic roughness, and chemical hetero-
geneity (Bradford and Torkzaban, 2015). Many of the above factors
that influence a are poorly characterized for colloids and porous
media. Representative values of a were therefore selected for sim-
ulations discussed below to encompass commonly reported ranges
in the literature (e.g., Ryan and Elimelech, 1996; Schijven and
Hassanizadeh, 2000).

Colloid release under steady-state conditions is a slow, diffusion
controlled process, and the release rate coefficient is typically sev-
eral orders of magnitude smaller than the retention rate coefficient
(Ryan and Elimelech, 1996). Very limited research has been direc-
ted to predicting the release rate coefficient under steady-state
conditions (Johnson et al., 1995; Harter et al., 2000). Consequently,
the value of krs was set to a low value of 0.001 min�1 that is typical
for packed column studies (Bradford et al., 2016).

2.2. Stable polydispersed suspensions

A single value of Di and ki is used when simulating the transport
and retention with Eqs. (1) and (2) for a monodispersed suspen-
sion. In the polydispersed modeling approach, the influent colloid
size distribution is described using a probability distribution func-
tion, f(Di). The unimodal lognormal distribution function is given
as:

f ðDiÞ ¼ 1
Dir

ffiffiffiffiffiffiffi
2p

p exp �ðlnðDiÞ � lÞ2
2r2

" #
ð4Þ

where r and l are the standard deviation and mean value of the
lognormal colloid size distribution, respectively. Note that l = ln
(hDii)�0.5r2, where hDii [L] is the ensemble average of Di.
Alternatively, a bimodal lognormal distribution function may be
employed to describe more complex influent colloid size
distributions as:

f ðDiÞ ¼ v
Dir1

ffiffiffiffiffiffiffi
2p

p exp �ðlnðDiÞ � l1Þ2
2r2

1

" #

þ ð1� vÞ
Dir2

ffiffiffiffiffiffiffi
2p

p exp �ðlnðDiÞ � l2Þ2
2r2

2

" #
ð5Þ

where subscripts 1 and 2 identify two lognormal distributions and
v is the numerical fraction of colloids whose diameter is described
by distribution 1.
The probability that a colloid in the influent suspension has a
diameter less than or equal to Di is given as:

FðDiÞ ¼
Z Di

0
f ðDÞdD ð6Þ

where F(Di) is the cumulative distribution function evaluated at Di,
and D [L] is a dummy variable of integration for the colloid diame-
ter. Note that f(Di) is equivalent to the fraction of colloids in the
influent suspension:

f ðDiÞ ¼ Ci0

CT0
ð7Þ

where CT0 [NL�3] is the (total) influent colloid concentration.
The transport and retention of a stable, polydispersed colloid

suspension may be quantified by the total aqueous (CT, NL�3) and
solid (ST, NM�1) phase colloid concentrations at a given depth
and time. Values of CT and ST can be obtained by integrating
C�
i ðz; t;DiÞ and S�i ðz; t;DiÞ, respectively, over the full colloid size dis-

tribution as:

CTðz; tÞ ¼ CT0

Z 1

0
f ðDÞC�

i ðz; t;DÞdD ð8Þ

STðz; tÞ ¼ CT0

Z 1

0
f ðDÞS�i ðz; t;DÞdD ð9Þ

In this case, Eq. (7) is used to determine values of Ci0 as CT0 f(Di).
Note that F(Di) (Eq. (6)) is independent of depth and time. In

contrast, the dependency of retention on the colloid size changes
the probability of obtaining a colloid of diameter less than Di in
the aqueous phase during transport, here denoted as G(z, t; Di).
The value G(z, t; Di) is determined as:

Gðz; t;DiÞ ¼
CT0

Z Di

0
f ðDÞC�

i ðz; t;DÞdD
CTðz; tÞ ð10Þ

The numerator determines the aqueous phase concentration of col-
loids with a diameter less than or equal to Di at a given depth and
time.

It should be mentioned that aqueous and solid phase concentra-
tions may be expressed by colloid mass instead of number by mul-
tiplying the right hand side of Eqs. (8)–(10) by the product of the
colloid density and volume (pDi

3/6) such that the integrand
includes the Di

3 term.

2.3. Aggregating polydispersed colloid suspensions

Colloids undergoing Brownian aggregation may be described
using a time dependent lognormal colloid size distribution (Lee,
1983). In this case, the time-dependent total influent colloid con-
centration (CT0(t), NL�3) is given as (Lee, 1983):

CT0ðtÞ ¼ CT0ð0Þ½1þ sð1þ expðr2
0ÞÞ�

�1 ð11Þ
where r0 is the initial standard deviation of the lognormal colloid
size distribution. The dimensionless aggregation time s is given
by aaKtCT0(0); where K [L3T�1N�1] is the aggregation collision coef-
ficient and aa [–] is the aggregation sticking efficiency. The time
dependent lognormal colloid size distribution, f(Di, t), is still given
by Eq. (4), but now l and r are complex functions of r0 and s that
were derived by Lee (1983). Excellent agreement was obtained
between predicted lognormal colloid size distributions with s in
this work and results presented by Lee (1983). Values of CT0(t)
and f(Di, t) are predicted to decrease with time resulting in a larger
spread in the colloid size distribution as s increases.

The transport and retention of an aggregating colloid suspen-
sion was modeled as for stable suspension, with Eqs. (7)–(10), by
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replacing Ci0, CT0 and f(Di) with Ci0(t), CT0(t), and f(Di, t),
respectively. In contrast to stable polydispersed colloid suspen-
sions, aggregation causes aqueous and solid phase concentrations
to decrease with time even when a=0 because of a decrease in
CT0(t) and f(Di, t). This approach assumes that aggregation is inde-
pendent of retention. This assumption is fully justified when a is
low, but it may be violated when a increases because retention
decreases the total number of colloids in the aqueous phase. Pre-
liminary numerical experiments were conducted to assess the rel-
ative importance of this assumption by replacing CT0(0) in Eq. (11)
with CT(z,t) for a stable polydispersed suspension (Eq. (8)). In this
way the number of colloids in the aggregating suspension was
reduced as retention increased. Direct inclusion of the effect of
retention on aggregation in this manner only had a minor influence
on predicted breakthrough curves and retention profiles and was
not further considered. Aqueous and solid phase concentrations
may be converted from colloid numbers to colloid mass in a similar
manner as for a stable polydispersed suspension.
Fig. 1. Log plots of the predicted influence of colloid diameter (Di) on ki when using
filtration theory (Eq. (3)) and the correlation equation of Messina et al. (2015). The
value of d50 = 360 mm, h = 0.34, q = 0.1 cmmin�1, a = 1, and the colloid
density = 1.08 g cm�3.

Fig. 2. Simulated BTCs and RPs for a monodispersed colloid suspension when using
filtration theory (Eq. (3)), Di = 100, 500, 1500, 2500, 5000, and 10000 nm,
d50 = 360 mm, h = 0.34, q = 0.1 cm min�1, a = 0.05, and the colloid
density = 1.08 g cm�3.
2.4. Numerical experiments

Stable and aggregating polydispersed suspension models were
implemented into Microsoft Excel using Visual Basics for Applica-
tions programming language. Solutions of Eqs. (8)–(10) for stable
polydispersed suspensions require knowledge of f(Di), ki(Di),
C�
i ðz; t;DiÞ, and S�i ðz; t;DiÞ for a given value of Di. The value of f(Di)

was obtained using Eqs. (4) or (5), whereas ki(Di) was determined
using Eq. (3) and the correlation equation of Messina et al. (2015).
Values of C�

i ðz; t;DiÞ and S�i ðz; t;DiÞfor a given ki(Di) where acquired
using CXTFIT (Tang et al., 2010). Integrals were evaluated numeri-
cally with respect to Di using the m-point Gauss–Chebyshev
quadrature formula (e.g., Carnahan et al., 1969). A similar approach
was applied for aggregating polydispersed suspensions. In this
case, f(Di) was replaced by f(Di, t) which was determined using
the approach of Lee (1983). It should be mentioned that this
method only considers changes in the colloid size distribution with
respect to time, but it does not differentiate between a single col-
loid and an aggregate that has a size of Di.

Numerical experiments were conducted to investigate the influ-
ence of colloid size distribution parameters on transport and reten-
tion. Simulations for a monodispersed colloid suspension were
conducted to examine the influence of average Di and ki on colloid
migration behavior. Simulations of stable polydispersed suspen-
sions with a unimodal lognormal colloid size distribution probed
the roles of r and hDii, whereas those with a bimodal lognormal size
distribution explored the influence of v. The influence of aggrega-
tion was investigated for different values of a and CT0(0). Values
of pertinent model parameters are given in the figure captions.

Simulated colloid breakthrough curves (BTCs) and final reten-
tion profiles (RPs) were determined for a 4 pore volume input
pulse. BTCs and RPs are given at a depth of 10 cm and after 8 pore
volumes (vt/LD), respectively, to facilitate the visualization of col-
loid concentrations. The BTCs were plotted with the relative con-
centration (Ci/Ci0 for monodispersed suspension, CT/CT0 for a
stable polydispersed suspension, and CT/CT0(0) for an aggregating
polydispersed suspension) on the vertical axis and the pore-
volume number on the horizontal axis, whereas semi-log plots of
the RPs are given with the normalized solid phase colloid concen-
tration (S/Ci0 for monodispersed suspensions, ST/CT0 for a stable
polydispersed suspension, and ST/CT0(0) for an aggregating polydis-
persed suspension) on the vertical log axis and depth on the hori-
zontal axis. Values of G(z, t; Di) were determined for the full range
of Di in the colloid distribution when t = 100 min and z = 1, 2, 4, 6,
and 10 cm.
3. Results and discussion

3.1. Monodispersed colloid suspensions

Fig. 1 presents the predicted influence of Di on ki (min�1) when
using filtration theory in which d50 = 360 mm, h = 0.34, the Darcy
velocity (q) = 0.1 cmmin�1, a = 1, and the colloid den-
sity = 1.08 g cm�3. Note that ki achieves a minimum when Di is
approximately 1500 nm, and this reflects the optimum colloid size
for transport (the lowest rate of mass transfer to the SWI) under
the considered condition. The relative importance of mass transfer
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by sedimentation, interception, and diffusion changes with the col-
loid size. Sedimentation and interception increase for larger Di,
whereas diffusion plays a larger role for smaller Di. In addition to
Di, the value of ki is also predicted to depend on d50, q, and the col-
loid density. The interested reader is referred to the literature for
further discussion of these topics (Tufenkji and Elimelech, 2004;
Messina et al., 2015).

Fig. 2a and b presents illustrative examples of the predicted
influence of Di (100, 500, 1500, 2500, and 5000 nm) on BTCs and
RPs, respectively, when d50 = 360 mm, h = 0.34, q = 0.1 cmmin�1,
a = 0.05, and the colloid density = 1.08 g cm�3. Values of ki change
with Di in a similar manner to that shown in Fig. 1. The smallest
amount of retention occurred in Fig. 2 when Di = 1500 nm because
ki and the mass transfer rate was smallest under this condition
(Fig. 1). Conversely, lower breakthrough concentrations and
greater amounts of retention occur for smaller and larger colloid
sizes due to greater mass transfer rates to the SWI.

It should be mentioned that filtration theory predictions of col-
loid transport with size (Figs. 1 and 2) are well known in the liter-
ature (e.g., Ryan and Elimelech, 1996; Tufenkji and Elimelech,
2004). This information is included to aid in the interpretation of
simulations for stable or aggregating polydispersed colloid suspen-
sions that are discussed below.

3.2. Stable polydispersed colloid suspensions

This section discusses simulated transport and retention
behavior for various stable polydispersed colloid suspensions.
Fig. 3a and b present illustrative examples of predicted BTCs and
RPs when the colloids were lognormally distributed with an initial
0.1
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Fig. 3. Simulated BTCs and RPs for a stable polydispersed suspension when colloids
are lognormally distributed with r = 0.1, 1, and 2, hDii = 1500 nm, d50 = 360 mm,
h = 0.34, q = 0.1 cmmin�1, a = 0.05, and colloid density = 1.08 g cm�3.
hDii = 1500 nm and r = 0.1, 1, and 2. Other simulation conditions
included a d50 = 360 mm, h = 0.34, q = 0.1 cmmin�1, a = 0.05, and
the colloid density = 1.08 g cm�3. Increases in r produced greater
amounts of colloid retention, with a decrease in the peak value
of CT/CT0 and an increase in ST/CT0. This observation reflects the
composite effects of Di on colloid retention shown in Fig. 1. In par-
ticular, increasing deviation from the optimum transport value of
Di = 1500 nm produces greater amounts of retention. However, it
should be mentioned that increasing r will not always influence
CT/CT0 and ST/CT0 in the same manner as shown in Fig. 3. Fig. 1 indi-
cates that ki changes in a nonmonotonic fashion with Di. In some
cases increasing r may actually produce a decrease in retention
(higher peak values of CT/CT0 and a decrease in ST/CT0); e.g., Fig. 4
shows such an example when the initial hDii = 10000 nm.

Eqs. (1) and (2) predict an exponential decrease in the retained
colloid concentration with distance when krs is small. In contrast,
many experimental observations have reported that retention pro-
files decrease with distance in a hyper-exponential manner
(Chatterjee and Gupta, 2009; Bradford et al., 2014); e.g., the value
of log(ST/CT0) is greater than linear with depth at the inlet. This
hyper-exponential behavior has previously been attributed to a
polydispersed colloid size distribution (Chatterjee and Gupta,
2009). Indeed, values of ST/CT0 shown in Fig. 3b exhibit increasing
deviation from exponential behavior with increasing r. Further-
more, Fig. 5 indicates that the RPs become increasingly hyper-
exponential with increasing a for a given r.

Additional simulations were conducted to better understand
the influence of transport and retention on changes in the aqueous
phase colloid size distribution. Fig. 6a–c present plots of the G(z, t;
Di) as a function of Di when z = 1, 2, 4, 6, and 10 cm, t = 100 min,
Fig. 4. Simulations of BTCs and RPs for a stable polydispersed suspension when
colloids are lognormally distributed with r = 0.1, 1, and 2, hDii = 10000 nm,
d50 = 360 mm, h = 0.34, q = 0.1 cmmin�1, the colloid density = 1.08 g cm�3, and
a = 0.05.



Fig. 5. Simulations of BTCs and RPs for a stable polydispersed suspension when
colloids are lognormally distributed with r = 2, hDii = 1500 nm, d50 = 360 mm,
h = 0.34, q = 0.1 cmmin�1, the colloid density = 1.08 g cm�3, and a = 0.05, 0.1, 0.2,
and 0.4.

Fig. 6. Log-log plots of G(z, t; Di) as a function of Di at z = 1, 2, 4, 6, and 10 cm for a
stable polydispersed colloid suspension when t = 100 min, hDii = 100 (a), 1000 (b),
and 10,000 (c) nm, r = 1, d50 = 360 mm, h = 0.34, q = 0.1 cm min�1, a = 0.2, and
colloid density = 1.08 g cm�3.
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r = 1, and hDii = 100, 1000, and 10000 nm. Other simulations con-
ditions were the same as in Fig. 3. Similar to F(Di) for the influent
suspension, G(z, t; Di) is the probability that transported colloids
in the aqueous phase will be smaller than Di. In all cases, G(z, t;
Di) becomes more uniform with increasing transport distance,
and the median value of the distribution approaches 1500 nm as
expected from Fig. 1. The smallest changes in G(z, t; Di) occurred
with transport when hDii = 1000 nm, because G(z, t; Di) was close
to the optimum conditions for transport. In contrast, lower and
higher portions of G(z, t; Di) were more rapidly removed when
hDii = 100 and 10000 nm, respectively. This observation suggests
that transport of stable polydispersed colloid suspensions is of pri-
mary importance near the soil surface.

A single lognormal distribution (Eq. (4)) may be inadequate to
describe all colloid size distributions. The bimodal lognormal dis-
tribution (Eq. (5)) provides higher flexibility to describe more com-
plex colloid size distributions in the influent. Fig. 7a and b presents
illustrative examples of the predicted values of BTCs and RPs when
the colloid sizes are described using a bimodal lognormal dis-
tributed with an initial hDi1i = 100 nm, hDi2i = 3000 nm, r1 = 0.1,
r2 = 0.5, and v = 0, 0.25, 0.5, 0.75, and 1. Other simulation condi-
tions were the same as in Fig. 3. Increasing v produces decreasing
amounts of colloid breakthrough (Fig. 7a) and increasing amounts
of retention (Fig. 7b) because smaller colloids in distribution 1
were more efficiently removed than larger colloids in distribution
2 (Fig. 1).

Fig. 8 presents plots of G(z, t; Di) as a function of Di when z = 1, 2,
4, 6, and 10 cm, t = 100 min, the initial hDi1i = 100 nm,
hDi2i = 3000 nm, r1 = 0.1, r2 = 0.5, and v = 0.5. Other simulation
conditions were the same as in Fig. 3. As anticipated, changes in
G(z, t; Di) with increasing transport distance were more
pronounced when using a bimodal than a unimodal lognormal dis-
tribution (comparison of Figs. 8 and 6) because the smaller colloids
were removed more rapidly than the larger sized colloids (Fig. 1).

3.3. Aggregating colloid suspensions

The simulated influence of aggregation is investigated in this
section. Fig. 9a and 9b present plots of BTCs and RPs when an
aggregating colloid suspension is lognormally distributed with an
initial hDii = 1000 nm and r0 = 0.7, d50 = 360 mm, q = 0.1 cmmin�1,
CT0(0) = 108 N ml�1, aa = 1.0, and a = 0, 0.01, 0.05, 0.1, and 0.2. Note
that values of CT/CT0(0) decrease with increasing colloid injection
time after breakthrough (Fig. 9a). This behavior has typically been



Fig. 7. Simulated BTCs and RPs for a stable polydispersed suspension when a
bimodal lognormal distribution was used to describe the colloids with
hDi1i = 100 nm, hDi2i = 3000 nm, r1 = 0.1, r2 = 0.5, and v = 0, 0.25, 0.5, 0.75, and 1,
d50 = 360 mm, h = 0.34, q = 0.1 cmmin�1, a = 0.05, and colloid density = 1.08 g cm�3.

Fig. 8. Log-log plots of G(z, t; Di) as a function of Di at z = 1, 2, 4, 6, and 10 cm for a
stable polydispersed colloid suspension when using a bimodal lognormal
distribution with t = 100 min, hDi1i = 100 nm, hDi2i = 3000 nm, r1 = 0.1, r2 = 0.5,
v = 0.5, d50 = 360 mm, h = 0.34, q = 0.1 cmmin�1, a = 0.1, and the colloid
density = 1.08 g cm�3.

Fig. 9. Simulated BTCs and RPs for a aggregating polydispersed suspension when
colloids are lognormally distributed with hDii = 1000 nm and r0 = 0.7, d50 = 360 mm,
q = 0.1 cm min�1, CT0(0) = 108N ml�1, aa = 1.0, and a = 0.01, 0.05, 0.10, and 0.20.
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ascribed to ‘‘ripening”; i.e., retained colloids acting as favorable
sites for subsequent colloid retention. Fig. 9a indicates that this
‘‘ripening” behavior may also be attributed to aggregation of the
colloid suspension during transport. Note that aggregation has a
dominant influence on breakthrough behavior when the retention
rate is minimal (small a). Conversely, as the retention rate
increases (larger a) the relative influence of aggregation on the
breakthrough curve becomes less apparent. This occurs because
retention decreases the peak value of the breakthrough curve
and the colloid size distribution tends to be more uniform with
increasing distance as a result of differences in the retention
behavior with colloid size (Figs. 1 and 6). Aggregation has a smaller
influence on the retention profiles than a; e.g., increasing a pro-
duce greater amounts of retention.

Fig. 10a and b presents plots of BTCs and RPs for an aggregating
colloid suspension with a colloid size that is lognormally dis-
tributed with an initial hDii = 1500 nm and r0 = 0.7, aa = 1.0,
a = 0.05, and CT0(0) = 105, 106, 107, 108, and 109 N ml�1. Similar to
Fig. 9a, aggregation produces a decrease in the value of CT/CT0(0)
with increasing colloid injection time after breakthrough. Note,
however, that the rate of decrease in CT/CT0(0) is a strong function
of the initial value of CT0(0). Recall that CT0(t) decreases more
rapidly with increasing CT0(0) (Eq. (11)). Consequently, the peak
value of CT/CT0(0) also decreases more rapidly with increasing
CT0(0) because of greater aggregation. The retention profile is
determined by the constant value of a and changes in CT/CT0(0)
shown in Fig. 10a. The maximum value of ST/CT0(0) occurs when
CT/CT0(0) is maximum and aggregation is minimum. Smaller values
of ST/CT0(0) occur for higher CT0(0) at deeper transport distances
because of lower CT/CT0(0) due to greater aggregation. In addition,
the retention profiles become more hyper-exponential with
increasing CT0(0). This implies that aggregation primarily influ-
enced transport behavior at shallower transport distances. This
finding is supported by observations shown in Fig. 9b for higher
values of a.

A few final remarks about aggregating colloid suspensions are
given below. Increasing the initial r0 had a similar influence on
the breakthrough curves and retention profiles as for the stable
polydispersed suspensions shown in Fig. 3. However, the retention
profiles become more hyper-exponential with aggregating suspen-
sions and increasing dimensionless aggregation time (Fig. 10b).
Similar to stable polydispersed suspensions, the aggregating
suspensions primarily influenced retention behavior near the soil



Fig. 10. Simulated BTCs and RPs for an aggregating polydispersed suspension when
colloids are lognormally distributed with hDii = 1500 nm and r0 = 0.7, d50 = 360 mm,
q = 0.1 cmmin�1, aa = 1.0, a = 0.05, and CT0(0) = 105, 106, 107, 108, and 109 N ml�1.

S.A. Bradford, F.J. Leij / Chemical Engineering Science 192 (2018) 972–980 979
surface and G(z, t; Di) became more uniform with increasing trans-
port distance. Aggregation during transport becomes more appar-
ent when retention is minimal; e.g., for small values of a and for
initial hDii values that are optimal for transport. In addition, the
above dependency of aggregation on CT0 and time can also be
reduced by multiplying the Brownian collision efficiency by smal-
ler values of aa, such that only a fraction of the Brownian collisions
lead to aggregation.
4. Summary and conclusions

Most models to describe colloid transport and fate in the sub-
surface have been developed for mono-dispersed suspensions,
whereas natural systems typically exhibit a wide distribution of
colloid sizes. A mathematical model was developed to describe
the transport and retention of a stable or aggregating polydis-
persed colloid suspension in porous media. The initial colloid size
distribution was described using a unimodal lognormal or a bimo-
dal lognormal PDF. Brownian aggregation was accounted for in the
model by making the parameters of the lognormal PDF a function
of time. The transport and retention of a given sized colloid was
described using an analytical solution that considers advective
and dispersive colloid transport, and first-order retention and
release. Colloid filtration theory was included in the model to pre-
dict the dependence of the colloid retention coefficient on param-
eters such as colloid size and density, water velocity, and grain
size. The total suspension concentration was determined by inte-
grating the product of the individual concentration of a given col-
loid size and the PDF over the complete colloid size distribution.
Changes in the colloid size distribution during transport at a speci-
fic location and time were determined from the calculated cumu-
lative colloid size distribution function.

Filtration theory predicts an optimum size for colloid transport
of around 955–1700 nm depending on velocity, grain size, and the
colloid density. Colloids that are smaller or larger than this size
range are removed more efficiently. Consequently, the amount of
retention of a polydispersion suspension is highly dependent on
the size distribution parameters. When hDii of a lognormal distri-
bution is close to the optimum size range for transport, increasing
r produces greater amounts of retention and more hyper-
exponential retention profiles. In contrast, when hDii is smaller or
larger than the optimum transport size then increasing r may
sometimes produce a decrease in retention. Similar trends were
obtained when using a bimodal lognormal colloid size distribution,
but with an increased sensitivity to distribution properties. Aggre-
gation produces a similar decrease in the breakthrough concentra-
tions with injection time as ripening because of a decrease in CT0(t)
and f(Di, t), especially when a was low. This aggregation effect was
much more pronounced at higher input concentration levels,
which also produced retention profiles that were increasingly
hyper-exponential. Simulation results indicate that the colloid size
distribution of stable and aggregating suspensions always becomes
more uniform and approaches the optimum transport size with
increasing distance, suggesting that consideration of polydispersed
suspensions is of primary importance near the injection surface.
Consequently, polydispersed suspensions are expected to con-
tribute to the development of clogging that is commonly observed
at these locations. Future research will expand the developed
model to account for the influence of polydispersed suspensions
on clogging.
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