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DETERMINING TRANSPORT PARAMETERS FROM SOLUTE DISPLACEMENT EXPERIMENTSE/

Martinus Th. van GenuchtenZ/

ABSTRACT

Predictions of solute transport in the field are generally based
upon convective-dispersive type transport equations. The one-dimension-
al form of this equation contaiﬁs two parameters which must be determin-—
ed beforehand. They are the dispersion coefficient and a distribution
coefficient, the latter accounting for adsorption or exchange between
liquid‘and solid phases. Both coefficients can be obtained by fitting
an analytical solution of the one-dimensional convective-dispersive
transport equation to observed column effluent data. This paper des-
cribes a non-linear least-squares curve-fitting computer model which may
be used for that pufpose. A listing of the program is given in an

appendix.

Research Report, U. S. Salinity Laboratory, USDA-SEA-AR, River-
side, California, and Department of Soil and Environmental
Sciences, University of California, Riverside.

Present address: U. S. Salinity Laboratory, 4500 Glenwood Drive,
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INTRODUCTION

Predictions of solute transport in the field are often obtained by
solving convective-dispersive type transport equations. For a one-
dimensional system at constant water content and steady-state flow, the

appropriate equation is

2

ac d ¢ dc
R—=D—~—= - —
ot 2 Vax [1]
ox
where
¢ = solute concentration,
D = dispersion coefficient,
R = retardation factor
t = time,
vV = average pore-water velocity,

X = distance,

The parameter R in Eq. [1] accounts for possible interactions between
the chemical and the solid phase of the soil. For the special case of
chemical adsorption or exchange, the retardation factor is given by (van
"Genuchten et al., 1974)

R=1+E8 ~ [2]
]
where
k = distribution coefficient,

volumetric water content,

©
[]

soil bulk density.

Equation [2] assumes that the adsorption or exchange reactions are
always instantaneous (equilibrium adsorption). If there is no inter-
action between the chemical and the solid phase, k in Eq. [2] becomes
zero and R reduces to one. In some cases R may become less than one,
indicating that only a fraction of the liquid phase participates in the

transport process. This occurs when the tracer is subject to anion



exclusion (e.g., for chloride movement in fine~textured soils), or when
immobile liquid regions are present which do not contribute to convec-
tive solute transport (water in dead-end pores or inside dense aggre-
gates). In the case of anion exclusion, (1-R) can be viewed as the
relative anion exclusion volume, and (-k) as the specific anion exclu-

3

sion volume (e.g., expressed in cm” water per gram of soil).

Equation [l] contains two parameters (R and D) which need to be
quantified before the equation can be used for actual prediction pur-
-poses. Estimates for these two parameters are often obtained by ana-
lyzing experimental column effluent curves. Several methods of analysis
are available for that purpose. Rifai et al. (1956), for example,
proposed a method for calculating D from the slope of a breakthrough
curve. Rose and Passioura (1971) and Passioura et al. (1970) discuss a
procedure which allows D and R to be determined from a plot of 1n(t)
versus ¢ on probability paper. Agneessens et al. (1978) used the method
of moments to obtain D from pulse-type effluent curves. Another method,
probably the most accurate one, is based upon a léast—squares analysis
of the effluent data (Elprince and Day, 1977; Laudelout and Dufey, 1977;
Agneessens et al., 1978; Le Renard, 1979). For that purpose an appro-
priate analytical solution of Eq. [l] is fitted to the effluent data,
thereby allowing D and R to be estimated simultaneously from the experi-

mental data. This method is further discussed in this paper.

REVIEW OF ANALYTICAL SOLUTIONS

Several analytical solutions of Eq. [1] exist, each one based upon
a different set of initial and boundary conditions. Appendix A lists
five analytical solutions which are the most useful for the purpose of
analyzing effluent data. It is noted here that each set of boundary
conditions involves different assumptions regafding the physics of the
column displacement experiment. This paper does not deal with the
advantages and disadvantages of each boundary condition, but rather will
use each analytical solution as a basis for estimatiné R and D from

observed effluent data.

The different analytical solutions in Appendix A are expressed in

terms of the original variables (x, t, R, v, D). For an analysis of the



effluent data it is more convenient to introduce the dimensionless

variable

T = vt/L, [3]
and the dimensionless group

P = vL/D, : ‘ [4]

where T is the number of pore volumes, P is the column Peclet number,
and L is the column length. The effluent concentrations at x=L, ce(T),
can then be represented by much simpler equations. Appendix B gives
expressions for the effluent concentration for each of the five analyti-

cal solutions given in Appendix A.

The analytical solutions in Appendices A and B are applicable only
to column experiments where the tracer is aﬁplied continuously at the
inlet position (continuous tracer application). For pulse-type applica-

tions, the expressions must be replaced by

c(x,t) 0<¢tx t,
* .
c (x,t) = (5]
c(x,t) - c(x,t—tl) t > t
ce(T) : 0<TXK Tl
*
c (T) = [6]
ce(T) - ce(T-Tl) T > T1
where
ty = time length of tracer pulse added to column,
Tl = th/L,
c*(x,t) = concentration for pulse-type application.
c (T) = effluent concentration for pulse-type application.



DETERMINING P AND R FROM THE EFFLUENT CURVE

A computer program was written which allows one to fit any of the
five analytical solutions for ¢, (or c:) to observed effluent data.
The program is a simplification of the multi-purpose, non-linear, least-
squares program of Meeter (1964). The curve-fitting technique uses the
maximum neighborhood method of Marquardt (1963), which is based upon an
optimum interpolation between Taylor series expansions and the method of
steepest descent. A detailed description of this particular technique

is given in Daniel and Wood (1973).

In the case of a continuous tracer application (i.e., for ce), only
two parameters (P and R) need to be determined. When a pulse~type
tracer effluent curve is present (c:), information is also needed about
the dimensionless pulse length, T;. Although T; is often available from
the experimental conditions, it is often more convenient (and accurate)
to also estimate this parameter from the experimental curve. The
computer program therefore allows both a two-parameter (P and R, P and
Ty, or R and T;) or a three-parameter (P, R, and T;) curve-fitting to be
carried out. Appendix C gives a short description and listing of the

program.

APPLICATIONS

The accuracy of the curve-fitting program was first tested by
fitting P and R to three hypothetical effluent curves with known values
of P and R. The analytical solution of Case SI-1 in Appendix B (Eq}
[B2] was used to generate these "observed" curves. Calculated curves
were obtained for P = 10, 40, and 400, and R = 1. The datapoints in
each case were distributed in equal intervals along the T-axis, and
located between relative concentrations of 0.05 and 0.95 (34 datapoints
for P=10, 19 points for P=40, and 12 points for P=400). Table 1 gives
the curve-fitted values of P and R for all five analytical solutions.
As expected, the input values of P and R were duplicated exactly when
the analytical solution of Case SI-1 was fitted to the "observed" ef-
fluent curve. The curve-fitted values of P and R for the other analyti-

cal solutions, however, deviate from the input values. This, of course,



Table 1. Curve-fitted values of P and R for the five analytical solu-
tions in Appendix B. The "observed” effluent curves were
based on Eq. [B2], with R=l, and P = 10, 40, and 400, respec-—

tively.
FITTED VALUE OF P
Input value Case Case Case Case Case
of P INF SI-1 SI-2 FN-1 FN-2
(s1i-1)
10.00 10.46 10.00 9.58 9.11 8,92
40,00 40.49 40,00 39.52 39,40 38.96
400.00 400,45 399.96 399.46 399.45 400.00
FITTED VALUE OF R
10.00 0.911 1.000 0.904 1.124 0.999
40.00 0.976 1.000 0.975 1.026 1.000
400,00 0.998 1.000 0.998 1.003 0.999

is to be expected since each analytical solution is based upon different
boundary conditions. Differences between fitted and input values are

greatest when P is small, i.e., for short soil columns (Table 1).

A second example considers the movement of Chromium through sand
(Wierenga, '1980; unpublished data). Observed effluent data from the 5-
cm long soil column are shown in Fig. 1. The analytical solutions of
Cases SI-2 and FN-2 were fitted to these data. Results of the two-
parameter curve-fittings are given in Table 2. The solid line in Fig. 1
represents the fitted analytical solution for Case SI-2. The fitted
curve for FN-2 was found to be essentially the same as for SI-2, even
though the estimated parameters P and R are different (Table 2). By
making use of Eq. [4] and [2], it is possible to obtain also estimates
for the dispersion coefficient (D) and the distribution constant k).
Table 2 shows that the values of D and k are somewhat different for the
two analytical models. The differences between the estimated values
could have been made smaller if a longer soil column were used for the

displacement experiment (see also Table 1).

A third example considers the movement of a pulse of Chloride

through Norge Loam (Davidson, 1973; unpublished data). Figure 2 com-
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Fig. 1. Observed and curve=-fitted breakthrough curves for

Chromium movement through sand (example 2).



pares the observed and fitted effluent curves (Case SI-2). The fitted
curve for Case SI-1 was again essentially the same as for Case FN-2. In
this case all three parameters (P, R, and Tl) were fitted to the data
(Table 2). Note that the estimated values of P are much higher than for
the previous experiment. The value of R is less than 1, indicating some
anion exclusion. The specific anion exclusion volume (-k) is about 0.02

cm3 water per gram of soil (Table 2).

Table 2. Measured and curve-fitted parameters for two column displace-

ment experiments.

Experiment 2A ' 2B 3A 3B
Tracer crot crbt c1” c1™
Model SI-2 FN-2 SI-2 FN-2
8 (cm3/cm3) 0.184 0.184 0.3626 0.3626
o (g/cm3) 1.679 1.679 1.527 1.527
v (cm/day) 19.64 19.64 14.23 14.23
L (cm) 5.0 5.0 30.0 30.0
P (fitted) 19.19 18.59 287.4 287.4
R (fitted) 1.281 1.349 0.918  0.918
T, (fitted) - - : 0.408 0.408
T, (measured) - - 0.425 0.425
D (cm?/day) 5,12 5.28 1.49 1.49

k (em3/g) 0.031 0.038 ~0.019 -0.019
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Fig. 2. Observed and curve-fitted effluent curves for Chlorlde movement
through Norge loam (example 3).



CONCLUSIONS

The least-squares computer model discussed in this report provides
an easy to use, efficient and accurate means of fitting various trans-
port parameters to observed column effluent data. The unknown para-
meters include the column Peclet number, P, the retardation factor, R,
and the dimensionless pulse time, T;« The three exaﬁples, furthermore,
demonstrate that the use of different analytical solutions can lead to
large differences between the curve-fitted P~ and R-values. These
differences are most significant when P is small, i.e., for relatively

short soil columns.
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- APPENDIX A. Analytical solutions of the one-dimensional convective-
dispersive transport equation (Eq. [l] for different ini-
tial and boundary conditions.

Case INF (Infinite System).

The solution of Eq. [l], subject to

1 x <
c(x,0) = 1/2 x = [Al]
0 X >
c(-=,t) = ¢ [A2]
c(»,£) =0 ‘ [A3]
is (Danckwerts, 1953)
cle =‘% erfc[gi—Q:—f%% [A4]
° i 2(DRt)
where erfc is the complementary error function.
Case SI-1 (Semi-infinite system, first-type boundary condition).
The solution of Eq. [l], subject to
c(x,0) =0 (x> 0) [A5]
¢(0,t) = <, [A6]
dc .
—_= (co,t) = 0 [A7]



is (Lapidus and Amundson, 1952)

1 Rx - vt 1 Rx + vt
c/ec =5 erfe|~————=| + = exp (vx/D) erfc|——nw—~ [A8]
o 2 [Z(DRt)l/z] 2 [Z(DRt)l/z]

Case SI-2 (Semi-infinite system, third-type boundary condition).

The solution of Eq. [1], subject to

c(x,0) =0 (x> 0) ‘ [A9]

(-D 32-—'vc) = vyc [A10]
% x=0 o

3 (m) = 0 - [Al1]

9x ? '

is (Lindstrom et al., 1967)

2 1/2 2
c/e = 1 erfc[—-————-—Rx A + (___v t) exp[— ———————~(RX - vt) ]
o 2 2(DRt)1/2 DR 4DRt
1 VX vzt Rx + vt
- E.(l +5 +~—§E) exp(vx/D) erfc[——————T7§]. [A12]
2(DRt)
Case FN-1 (Finite profile, first-type boundary condition).
The solution of Eq. [1], subject to
c(x,0) =0 (x>0 [A13]
c(0,t) = <, [Al4]
dc (L,t) = 0 . [A15]
ox ,

is (Cleary and Adrian, 1973)



BmX VX v2t BiDt
® 28 s1nf—f~) exp Lfﬁ R —;fg
c/le =1~ 7 [Al6]
° m=1] 2 ., (vl 2 vL
B” + (EBJ + o5

where the eigenvalues By are the positive roots of

B cot(B ) + 12% = 0. [AL7]

The series solution converges very slowly for large values of (vL/D)
and/or small values of (vt/RL). For

vL ) vt :

5> 5+ 40 ZE [A18]
or

X% > 100 [A19]

the following approximation gives very accurate answers (van Genuchten
and Alves, 1980)

1 Rx - vt 1 Rx + vt
c/e == erfe + = exp(vx/D) erfc[ ]
o 2 [Z(DRt)l;?] 2 ~ 2(1)111;)1;2

2
1 v(2L - x) vt R(2L-x) + vt
+ = [2 + + ] exp(vL/D) erfc[ ]
2 D DR 2(DRt)1/2

v2t 12 vL R vt 2 )
- (-;r'i')-ﬁ) exp -—D - -ZI»—IE (ZL-X + —T{) . [A20]

Case FN-2 (Finite profile, third-type boundary condition).

The solution of Eq. [1l], subject to



c(x,0) =0 (x> 0) [A21]
(- D2+ ve) SR | [A22]
dc _

5= (L,£) =0 [A23]

is (Brenner, 1962)

2
B B X 2 B Dt
ZVL vL ., vt m
© B [B cos(———) + o5 sin(—-) exp[——- T ZEE_]
c/le =1-7
© 2 vL 2 vL 2 vL 2
(8. + G + 51 (8 + G
[A24]
where the eigenvalues of Bn are the positive rooﬁs of
82D o
Bm cot (B ) --——— + - 7D - =0 : [A25]

Also this series solution converges slowly for large values of (vL/D)
and/or small values of (vt/RL). For conditions [Al8,19] the following

approximate solution provides accurate answers (Brenner, 1962):
1

1 Rx 2 L (Rx )2
_1 - vt vt _ - vt
cley =5 erfc[ 1/2} + Gor) eXP[ ZDRE ]

2(DRt)
1 VX v2t Rx + vt
- E—(l + 5 +-—B§) exp(vx/D) erfc[}—————i7§] '
2(DRt)

bt 12 v vt oL R o
+ (‘ITDR ) [1 +E (2L-x +—1€)] exp[—D - ZFt- (2L-x +—i) ]

2
-3 [ZL x+ 28 X (o1x + I ] exp(vL/D) erfc[R(ZL x) 'i'/\zlt]
' 2(DRt)

[A26]



APPENDIX B. Effluent concentration, co(T), for each of the five ana-

lytical solutions given in Appendix A.

Case INF (Infinite system)

1 1/2

ce/co = i-erfc [(ng) (R-T)]

Case SI-1 (Semi-infinite system, first-type boundary condition).

1/2 1/2

~ce/co = % erfc[(zgf) (R-T)] +-% exp(P) erfc[(zgf) (R+T) ]

Case SI-2 (Semi-infinite system, third-type boundary condition).

1/2 1/2

ce/c0 = % erfc[(Z%T) (R-T)] + (%%) exp[- £

2
ZRTR-T)7]

1/2
-5 L+ 2+ D) exp(P) erfel(zh)  (R+D)]

Case FN-1 (Finite system, first~type boundary condition).

87T
. P _PT _"m
28 sm(Bm) exp [7 R~ PR
c/e =1- 1)
e o 2
m=1 B2 + P +_£
m 4 2

where the eigenvalues By are the positive roots of

=0

N ro

Bm cot(Bm) +

For P> 5+ 40 T or P > 100, the following approximation is used

1 1/2 1/2

colcy = 7 erfellzgy)  (R-D] - Gp)  expl- gpp(R-D)’]

[B1]

(B2]

[B3]

[B4]

[B5]



1/2
+% (3 +p +f§-) exp(P) erfc[(4—§f) (R+T) ] [B6]

Case FN-2 (Finite system, third-type boundary condition).

BT
. P _PT _"m
2 Bm 81n(6m) exp[i- A _ﬁﬁ_]
c /e =1- ) [B7]
e [0} =] 2 PZ .
n B +-— + P
m 4

where the eigenvalues Bm are the positive roots of

2
=0 [B8]

&

P Bm cot (Bm) - Bi +

The approximate solution for P > 5 + 40T or P > 100 is

' 1 P 1/2
Ce/co = 7 erfc[(m) (R“T)]

1/2

PT P PT P 2
+ C;E) (3 +3 +'§§) exp[- IRT (R-T)"]
2 A 1/2
—% (1 + 3P +-‘LRIE +—P7 (R+T)?] exp(P) erfc[(—ﬂz—T) (R+T) ]
2R

[B9]



APPENDIX C. CFITM, a computer program for calculating transport para-

meters from observed solute effluent curves.

This appendix gives a brief description and listing of CFITM, a
computer program for calculating the Peclet number (P), the retardation
factor (R) and, if needed, the dimensionless pulse time (Tl) from ob-
served effluent data. The program does this by means of a least-squares
fit of any of the five analytical expressions in Appendix B to observed
effluent data.

The program consists of a main program (MAIN), four subroutines
(MODEL, CONC, EIGEN, and MATINV), and one function (EXF). Most of the
calculations for the least-squares analysis are carried out in MAIN,
including input and output instructions, calculation of a correlation
matrix for the different coefficients, and calculation of a 95% confi-
dence interval for each coefficient. Subroutine MODEL calculates the
exit concentration for each of the five models given in Appendix B. The
choice of the model is governed by the variable MODE: MODE = O for Case
INF, 1 for SI-1, 2 for SI-2, 3 for FN-1, and 4 for Case FN-2. The
analytical solution for Cases FN-1 and FN-2 (MODE = 3,4) requires the
evaluation of series (see Appendix B). These calculations are carried
out in subroutine CONC. The approximate solutions for FN-1 and FN-2 are
also evaluated in CONC. The eigenvalues, Bm, needed for the series
solutions, are calculated in subroutine EIGEN. Subroutine MATINV gives
a matrix inversion scheme needed for the least-squares analysis in
MAIN. The function EXF, finally, is used to calculate the complementary
error function (erfc), the exponential function (exp), or the product of
erfc and exp.

Table Cl gives a list of<the most significant program variables.
Table C2 gives instructions regérding set-up of the data cards. The
actual input data for example 2 (Chromium transport through sand) are
shown in Table 3. The computer output for Example 2 is given in Table
C4, while the listing of the program is given in Table C5.

An extra comment is needed for the vector B(I) in Table Cl. This
vector contains the estimated values of the three coefficients P, R, and
T (in that order). If a coefficient is known and a two-parameter

curve-fitting is carried out, the measured value of that coefficient



should be entered on the fifth data card (see Tables C2 and C3). For a
continuous tracer application (no pulse of solute), a large dummy value
should be assigned to T;. This value must exceed all measured pore
volumes, Y(I). For Example 2 a dummy value of 100 was assigned to T,

(card 5 in Table C3). Actually, any value higher than 2.463 could have
been used (see card 21 in Table C3).



Table Cl.

VARIABLE
B(I)

BI(I)
EXF(A,B)
G(I)

INDEX(I)

MIT

MODE

NC
NDATA

NIT
NOB

$SQ, SUMB
STOPCR
TITLE

X(D), Y(I)

List of the most significant variables in CFITM.

DEFINITION

Vector containing estimates of the coeff1c1ents (P,
R, Ty).
1

Vector of coefficient names (P, R, T,
Function to calculate exp(A) erfc(B).

Eigenvalues (B ) for Cases FN-1 and FN-2 (MODE =
3,4).

Index for each coefficient. If INDEX(I) = 0, the
coefficient is known. If INDEX(I) = 1, the coeffi-
cient is assumed to be unknown and fitted to the
data. For example, if INDEX(l) = 1, INDEX(2) =

and INDEX(3) = 1, the coefficients P and T, are
fitted to the data, while R is assumed to be known
(for example from batch equilibrium studies). At
least two coefficients need to be unknown.

Maximum number of iterations in least-squares analy-
sis. ‘

Model number for the five analytical solutions: MODE
= 0 for case INF (infinite system , MODE = 1 for Case
SI-1 (semi-finite system, first-type surface boundary
condition), MODE = 2 for Case SI-2 (semi—infinite
system, third-type boundary conditions), MODE = 3 for
Case FN-1 (finite system, first-type boundary condi-
tion), and MODE = 4 for Case FN-2 (finite system,
third-type boundary condition).

Number of cases considered.

Data input code: if NDATA = 1, new data are read in,
if NDATA = 0, the same data (or a part of them) are

used for the new case. This code allows one to fit

the same data to two different models (see Tables C3
and C4).

Iteration number during least-squares analysis.

Number of observations (must not exceed 90 with
presently dimensioned arrays).

Residual sum of squares.

Stop criterion: The iterative curve-fitting process
stops when the relative change in the ratio of all
coefficients becomes less than STOPCR.

Vector containing information of title card (input
label).

Observed effluent data (pore volume and concentra-
tion, respectively).



Table C2. Data input instructions.

CARD COLUMNS FORMAT VARIABLE COMMENTS

1 1-5 I5 NC Number of cases considered.

The remaining cards are read
in for each case. If NDATA

= 0 on card 2, data cards &

through 7 are not needed for
that particular case.

2 1-5 . I5 MODE Model number.

2 5-10 I5 NDATA Data input code.

2 11-15 I5 MIT Maximum number of itera-

’ - tions.

2 16-20 I5 NOB Number of observations.

3 1-80 20A4 TITLE Information card.

4 1-6 A4,A2 BI(1l) Coefficient name for P.

4 11-16 A4, A2 BI(2) Coefficient name for R.

4 21-26 A4,A2 BI(3) Coefficient name for T;.

5 1-10 F10.0 B(1l) Initial value of P.

5 11-20 F10.0 B(2) Initial value of R.

5 21-30 F10.0 B(3) Initial value of Tj.’

6 1-5 15 INDEX(1) Index for each coefficient.

6 6~10 I5 INDEX(2) See Table Cl for explana-

6 11-15 I5 INDEX(3) ion.

7, etc. 1-10 F10.0 X(I) . Value of observed pore
volume.

7, etc. 11-20 F10.0 Y(I) Value of observed concentra=-
tion.

Card 7 is repeated NOB
times.
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Table C3. Data input for example 2.

Column:
Card

O Ooo~NOU & WN i~

0

1234567890123456789012345678901234567890123456789

2
2
PECLE

2
1

1

1

T
0.0

1
0.558
0.695
0.831
0.967
1.103
1.239
1.375
1.511
1.647
1.783
1.919
2.055
2.191
2.327
2.463

0

2

15 15
EXAMPLE 2A
RF
1.30
0
0.000
0.006
0.061
0.198
0.325
0.450
0.592
0.705
0.768
0.841
0.881
0.944
0.966
0.994
0.999
15 15

EXAMPLE 2B:

3 4

: CHROMIUM (COLUMN NUMBER 4)
PULSE
100.0

CHROMIUM (COLUMN NUMBER 4)

5
0
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Table C4. Output for example 2.
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Fortran listing of CFITM.

MAIN

***t****tt*t#t*t***‘**********t*#*#**t#**t#t*tt#**#t****t**ttt‘*“

NON-LINEAR LEAST-SQUARES ANALYSIS - CFITM

CARD

CARD

CARD .

CARD
CARD
CARD

CARD

12

2.

INPUT INFORMATION

NUMBER OF CASES CONSIDERED: NC (I5)

THE NEXT CARDS ARE REPEATED NC TIMES

MODEL NUMBER (MODE), DATA INPUT CODE (NDATA),
MAXIMUM NUMBER OF ITERATIONS (MIT) AND NUMBER
OF OBSERVATIONS (NOB) (415)

INFORMATION CARD (20A4)

THE NEXT CARDS ARE READ IN ONLY IF NDATA=l

NAMES OF THE COEFFICIENTS 3(A4,A2,4X)
INITIAL ESTIMATES OF COEFFICIENTS (3F10.0)
INDEX FOR EACH COEFFICIENT 5(15)

=0 IF COEFFICIENT IS KNOWN (CONSTANT)

=21 IF COEFFICIENT IS UNKNIWN

79ETCeo: EXPERIMENTAL DATA: PORE VILUME AND

CONCENTRATION (NGB CARDS) (2F10.0)

FEEEERXESRXRE B30 R0 4o 2 Aok A e Aok 23Rk 22 e ook e ol o 2t 3 AR K a0 3K el ool e e ok

IMPLICIT REAL#8(A-H,0-1)
DIMENSION Y{90) 4X(90) yF{90),R{90),DELZ(90,5),B(10),E(5),THI10),

IP(5)4PHI(5),Q(5)yLSORT(S0),TB(10),A(5+5)+8I(10)+TITLE(20),D(5,5),

2INCEX(5)

DATA STOPCR/0,.,0005/

----- REAC NUMBER CF CASES —===-

READ(5,10C6) NC

DO 120 NCASE=1,NC

WRITE(6,1000)

----- READ INPUT PARAMETERS ==-==
REAC(5,10C6) NCDE,NDATA,MIT,NOB
WRITE(6+1021)
WRITE(6,1022)
WRITE(641023)

IF({MODE.EG.Q)
IF(MODE.EC.1)
IF(MOCE.EC.2)
1F(MQDE.

EQ.2

} WRITE(6,1024)

IF(MODE.EC+4) WRITE(6,41025)
READ(5,10C1l) TITLE
WRITE(6,1002) TITLE
IF(NDATALEQ.O)

GQd 70 10

*
*®
]
*
»
x
*
®
x®
%=
L
=
]
t
E
*
*
x
£
t
*
*
®
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10

12

14

32
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MAIN

w—==~= REAC COEFFICIENTS NAMES ===--
REAC(5,10C4) (BI(1),1=1,6])

----- REAC INITIAL ESTIMATES -==--
READ(5,410C5) (B(I)sI=4,6)

-—--= REAC INDICES —==--
READ(5,10C6) (INDEX{I)yI=1,3)
WRITE(6,1G07)

B0 4 1I=1,3

J=2%1-1

WRITE{6,1008) 1,B8I{J),BI(J+1),BL(I+3)

~w~== REAL AND WRITE EXPERIMENTAL DATA —-~——-
DC 6 I=1,NC8B ’
REAC(5,10C5) X(I)y¥(1)

WRITE(6,1C09)

DO 12 I=1.NCB

WRITE(6,1C010) I,X{I),Y(I)

NP=0

DO 14 1=4,6
TB{1)=8(I}
IFCINDEX(I-2).EQ.0) GO TO 14
NP=NP+1
K=2%NP~-1
J=2%1=-7
BI(K)=BI(J)
BI(K+1)=BItJ+l}
B(NP)=B(I)
THINP)=B(NP)
TH(1)=B{(I)

GA=0.,02

NIT=0

NP 2=2%NP

CALL MODEL‘TH’F'NDBOXQINDEX’MDDE’
$5Q=0.

DO 32 1=1,N0OB

R{IN=Y(I)-F(1)}

SSQ=SSQ+R{II*R{I)

WRITE{6,1C11) (BI(J’,BI(J*I)’J 14NP2,2)
WRITE(6,1012) NIT,SSQ,(B(I),I=1,NP)

----- BEGIN OF ITERATION —=——-

34

NIT=NIT+1
GA=0.1%GA

DO 38 J=14NP
TEMP=TH(J)
TH{J)=1.01%TH{J)
Q(J)=0



36

38

40

42
44
50

52

54

56
58

62

64
66

68

72
74
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MAIN

CALL MODEL(THyDELZ(an)-NOB:X,[NDEX’MODE)
DO 36 1=1,NOB

DELZ(1,J)=DELZIL,J)-F(1)

QU =QII+DELZ(T4J)*R(I)
QUJI=100.*Q{J)/TH(J)

—===— Q=XT*R {STEEPEST DESCENT) —=——
TH{J)=TEMP

DO 44 I=1,NP

D0 42 J=1,I

SUM=0

DO 40 K=1,NOB
SUM=SUM+DELZ(KyI)*DELZ (K, J)
D{1:J)1=10000.%SUM/(TH(T)*TH(J))
D{Jy1)=D(1,J)
E(I)=DSQRT{(D(I,1})

DO 52 I=1,NP

DO 52 J=1,4NP
AlI4J)=D(I4J)/CECT)*E(J))

----- A IS THE SCALED MOMENT MATRIX ===
DO 54 I=1,NP

PLI)=Q(I)/E(I)

PHI(T)=P(])

AlTsI)=A(I,1)4GA

CALL MATINV(A,NP,P)

----- P/E IS THE CORRECTION VECTOR ———
STEP=1,.0

DO 58 I=1,NP .
TR{I)=P{I)*STEP/E(I)+TH(I)

DO 62 I=1,NP

IFITH{I)*TBU1)) 66,66,62

CONTINUE

SuMB=0

CALL MODEL{TB,F,NOB,X, INDEX,MCDE)
DO 64 I=1,NOB

RUL)=Y{I)=-F(1)
SUMB=SUMB+R (I )*R (1)

SUML=0.0

SUM2=0.0

SUM3=0,0

DO 68 I=1,NP
SUML=SUML+P (1 )%PHI(1)
SUM2=SUM2+P (1) %P (1)
SUM3=SUM3+PHI (1) *PHI ()

ARG=SUM1 /DSQRT( SUM2 *SUM3)

ANGLE= 57.29578*DATAN2(DSQRT(l.-ARG*ARGl,ARG)

DO 72 I=1,NP
TF(THUTII®TB(I))T4474,72
CONTINUE
TF(SUMB/SSQ-1.0)80,80,74
IF(ANGLE-30.,0)76,76,78



76

78

8¢C

82

86

94

96

S8

160
102

108

111
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MAIN

STEP=0.,5*STEP
GO TO 56
GA=10+*GA
GO TO 50

~==== PRINT COEFFICIENTS AFTER EACH ITERATION —w==-
CONTINUE

DO 82 I=1.NP

TH{I)=TB{ 1)

WRITE(641012) NITySUMBy(THII)1=1,NP)

DO 86 I=1,NP
1F(DABS{P{I)*STEP/E(I))/(1,00-20+DABS(TH(I)})=-STOPCR) 86v86v94
CONTINUE

GO TG 96

SSQ=SUMB

IF(NIT.LESMIT) GO TO 34

~——== END OF ITERATIGON LOOP ———-
CONTINUE
CALL MATINVIDsNP,P)

----- WRITE CORRELATION MATRIX —~=-—
DO S8 I=1,NP

E{I1)=DSQRY(C(1,1))

WRITE{641013) (1,1=1,NP)

DO 102 I=1,NP

DO 100 J=1,1
A(JI,1)=D{JyI1)/(EL])%E(J))
WRITE(G,1014) T.(ALdyI)pd=1,1)

ww=—= CALCULATS 953 CONFIDENCE INTERVAL ——---
Z=1./FLDAT(NCB-NP)

SDEV=DSQRT(Z#5UMB)
TVAR=1.9642%(2.3779+2%(2.7135+2%(3,18793642.466666%71%%2}))
WRITE(6,41C15)

DO 108 I=14NP

SECOEF=E(1)*SDEV

TVALUE=TH{I)/SECQEF

TSEC=TVAR*SECOEF

TMCQE=TH(I)-TSEC

TPCOE=TH(I}+TSEC

J=2%1~-1

WRITE(6,1016) 1,81(J)9BICJ+1),TH{I),SECOEF, TVALUE,TMCOE,TPCOE

---=« PREPARE FINAL QUTPUT -—---
LSCRT{1)=1

D3 116 J=2yNOB

TEMP=R{J)

K=Jd~1

DO 111 L=1,K

LL=LSORT{L)

IF{TEMP=R{LL)) 112+112,111
CONTINUE

LSORT(J)=J
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MAIN

G0 TO 116
112 KK=J
113 KK=KK-1
LSCRT(KK+1) =LSORT (KK )
IF(KK-L) 115,115,113
115 LSORT(L)=J
116 CONTINUE -
WRITE(641017)
DO 118 I=1,NOB
J=LSORTINCB+1=1)
118 WRITE(6,1018) I,XEI)aYOI)oF(I)oR(IDoJ9XUd)oY{d)sF(J),RIS)
120 WRITE(6,1020)
¢
¢ ~=-=-= END OF PROBLEM —-—- , ‘

1000 FORMAT(LH1,10X,82(1H*)/11X,1H*,80X,1H*/ 11X, LH*,10X, 'NON~LINEAR LEA
1ST SQUARES ANALYSIS',37X,1H*/11X,1H*,80X,1H*) '

1001 FORMAT(2044) ,

1002 FORMAT(L1Xy1H%y2CA4s LH*/11Xs1H%, 80X, LH®/11X,82( 1H*) )

1004 FORMAT(5(A4,A2,4X))

1005 FORMAT(5F1040)

1006 FORMAT(515) :

1007 FIRMAT(//11X,*INITIAL VALUES OF COEFFICIENTS'/11X,30(1H=)/12X, 'NO*
156Xy 'NAME ¢ ,9X, *INITIAL VALUE')

1008 FORMATILLXs13,5XsA%rA2y4XsF12,3)

1009 FORMAT(//11X,'OBSERVED DATA',/11X,13(1H=)/11X,"0BS. NO«'5X,® PORE
LVOLUME® ,5X, *CONCENTRATION® )

1010 FORMAT(L1Xs15,5X,F1l2s404XyF1244)

1011 FORMAT(//11X,*ITERATICN® 46X, *SSQ? 94X s5(TXsA4942) ).

1012 FORMAT(L1X,I5,5XoFl1e792Xy5F1345)

1013 FORMAT(///911Xy *CORRELATION MATRIX®/11X,18(1H=)/14X»1004Xs12¢5X})

1014 FORMAT(11X,13,1C(2XyF7u%y2X))

1015 FORMAT(1H1,10X, "NON-LINEAR LEAST SQUARES ANALYSIS, FINAL RESULTS®
1/11X,48(1H=)//72X,'95% CONFIDENCE LIMITS'/11Xy 'VARIABLE®,4X,* NAME®
298Xy 'VALUE® 48X 'SoEaCOEFFa? 33X, ' T-VALUE " »5X, *"LOWER " » LOX, YUPPER® )’

1016 FORMAT(14Xy1296XsA%9A202XyFL26555XsF9e%s4XsFB0292XsFTetesbXyF I0b)

1017 FORMAT(//10X,9(1H-),'CROERED BY COMPUTER INPUT',10(1H=)y 7Xy12(1H=
1)+ 'ORCERED BY RESIDUALS'y12(1H~)/18X, 'PORE 46X, ' CONCENTRATION® ,
26Xy 'RESI=?, 18Xy 'PORE * y6Xy ' CONCENTRATION® 46Xy 'REST=1/10X, 'NO? » 4X,
3'VOLUME® 16X *0BSe y4Xs*FITTED? 16X *DUAL? 410Xy *NO® y4Xy ' VOLUME * y6X o
4'30BSe? 14Xy *FITTED! 46X 'DUAL')

1018 FORMAT(LOXy1294F10e3,10Xy12,4F10.3)

1020 FORMAT(///11X,'END OF PROBLEM'/11Xy14(1lH=))

1021 FORMAT(11X,1K*,10X,* INFINITE PROFILE® ,54X,1H%)

1022 FORMAT(L1Xy1H*,10X, " SEMI-INFINITE PROFILE, L-TYPE BC®,38X,LH*)

1023 FORMAT{11X,1H*,10X,'SEMI-INFINITE PROFILE, 3-TYPE BC',38X,1H%)

1024 FORMAT(11X,1H®,10X,'FINITE PROFILE, L-TYPE BC®,45X, LH*)

1025 FORMAT(LLXo1H#%,10X, *FINITE PROFILE, 3-TYPE BC',45Xs 1H¥)

. STOP .
END
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EIGEN
SUBROUTINE EIGEN(G,P,MODE)
PURPOSE: TO CALCULATE THE EIGENVALUES

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION G(20)

BETA=0.1

$=0.0

IF(MODE+ECQe4) S=1.0

DO 4 1=1,20

J=0

J=Jd+1

IF{J.6T.15) GO TO 3

DELTA==0.2%(-0.5)%%)

BET2=BETA

BETA=BETA+DELTA
A=BET2*DCOS{BET2) ¢(0,25%{2.~S) %P ~S*BET2*%2/P) *DSIN(BET2)
B=BETA®DCCS{BETAI+{0.25%(24,~5S) *P~-S*BETA%*%2/P ) *DSINI(BETA)
IF(A*B)}1,3,2 L

G(I)=(BET2*B-BETA*A)/(B-A)}

BETA=BETA+0.2

RETURN

END
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CONC
SUBROUTINE CONC(C +G,P,T,MODE)
PURPOSE: TO CALCULATE CONCENTRATION C FOR MODE=3,4

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION G(20)

E=Ce0

TOL=.00001
S=DMINL{1.D0295.+40.%7)
IF(P.GE.S) GC TC 4

$=1

IF(MCDE.EC.3) S5=0.5

—====SERIES SOLUTION====-
EX=0e5%P=Co25%P*T

SUM=0,0

pa 2 J=1,10

DSUM=0.0

DO 1 K=1,2

I=2%J+K-2

A=C{I)*DSIN(G(I))
IF{DABS(A)LT.1.D0~04) A=0,0
EXP=EX-G{1)*%2%T/P
DSUM=DSUM+AXEXF(EXPyEN/(GITI)*%k2+0.25%P*P+5%P)
SUM=SUM+DSUM :
[F(DABS{CSUM/SUM).LT.TOL) GO TO 3
CONTINUE

G2 TO 4

C=le=24%5UM

RETURN

AM=0.5%( 1.,-T)*DSQRT(P/T)
AP=0o5%( 1. +T)*DSQRT{P/T)
A=Q,5%EXF(E AM)

B=0.5%EXF(P,AP)

D=DSQRT{ +3183095%P%T ) #Z XF{ -AMXAM,E)
IFIMODELEQe3) C=A+{3.4P+P%T)%8-D
IF(MODELEQ.4) C=A+(3o+o5*P*.5*P*T)*D-(1.+3?*P+P*T*(4.*Z’*AP**2))*B
RETURN ’

END
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EXF
FUNCTION EXF(A,B)

PURPOSE: TO CALCULATE EXP(A) ERFC(B)

IMPLICIT REAL%*8 {A-H,0-2)

EXF=0.0

IF{(CABS{A}oGT»1706) e ANDe (BeLEsOs} )} RETURN

C=A~-Bx8

IF{{CABS(C)eGTe1l70+)eAND.(BsGE.0s)) RETURN
IF(CalTe~17Cs) GT TO 3

X=DABS(8B)

IF{X«GTe3.0) GO TO 1

T=1./‘1.*.3275911*X’ .
Y=TH{,2548266-T*(.2844967-T*(1.421414=-T*(1.453152~-1.061405%T})))
GO TG 2 .
Y=05641896/{X+e5/( X4/ (X#1e5/(X#2./{X4+2e5/%X+10))}))
EXF=Y*DEXP(C)

IF{BelTWa0e0) EXF=2,%4DEXP(A)-EXF

RETURN i

END
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MATINY

SUBROUTINE MATINV(A,NP,8)
IMPLICIT REAL®8(A~H,0-1)
DIMENS ION A{545)4B(10),INDEX(5,2)
00 2 Ja=1,5

INDEX(J,1)=0

I=0

‘HAX"‘IQO

DO 12 J=1,NP
TF{INDEX(Js1)) 12,6,12
DO 10 K=1,NP
TF{INDEX{K, 1)) 10,8,10
P=DABS{A{J,K))
IF(P.LE.AMAX) GO TO 10
IR=J

IC=K

AMAX=pP

CONTINUE

CONTINUE

IF(AMAX) 30,30,14
INDEX(IC41)=1IR
IF({IR.EQ.ICI GO 10O 18
00 16 L=]1,NP
P=A(IR,L)
ACIRSLI=ACIC,L)
A({IC,L)=p

P=B{IR)
BCIRI=B(IC)
BLIC)=pP

I[=]+]
INDEX(I,2¥=]C
P=1l./A11C,IC)
AlIC,IC)=1.0

DO 20 L=1,NP
AUIC,L)=ALIC,L)»P
B(IC)=B(IC)=p

DO 24 K=1,NP ‘
IF(K.EQ.IC) GO TO 24
P=A(KyIC)
A(KIIC"OQO

DO 22 L=]1,NP
A(KtL.SA(KOL"A(lCoL'*P
BIK)=B(K)=B(IC)*pP
CONTINUE

GO T0 4
IC=INDEX(1,2)
IR=INDEX(IC,1)

D0 28 K=1,NpP
P'A‘KQIR’
A{K,IR)=A(K,IC)
AlKyIC)=P

I=1-1

IF(1) 26,32,26
RETURN

END
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MCDEL
SUBROUTINE MODEL(B,YyNIBsX»INDEX,MODE)

PURPOSE: TO CALCULATE CONCENTRATIONS FOR GIVEN PORE VOLUME

IMPLICIT REAL*8(A-H,0-Z)
CIMENSION BL10),Y(90),X(90)INDEX(5),G(20)
E=Ce
K=0
DO 2 Is=4,6
IFCINDEX(I-3).EQ.0) 6C TO 2
K=K+l
B(1)=8(K)
2 CONTINUE
P=B(4)
R=g(5)
IF({P.LEL100.) .AND.(MODEL.GEs3)) CALL EIGEN (G,P,MODE)
DO 6 J=1,N0B ’
DO 4 M=1,2
£=0.0
T=(X{J)+(1-M)I%B(6))/R
IF(T.LE.C.) GO TO 6
AM=0,5%(1.-T)*DSQRTI(P/T)
AP=0,5%(1.¢T)*DSQRT(P/T)
IF(MODE.EQ.0) C=0.5%EXF(E,AM)
IFIMCDE.EC.1) C=0.S*EXFI(EJAM)+0.5%EXF(P,AP)
IF(MODELEC.2) C=0e5%EXF(E,)AM)+DSQRT(3183099%P%T)*EXF(~AM*AM,E)~
10 5% (1. +P+PxT)%EXF(P,AP)
IF(MODE.GE«.2) CALL CCNC(C,6,P, T,MODE)
IF(M.EQe2) GO TO 6
Y{J)=C ‘
4 CONTINUE
6 Y{J)=Y(J)~C
RETURN
END
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