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Abstract

Measurements are presented for the angle of repose (�r) and the maximum angle of stability
(�m) of a slope of poured granular material. Results using monosized grains with three materials
of di!ering shape are presented. This is followed by results with binary mixtures. The results
demonstrate a strong relationship between the slope angles and particle shape and that particle
size distribution a!ects the slope angle and avalanching mode, especially as the grains become
less spherical. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Granular materials pose interesting physical problems due to their behavior neither as
a 6uid nor a solid but as a somewhat intermediate phase. Recent theoretical [1–4] and
experimental [5,6] studies have investigated some of the complex physics underlying
these phenomena. During the pouring of a monosized granular material the heap formed
is characterized by two angles, the angle of repose (�r) and the maximum angle of
stability (�m) [7]. During the continuous pouring of a granular material the slope angle
oscillates between the two values the former being the lower bound and the latter being
the upper bound.
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The importance of understanding slope dynamics is of crucial importance in both
natural and industrial environments. Prediction of large-scale events such as rock falls
and snow and ice avalanches is a prime concern in mountainous areas and requires an
understanding of slope dynamics [8]. Marine avalanches can cut through underwater
communication cables that are costly to repair. In storage silos the 6ow of granular
materials has been known to cause stress failure in the silo structure [9]. The mixing
and movement of all forms of industrial powders requires knowledge of granular 6ow
[10]. Hence, a good physical understanding of slope stability and granular 6ow is
important.

A fundamental challenge is to be able to predict the slope angles of a poured granular
material. A variety of modeling methods have been used to investigate slope angles,
all of which vary in their complexity. The simplest perhaps is a geometric model
proposed by Barabasi et al. [11] based on a simple stability criterion, suggesting that
the maximum angle of stability for spheres should be 23:4◦. Other approaches are
more complex and involve computer simulation such as the Monte Carlo (MC) method
[12] or the distinct element method (DEM) [1,13]. In this paper we present a series
of careful measurements of the angle of repose and maximum angle of stability of
granular media. We investigate the role of particle shape using monosize materials and
the e!ect of particle size distribution using binary mixtures of materials. Our hope is
that the measurements will present challenges to theoreticians and can be used to test
the predictive ability of di!erent models.

2. Experimental design

2.1. Measurement cell

A range of methods are available for measuring the slope angle of materials [14].
A heap may be formed by pouring the material through a funnel, where as the crater
method allows the material to drain from a beaker with a small drain hole in the center
of the base, the disadvantage being that this only allows a measurement of the repose
angle. Various revolving drum methods have been used [7] as well as conEning the
material between plates in a Hele–Shaw cell.

The Hele–Shaw cell was chosen as this allows observation of processes inside
the slope structure. A diagram of the cell constructed from plexiglas is presented in
Fig. 1. Improved delivery of the granular material ensuring an even slope in the cell
was achieved with the use of a delivery slope placed at an angle of about 30◦ with a
gate at the top. The height of the gate could be adjusted to alter the delivery rate.

The dimensions of the cell are important as the sidewalls can interact with the grains.
Work presented [15] for binary mixtures of sugar and sand for example demonstrated
that the mixing and segregation of material within a Hele–Shaw cell depended on both
the separation of the sidewalls and the 6ow rate of the granular media into the cell.
Koeppe et al. [15] found surprisingly that at certain 6ow rates and sidewall separa-
tions the media would segregate and form stratiEed layers within the slope. Based on
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Fig. 1. Schematic diagram of the Hele–Shaw cell used to measure the slope angles showing the angle of
repose (�r) and the maximum angle of stability (�m) which were measured.

these Endings we chose a spacing of 30 mm, well outside the range where interaction
with the sidewalls was observed to a!ect the measured slope angles.

2.2. Slope angle measurements

The construction of the Hele–Shaw cell in Plexiglas was straightforward, however,
initial experimental results conducted with dry media, highlighted several problems. The
Plexiglas created a static electric charge that a!ected the 6ow of the dry grains and even
the use of an anti-static spray could not satisfactorily overcome this. More importantly,
it was found that the momentum of the grains falling onto the pile obliterated the top
of the slope making the slope angle diHcult to measure accurately. Reducing the 6ow
rate of the grains to reduce the momentum transfer by reducing the gate aperture caused
clogging when using larger grains, which again created an uneven 6ow of grains. These
problems were overcome by conducting the experiments under water as we considered
that buoyancy would reduce the speed of the grains and their momentum transfer. This
also removed the problem of electrostatic binding and reduced the friction between the
grains and the gate aperture, hence giving an even 6ow. The use of water allowed for
the creation of a well-deEned slope and was found to work well in the particle size
range from 100 and 500 �m. However, particles less than 100 �m were in6uenced by
the currents that developed in the cell caused by the 6ow of the grains. This approach
therefore, is not suitable for materials ¡ 100 �m in diameter.
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3. Experiments

3.1. Materials

Three granular materials were used in this study, glass beads (Mo-Sci Corp., Rolla,
MO, USA), quartz grains (Yerucham Crater, Negev desert, Israel) and tu! grains (The
Golan Heights, Israel). The particle size classes and some physical characteristics are
presented in Table 1. All the materials were prepared in the laboratory by washing in
de-ionized water, the quartz grains were also acid-washed to remove oxide coatings,
they were all sieved to separate them into particle size classes. Pictures of the three
materials are presented in Fig. 2. The shape factors for these materials were determined
by digitally photographing (Aplitac Lis 700 camera) 30 particles under a microscope at
×40 magniEcation. The digital images were analyzed to determine the circularity and
sphericity using the Sigma Scan image analysis software, with each pixel representing
2:3 �m.

Table 1
Physical characteristics of the materials used in the study

Glass beads Quartz grains Tu! grains

Particle density (g cm−3) 2.48 2.65 2.88
Particle size classes (�m)
Large ——– 425–500 425–500 425–500
Medium ——– 180–200
Small ——– 90–106 100–140 90–106
Very small ——– 45–51

Sphericitya (S) 1.00 0:73 (±0:09) 0:59 (±0:10)
Circularityb (Ci) 1.00 0:78 (±0:04) 0.60 (±0:08)

aEq. (1).
bEq. (2).

Fig. 2. Microscope photographs of A, glass beads, B, quartz sand grains and C, tu! grains. All grains
approximately 500 �m in diameter.
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3.2. Particle shape experiments

3.2.1. Slopes of particles with di4erent shapes
The aperture size controlling the grain 6ow was adjusted to a suitable position so

that 6ow-rates of about 0:4 gs−1 were achieved. Once a periodical steady state of
accumulation and collapse was reached measurements of the maximum and repose
angles were taken. In general, measurements were taken once a slope had reached at
least 50 mm in length. The height and length could be measured to ±0:5 mm keeping
the maximum error in the measurement of the slope angle to ±0:5◦, as the slope
became longer this error reduced. Measurements of the angles formed by each mixture
were the average of 10 or more sequential avalanches.

3.2.2. Mixtures of spheres with non-spherical particles
The slope angles of mixtures of particles of di!erent shapes were obtained with

glass spheres and quartz sand grains. Five mixtures were tested with volume fractions
of sand of 0.09, 0.26, 0.33, 0.51 and 0.66; both the maximum and repose angles were
measured.

3.3. Particle size distribution experiments

3.3.1. Monosize spheres
The initial step was to experimentally determine the in6uence of the size of the

particles on the slope angles within the size range between 50 and 500 �m. Contradic-
tory Endings can be found in the literature for particles of ¡ 1 mm in diameter, some
suggesting there is an e!ect [16,17] and some having observed no e!ect [7]. Certainly
as particles become smaller the charge=mass ratio increases. This means that at some
particle size the electrostatic interaction will begin to contribute to the 6owability of
particles. Wong [18] observed a decrease in the aerated bulk density of glass spheres
beginning at about 60–70 �m. Glass beads with diameters of 50, 100, 200 and 500
were used to determine slope angles for monosize spheres. The 50 �m measurements
were carried out in dry air (relative humidity of about 40%) as circulation currents
prevented the formation of a measurable slope under water.

3.3.2. Binary mixtures
Binary mixtures of large (450–500 �m) and small (90–106 �m) grains were used to

determine any e!ect of particle size distribution on the slope measurements. At least
four di!erent volume fraction ratios were used to augment the measurements conducted
with monosized materials. A clear advantage of making the measurements in water now
became apparent. The use of water allowed for thorough and homogeneous mixing of
the two particle sizes by carefully controlling the water solid ratio above the gate in
the measuring cell. Performing these measurements in air proved almost impossible, as
the two particle sizes did not mix homogeneously.
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4. Results and discussion

4.1. Particle shape

The quantiEcation of the shape of grains is itself a challenging physical problem.
Most methods rely on using a two-dimensional image of the particle. Wardell [19]
proposed placing particles under a microscope and using the plan image to evaluate
the particles maximum cross-sectional area. The contribution of gravity will generally
ensure that the view is the maximal area. The area of this image of the grain (Ap) is
then compared with the area of the smallest inscribed circle into which the grain Ets in
its entirety (Ac). In Wardell’s [19] discussion of shape the ratio of the areas is deEned
as the sphericity (S):

S =
Ap

Ac
: (1)

An alternative shape factor, the circularity (Ci) used in many image analysis programs
[e.g. Sigma Scan Pro5] is deEned as

Ci =
4	Ap

P2 ; (2)

where, P is the length of the perimeter of the particle. Circularity has the advantage of
incorporating a measure of the roughness or surface undulations of the particle, which
the sphericity does not. However, the quality of the area determination will depend on
the photograph quality and the fractal dimension of the grains surface. Both ratios are
1 for spheres and decline as the grains become less spherical.

Data for both experiments, Sections 3.2.1 and 3.2.2, are presented in Fig. 3 versus
the circularity; the experiments presented used the 500 �m grains. Two curves are Etted
to show the general trend in the data. One can clearly see a divergence between the
maximum and repose angles as the particle shape becomes less spherical. The result for
the maximum angle for the spheres �m =23:1 Ets well with the predicted value of 23.4
using a simple geometric model [11]. As one would intuitively expect the relationship
should be non-linear, 6attening out as the maximum slope values are obtained. There
must be a Enite value smaller than 90◦ above which, a stable slope of cohesionless
particles cannot exist. The mixtures of spheres with sand grains appear to follow a
small curvature very much in the general trend of the overall curvature with shape.
Friedman and Robinson [20] have suggested that use could be made of this relationship
between slope angle and grain shape such that the slope angle could be used as an
estimate of the three-dimensional nature of the granular material. In that work slope
angle was linked to ellipsoid depolarization factors, so that permittivity and electrical
conductivity of saturated granular media could be predicted.

Although there appears to be a Erm relationship between grain shape and the slope
angle of the pile it is worth considering a note of caution. The use of a two-dimensional
image to characterize the shape of three-dimensional particles presents its diHculties.
The third dimension of the particle essentially remains an unknown. The particles could
tend to be oblate if the unknown dimension is small, or prolate if the unknown di-
mension is similar to the width of the particle. In the case of the tu! grains used
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Fig. 3. Slope angles as a function of two-dimensional circularity. The data for mixtures represent sand of
volume fraction 0.09, 0.26, 0.33, 0.51, 0.67 mixed in glass spheres.

in our experiment we attempted to measure this directly using a micrometer, the
results showing the particles tend to oblate in shape. The curvature observed in Fig. 3
may be a function of the oblate=prolate nature of the particles and is worth further
investigation.

4.2. Particle size

The results for the slopes of spheres of di!ering sizes are presented in Fig. 4. These
results demonstrate no apparent in6uence of the size of the particles on the slope angles.
This is in agreement with the Endings of Jaeger et al. [7], who also found no apparent
e!ect of the size of monosize glass spheres of 500 and 70 �m. It is likely that due
to the increased electrostatic e!ect with decreasing particle size that there will come
a point at which the slope angles may change as the gravitational and electrostatic
forces interact. A study of this possible e!ect would be an interesting contribution to
our understanding and the literature. High momentum transfer can have a considerable
e!ect on the slope angle so that measurements that have decreasing slope angles as
the particle size increases may be incorporating the e!ects of increased momentum
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Fig. 4. Slope angle as a function of particle size for glass spheres, the crosses give 1 standard deviation.
Particle sizes 100, 200 and 500 �m were conducted under water where as 50 �m was conducted in dry air.

transfer. The destructive impact of the larger particles tends to reduce the overall angle
of the slope if only measured at the top and base of the slope.

The results of experiment, Section 3.3.2, are presented in Fig. 5. These measurements
presented considerable experimental diHculty, especially with maintaining the uniform
binary mixture. The results are subtle but we believe indicate a trend that is well
worth further investigation. The data for binary mixtures (450–500 �m, large and 90
–106 �m, small), compared with monosize (450–500 �m), show a subtle increase of
the maximum angle of stability prior to slope collapse, as the volume of small grains
was increased to approximately one-third. This was mirrored by a more signiEcant
e!ect on the corresponding angle of repose, most noticeably for a mixture with 0.2
small, as the shape became less spherical (Fig. 5c). The standard deviation re6ects
more than simply the repeatability of the measurements. For the 0.2 and 0.33 small
in large it re6ects di!erent avalanche magnitudes, believed to be a function of the
amount of percolation of the small particles. This suggests that the predictability of
such events will become more diHcult, the less uniform the system becomes. The
value of approximately one-third small mixed in large is signiEcant as this is the
porosity minimum achieved within a binary packing where the void space between
the large is eHciently Elled by small. At this volumetric fraction of small particles the
density of the slope increases as do the number of contact points between particles
[21]. Fig. 5d shows the corresponding measured porosity change for a binary mixture
of spheres, modeled using a fractional packing model [22] for the size ratio of 5.
Above the porosity minimum the angles for all the materials converge to their values
for monosize grains. It is clear from Figs. 5a–c that surface roughness properties and
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(A)

(C)

(D)

(B)

Fig. 5. (a–c). The maximum angle of stability and angle of repose for three binary mixtures of di!ering
grain shapes, with the volume fraction of small grains mixed into large along the base. The crosses and
plus signs mark one standard deviation and the dashed lines indicate the maximum and repose angles for
comparison. (d). The porosity as modelled according to [22] for a size ratio of 5 with data presented for
measurements with glass beads.

the deviation of the particles from the shape of a sphere has the greatest e!ect on the
slope angles. However, the shape e!ect also strongly in6uences the binary mixtures
so that an increase in the maximum and decrease in the minimum angles becomes
greater as the shape becomes less spherical. In practical terms, the avalanches become
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Fig. 6. The shape of material lobes formed on the slope prior to avalanching of the tu!. Note the di!erence
in shape between the monosize material and a binary mixture containing 1

3 small. The data is of lobes of
varying length collected from sequential avalanches so that the length scale for the base is relative.

larger (maximal value of �m − �r) when the particles are rougher and more angular
and composed of one-third small grains mixed in large.

We propose that a possible reason for the observed ‘mirroring’ of the maximum
and minimum angles for binary mixtures is due in part to the increased amount of
contact between grains in the slope for a given particle shape leading to arching [23,24].
Increased arching would allow an increased value of the maximum angle. The decreased
angles of repose would then re6ect the collapse of arches providing more energy for
the avalanche, greater perturbation in turn generating thicker surface avalanches.

Morphological changes in the appearance of the slope were observed with the binary
mixtures. These observations show subtle di!erences in the shape of the slope prior
to reaching the maximum angle of stability. As the particles become less spherical
we believe there are more contact points and increased wedging of the small angular
grains between the large. This may help to strengthen and stabilize the slope and
spread the stress loading. The observable results were a change in the morphology of
the lobe of material (described in Fig. 1) causing the avalanche. After an avalanche
had reduced the slope to its repose angle, a lobe of material would form at the top of
the slope as fresh material was deposited (Fig. 1). At a critical point this lobe would
collapse resulting in a thin, surface 6ow avalanche. The length of the lobe compared
to the base of the slope generally lay between one-quarter and one-half its length. The
shape of the lobes causing the avalanche for monosize and binary packing of tu! are
presented in Fig. 6. The monosize lobe was distinctly convex (negative curvature) and
at a critical point would burst from near the base as the mass increased above. The
lobe formed by the binary mixture di!ered distinctly being convex towards the top and
concave towards the base. This change of morphology as a result of the binary mixing
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appeared to make a stronger and more stable lobe that contained more material than
its monosize counterpart. Upon failure, the collapse of this lobe resulted in a larger
surface avalanche.

The sequence of events building up to an avalanche starting from the point where
the slope has just collapsed forming the angle of repose follow a distinctive pattern. A
periodic build up and collapse of progressively larger lobes of material on the repose
slope occurs. When these events have Elled the area between the maximum angle
and repose angle on Fig. 1 the whole slope collapses back to the repose angle. It
is important to point out that the maximum angle and repose angle are measured at
the point before collapse (�m) and the point immediately after (�r). These are the
measurements referred to in this work and not the intermediate cases. The discussion
of lobes refers to the intermediate case.

Segregation of binary mixtures forming banding within the slopes formed by
avalanching has been observed with attempts being made to model it [15,25–27]. The
Ene grains tend to be trapped higher up the slope, more easily caught in crevices and
with less energy to overcome them. The larger grains tend to roll over these and be-
cause they have greater size are less likely to be trapped in crevices. It was evident
that during an avalanche the layer of small grains formed a bed, acting like small
ball bearings, over which the large grains rolled. This mechanism accounts for the size
segregation leading to banding during periodic accumulation and collapse. When grains
of mixed size are sheared together the larger grains migrate to the zone of least shear
strain, i.e., the surface, the smaller grains migrate towards the zone of greatest shear
strain, the base of the 6ow [28].

We noticed however, that the segregation became less distinct as the quantity of
small grains was reduced below one third and the small grains percolated through the
large. Below 0.33 small beads, voids appear within the matrix as the quantity of small
is insuHcient to Ell all the space between the large. This results in a pile with greater
potential energy, as the small grains, which can form essentially the ‘keystone’ in a
bridging structure, can, upon a small perturbation collapse into the voids.

To investigate the increased potential energy of a slope a qualitative experiment was
conducted comparing slope dynamics of spherical particles with two di!erent bases.
A rough base is normally used in the experiments and the base of our Hele–Shaw
cell had been scoured with coarse glass paper making it rough. This was then com-
pared with an unaltered smooth plexiglas base, thereby reducing the friction between
the surface of the cell and the particles supported by it. The results (Fig. 7) clearly
demonstrate a much more unstable structure resulting from binary mixtures below the
porosity minimum. Rather than a surface avalanche occurring as previously observed,
the whole slope became unstable and slumped due to internal redistribution of the ma-
trix. The internal point of failure of the slope appeared to occur about one third out
from beneath the pile apex along the base. According to theoretical analysis [23] this
is where the center of pressure is likely to be located for a pile of spherical grains.
This qualitative experiment indicates the importance of the particle size composition
of a slope in terms of its stability. The results contain implications for the engineering
stability of slopes and we would suggest that further work might investigate this more
thoroughly.
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Fig. 7. The maximum angle of stability and angle of repose with the slope formed in the Hele–Shaw cell
with a rough Plexiglas base and a smooth Plexiglas base which had less friction. The slope is far less stable
below the porosity minimum when the structure contains voids.

The avalanche behavior of this type of slope di!ers markedly from that observed
for surface avalanches. The diagram in Fig. 8 helps to visualize the di!ering processes
between a pile with a stable base and one with an unstable base. Fig. 8a shows
segregation formed by surface avalanching described earlier as the small spheres form
the base of each sequential avalanche. Fig. 8b shows the di!ering internal structure of
a slope on a smooth base. Fig. 8c is a photograph of this slope structure. The dark
areas are the large grains and the light areas are the small ones. Small beads arriving
at the top of the slope percolate through the large grains making their way quickly to
the base of the pile. Others wedge between large grains forming bridges. When the
bridges collapse the small beads fall into voids and again percolate to the base of the
pile. A bed of small beads forms at the base of the pile, these act like ball bearings
carrying the large beads. The structural collapse tends to be more catastrophic so that
smaller values of repose angle result (Fig. 7) due to the rotational slip. With sequential
slumping the small beads percolate and are pushed along the base of the pile. This
results in a distinct ‘toe’ at the base of the slope made almost entirely of small beads.
It is important to remember that these beads have percolated through the pile and not
6owed down the slope. The resulting internal structure is very di!erent to the banding
formed by a stable or non-percolating pile with surface avalanches.

5. Conclusions

A careful set of measurements is presented that demonstrate the e!ect of particle
shape and particle size distribution on both the angle of repose and the maximum angle
of stability. Increased angularity of the grains increases the slope angle. The angle of
repose and the maximum angle appear to mirror each other in magnitude as the volume
fraction of small grains mixed in large increases. The maximum angle increases and the
repose angle reduces, the greatest e!ect being observed at volume fractions between 0.2
and 0.3. Total slope failure and slumping was observed to occur for binary mixtures
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Fig. 8. Conceptual diagram of the internal structure of piles formed with binary mixtures containing 0.2 small
grains. (A) The cell has a rough base and the pile is stable with oscillating surface avalanches, the di!ering
particle sizes form segregation banding. (B) Small grains percolate down through the pile and collect along
the base. The small beads form a ball bearing like surface over which the slope forms, as the overburden
pressure increases to criticality the slope slumps and collapses. Very little surface avalanching occurs. (C)
Photograph of slope corresponding to (B).

of spheres forming a slope on a smooth surface with volume fractions of small grains
mixed in large lower than 0.3.
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