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ABSTRACT

Numerical solutions of the non-linear partial differential eguations
describing the simultaneous movement of water and solutes in a one-dimensional
saturated-unsaturated and non-homogeneous so0il profile are presented. The
effects of linear adsorption and zexro- and first-order decay are included
in the governing transport equation. The numerical solutions are based upon
one finite difference (FD) and-three finite element schemes: linear finite
elements with (MFE) and without mass-lumping (LFE), and Hermitian cubic
finite elements (HFE).

The HFE-scheme always generated the most accurate solutions of both
the moisture and sclute fronts when simulating the infiltration of water
and chleoride in a 125=c¢cm deep soil profile, but this occurred at the expense
of gomewhat more computation time. It is concluded that the FD~- and MFE-
schemes are preferred when infiltration in extremely dry soil needs to be
simulated. The HFE-scheme seems more attractive for less extreme cases.

One of the example problems compares results obtained with the Hermitian
finite element scheme with those generated with a newly developed analytical
solution for sclute movement under steady-state flow conditions. The
example was used to check the programming accuracy of the various decay
terms in the transport equation.

The Hermitian finite element computer model (SUMATRA-1) is listed in
an appendix of this report. As illustrated by an example, the model may be
used to study water and solu=e movement in a one-dimensional, saturated-
unsaturated and non-homogenecus soil profile., Both fairly abrupt layering

and smoothly changing soil profile properties are considered in the model.
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NOTATION
A LT L

Concentration at x

Parameter in Eq. (47} (5 7).

Entries in unknown ccefficient vector {X}.

Coefficient matrix in global matrix equation.

Below diagonal entries of [P].

Coefficient matrix of time darivative in global matrix
equation.

Concentration (ML‘3).

Initial corcentration {ML_B}.

Loy,

]

. . -3
Concentration at x = 0, or of leaching solution (ML 7).

3

Finite element approximation of c (ML ).
Laplace transform of c.

Specific scil moisture capacity (L‘l).
Values of ¢ at nodes (ML-B}.

Diagonal entries of {p].

. . . 2. -1
Dispersion coefficient (LT 7).

Molecular diffusion coefficient (L2T—1).

Dispersion coefficient corrected for numerical dispersion,
to be evaluated at new time level (L2T-1).

Dispersion coefficient corrected for numerical &ispersion,
to be evaluated at old time level (LzT-l}.

Above diagonal entries of (p].

Right-hand side veztor of global matrix equaticn.
Parameter dafined vy Eg. (26a).

Pressure head (L).
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NOTATION (eontinued}:

hi Initial pressure head (L),

hi Pressure head at x = 2 (L).

hO Pressure head at x = 0 (L).

ﬁ Finite element approximation of h (L).

Hi Nodal values of pressure head (L}.

k Distribution coefficient (M TL°).

K Hydraulic conductivity (LT_l).

KA'KB Hydraulic conductivity of soil types A and B (LT-l).

Kcl’Kls Hydraulic conductivity of clay loam and loamy sand (LT-l).

Ks Saturated Lydraulic conductivity (LT-l).

% Hydraulic conductivity distribution over an arbitrary element
(e .

'8 Depth of scil profile (L}.

Ls Cperator on c as defined by Eq. (7).

Lw Cperator on h as defined by Eg. (1).

m Parameter defined by Eg. (47}.

n Parameter in Eq. (47); also used for the number of ecuaticns

in the Galerkin solution of the transport equatiocn.

Py Constants in BEg. (A2).
(p] Global coefficient matrix for new time level.
-1
q Volumetric £lux (LT }.
X -1

Iy 9 Volumetric flux at nodes 1 and n, respectively (LT ).

-1
qq Volumetric flux at x = £ (LT 7).

-1
qO Volumetric flux at x = 0 (LT ).

-2 -1
g Solute flux ML T ).
S



NOTATION (eontinued):

(o] Global coefficient matrix for old time level.

R Retardation factor.

5, Entries of vector {S}.

8 Adsorbed concentration.

{s} Right-hand vector of global matrix equation.

Ss Specific storage coefficient (L'l}.

Sw Degree of fluid saturation.

T Time (T).

t Pulse length (T).

v Average pore-water valocity (LT“l}.

v* Parameter defined by Eg. (43c)(LT_l)-

x Vertical distance (L).

{x} Vector of unknown coefficients.

e First-order liquid phase rate coefficient (T-l).
g FPirst-order sclid phase rate coefficient (T-l}.
Y Zero-order liguid ohase rate coefficient (ML_3T~1}.
At Time increment (T).

Ax Nodal distance {L).

£ Porosity.

e Volumetric moisturs content.

Bi Initial moisture content.

82 Moilsture content at x = %,

80 Moisture content at x = 0.

Sr Residual moisture sontent.

85 Saturated moisture content.

g Moisture content distribution over an arbhitrary slement.
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NOTATION (continued):

2 Dimensionless moisture content.
A Dispersivity (L},
. ., -1
u General first-order decay coefficient (T ).
3 Local ceoordinate.
EO Parameter appearing in definition of basis functions.
. -3,
p Bulk density (ML ).
T Tortuosity factor.
n} General basis functions.
o . . ,
¢j Linear basis functions.
1 1 L. . . .
¢Oj'$lj Hermitian hasis functions,

wvii
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1. INTRODUCTION

The similtaneous transport of water and solutes under transient
saturated-unsaturated conditions plays an important role in many branches
of agriculture and engineering. 1In agriculture many chemicals such as
fertilizers and pesticides, as well as those naturally present in irriga-
tion waters, are routinely applied to the land. Some of these chemicals
will remain in the root zone or will bhe taken up by plant roots, while
others will be subject to leaching, thereby becoming potential contribu-
tors to the pollution of underlying groundwater systems. The need to
limit such groundwater polluticn, yet to let the plants make optimal
use of applied nutrients, makass it necessary to have a clear understand-
ing of the behavior of these chemicals in the unsaturated zone.

The increased use of land for the disposal of a wide variety of
domestic and industrial wastes further accentuates the importance of
understanding transport processes in the unsaturated zone. Without an
adequate insight into these processes, the long-term consecuences of
such waste disposal practices are likely to result in a gradual and con-
tinuous detericration of both scil and groundwater rescurces.

As a natural outgrowtn of the desire of agricultural and environ-
mental engineers to understand chemical behavior in the unsaturated zone,
quantitative descriptions of the relevant transport mechanisms were
attempted. Results of such research can be used to analyze alternative
management practices for minimizing scil and groundwater pollution. This
has led to an extensive body of literature dealing with the numerical
simulation of chemical transport in the unsaturated zone. Most of the

earlier studies on saturated-unsaturated transport have used finite differance



techniques for solution of the governing transfer equations 7, although
recently also several finite element solutions have been publishedle_zz.

It is the purpose of this report to identify and select a construc-
tive model that may be used to simulate the simultaneous flow of water and
solutes in a one-dimensional (vertical) soil profile under transient
saturated-unsaturated conditions. The resulting model is based upon a
Hermitian (cubic) finite element solution of the governing transport
equations, and includes such processes as linear equilibrium adsorption
and zero- and first-order decay. A fully documented listing of the com-
Puter program is given at the end of the report. Results obtained with
the first-order continucus Hermitian finite element Scheme are compared
with those based upon finite differences and two linear finite element
schemes. An example problem, furthermore, illustrates the use of the

Hermitian finite element code for studying solute transport in unsaturated,

non-homegeneous field soils.



2. THEQRETICAL DEVELOFMENT

2.1. Governing equations.

The partial differential equation governing the one-dimensional

vertical flow of water in a saturated~unsaturated medium is given by

= & (g 3 ) S
Lw(h) Z 5% {x Y K} C i 0 (L)

where

C is the specific soil moisture capacity (L-l),
h is the pressure head (L),
K is the hydraulic conductivity (LT_I},

X is the vertical distance (positive down) (1), and

t is the time (T).

*
The specific moisture capacity (C } for a saturated—unsaturated

medium is defined as
cf =8 4 ¥ (2}
e

where

. . . 0
8 is the volumetric roisture content (L7},
€ is the porosity,
S is the specific stcrage coefficient (Lﬁl), and

s is the degrese of fluid saturation.



The second term on the right-hand side of (2) is zero for a completely

saturated medium. The term containing SS in (2), on the other hand, will

be insignificantly small compared to the second term when the soil becomes
*

unsaturated. C 1in that case will be closely approximated by the slope

of the moisture content = Pressure head curve, i.e.,

*
~ 89 (3)

Equation (1) is highly non-linear in the unsaturated zone because
both the moisture content and the hydraulic conductivity are functions
¢f the pressure head. This study does not consider hysteresis in any of

these functions.
The initial condition of the system is given by

h(x,0) = hi(x) . (4)

Cne of the following two boundary conditions may be specified at the soil

surface (x = Q)

h{o,t) = ho(t} {5a)
x &,y = q_ (t) (5b}
- oox -0 o

where qo(t} represaents the actual (net) flux at the soil surface (precipi-
tation + irrigation - evaporation). Similar boundary conditions may also

be applied to the lower boundary of the soil profile (x = 1), i.e.,



h{Z,t) = h, (t] (6a)

or

= qﬁ(t:) {(6b)

where qg(t) represents the imposed drainage flux. For a free draining

profile qR(t} equals ¥ at x = £, and (6k) reduces to

gh

x =0 (6c)

x=£

The governing eguation for chemical transport under transient

flow conditions is taken as

3 .. 3¢ ' 3 '
LS(C) T (50 i qc) - FYs (Bc + 25) + afc + BpS + ye {7

where

c is the seclution concentration (ML-3),

D is the dispersion coefficient [LZT-I),

s is the adsorbed concentration,

q 1is the volumetric flux (LT-l),

-1

o is a first-order rate constant (liguid phase) (T 7).,
B is a first-order rate constant (solid phase) (T_l),
Y is a zero-order rate constant {liguid phase) (ML'3T-I], and

0 is the bulk density (ML ).



The solution of (7) requires knowledge of both the moisture con-
tent (@) and the volumetric flux (q). The moisture content is assumed tc be
a4 unigque function of the pressure head (h), and can therefore be obtained
from solutions of Eq. (1). Alsc the volumetric £lux follows immediately

from solutions of (1) by making use of Darcy's law as follows
q=-K—+ K (8)

The dispersion coefficient (D) represents the effects of both molecular

diffusion and mechanical dispersion, and is assumed to be adequately

defined by
1

D=pD7T + Aiv| (9)

whare
. Y . .. 2 -1

DO is the molecular diffusion coefficient (L°T ™),

T is the tortuosity facter,

A is the dispersivity (L), and

. -1
v (= a/B) is the average pore-water velocity (LT ).

The solution cf (7) reguires an expression relating the adsorbed
concentration (S) with the solution concentration {c). Several models
for adsorption or ion exchange are available for this purpose, such as
equilibrium and kinetic models. In this study only single-ion equilibrium
transport is considered, and the general adsorption isotherm is described

Ey a linear {or linearized) igotherm of the form

[a )]



S=kec {10)

where k is an empirical constant (M-lLB). Substitution of (10} into (7}
gives
L (¢) = g— (8D gc - qo) - 3 (BRc) + (08 + Bpkle + vE (11)
s X ax ' ot pric * ¥

where the retardation factor R is defined as
R=1+825, - (12)
The initial condition for the concentration is given hy
ci{x,0) = ci(x] . . (13)

The following mixed {(or third-type) boundary condition may be specified

at the soil surface

['qo(t) co(t) if g (t) >0

3¢

(8D 7— + gc) = < (14a)

=)
0 if qott} <0

where qo(t) is the same as in (5h), and where cO{t) is the concentration
of the infiltrating water. Note that the solute flux becomes zero during
periods of evaporation (qo <) and redistribution (qO = 0). In scme
cases it may be necessary to specify a first-type boundary condition at

the soil surface., In that case (l14a) should be rsplaced by



c(0,t) = co(tJ . {14b)

The following boundary condition at x={ may be used when a free

draining profile is considered

. (15a)

In some cases it may ke necessary to specify a first-type boundary condition
at the lower boundary of the soil profile; for example when, during periocds

of excessive evaporation, the profile is in contact with saline groundwater.

In that case one has

c{,t) = cgft) (15b)

where ci(t) is the concentration of the groundwater. Equation {(15b) holds

only for upward flow of water at x=%, i.e., for qg(t) <0.



2.2. Numerical solution of the sransport gauation,

Galerkin-finite elemen- techniques were used to solve the govern-
ing flow and transport equations. The numerical solution of tha flow
equation was given in a separate report23, and only the soluticn pro-
cedure for the transport equation will be given here.

In the finite element approach the dependent variable, c, is
approximated by a finite series of the form

~ n
clx,t) = cle,t) = ) ¢.(x) a.(t) (16)
51 3 3

where the Qj(x) are the selected basis (or shape) functions, and the aj(t)
unknown, time dependent coefficients which represent soclutions of (11} at
specified points ("nodes") within the solution domain. The approximate
solution g(x,t) will converge to the correct solution c(x,t}) whenn in-
creases to infinity. Because only a finite number of basis functions are
used in (16), it must be evident that the residual Ls(g)' obtained by
substituting (16) into (11), will not become zers but attain a certain
non-zerc value. The residual, however, may be minimized by making LS(;)
orthogonal to 2 set of mutually independent weighting functions. 1In the
Galerkin method these weighting functions are chosen to be identical +o

the basis functions ¢j(x] in (16), resulting in the following set of n equa-

tions in n unknowns

L)

. (x) a.(t)] 6, (x) dx = 0 i=1,2,....,n (17)
° 421 3 ] 1

Substitution of (l1) into (17) and further simplification will lead to a



set of n ordinary differential equations of the form
(514
[a] {x} + [B] 5} = {7} (18)

where the coefficients [A], [B] and {F} represent arrays which are func-
tions of the spatial coordinate, and where {X} is a vector containing the
unknown, time dependent coefficients aj(t)-

The analysis leading tc (18) is characteristic of most finite
element solutions of (1), or similar transport equations, and shows
that the Galerkin method is used-only for approximation of the spatial
derivatives while the time derivatives have been left intact. Although
the finite element methcd could be sasily extended to also include integra~
tion of the time derivatives in (1l), such an approach would become un-
necessarily complicated and probably also computationally inefficient24.
The common approach, therefore, has been to solve (18) by finite difference

19,20,25

methods For a centered-in-time, Crank-Nicolson, appreach, for

example, this will result in the following difference scheme

1 t+ht t 1 t+At t
sa) ({x} + k) o+ 2% 3] (x) - (X} = {F} (19)
where At is the time increment used in the numerical calculations. Although
the scheme based on (19) is second-order correct in time, it has been shown
to frequently produce oscillations in computed concentration distributions,

, 26,27 .
especially when a sharp concentration front is simulated 6 . This

oscillatory behavior is generally most ssrious for large values of the

dimensiconless group gAx/(8D), in which Ax represents the element size.

10



Instead of (19) one could also use a backward-in-time (implicit)
finite difference schame of the form

[a] (x}F78F 4 %—t— (8] (x}"*%F (3% = o) . (20)

This appreoach, leading to a Ffirst-order approximation of the time derivative,
effectively removes the oscillations but unfortunately, often at the expense
of a smeared concentration front26'29.

Some of the problems associated with the occurrence of undesired
oscillations and excessive numerical dispersion can be eliminated by making
use of a higher-order gscheme for approximation of the time derivative. Such
a higher-order integration scheme will become especially attractive when, as
in this study, higher-order basis functions are used in the finite element

7 .
»28 have shown that very accurate sclutions

, . .2
formulation. Earlier studies
of the one-dimensional convective-dispersive equation (Eg. 21 below) can

be obtained through the introduction of appropriate dispersion corrections.

de 3¢ B¢
gz'— D - - Y = (21)
ax

It is shown in Appendix A that dispersion-corrections can be obtained also
for the transient flow case (Eg. 1l). For the present analysis this is

accomplished by redefining (11) as follows (see Appendix A for the derivation)

11



L o) = (3rc) A U (oroy ®
- At
1 3 - 5n t+AL
-3 [55 (8D == - qc) + (a8 + Bpklc + yg]
103 + de t
- 5-{5;-(6D To - Gc) + (0B + Bpklc + y8] =0 (22)
whera
- 2:1\.t
D =0 = %m (23a)
68°R
+ 2pe
D =D + g'—2'—' (23}3}
668°R

Equation 22 is essentially a centered-in-time, Crank-Nicolson type scheme
with correction factors applied to the dispersion coefficients. Note that
the correction factors are different for the old and new time levels.

The finite element analysis, starting with (22) instead of (11),
proceeds aleng familiar lines. Substitution of (22) into (17} and integra-

tion by parts of the spatial derivatives yields the following matrix equation

(2] 8% (08 1 [0]F (x)® 4 (s} (24)

with the different arrays given by

e ab dé.
- Top™ —3 L SR
[PijJ = J (360" = W) ot Ge 9 b6 Jax (25a)

12



{si}

{xi}

and where

[1a]
"

e
It

Equation (24) shows that the coefficient matrices [P] and [Q] are evaluated

2 a6
j (- Lep? % 0
2

O
A h t+AL t 1, t+AL
= [ 37(8 + 8) ¢idx - E{qs
0
= a,
1
%{ae + fipk}
dc ~
-8D§';+ qc

t

+ q5)¢‘

1

. X . B8R :
ax q¢j) ax Tt 9 2 ¢inx

2

0

{25b)

{25¢c)

(25d)

(26a)

(26b)

at the new and old time levels, respectively, but that the vector {S}

(Egq. 25¢) contains parameters which have to be evaluated at both time

levels. The unknown c¢oefficients a, are obtained by evaluating the integrals

in (25) and subsequently solving matrix Eq. {(24).

~

The aprroximate solution

cix,t} follows then immediately upon substitution of these coefficients

into (1&}.

13



2.3. Basis Functions

To facilitate evaluation of the integrals appearing in (25), the
soil prefile may be subdivided into an assemblage of subdomains or "ele-
ments". The basis functions ¢j(x} are then used to spatially approximate
the unknown function over each element separately. Several sets of basis
functions are available for this purpose, such as the zero-order continuous
linear, quadratic or cubic basis functions. These functions characteristical-
ly attain a unit value at one nodal point of the element, and a zero value
at the remaining nodes, while they are identical to zero outside the elemenﬁ
considered. From this definition it follows immediately that the integrals
in (25) only need to ke evaluated once over each single element, and that
the unknown coefficients aj(t) now coincide with the values of the dependent
variable, ¢, at the ncde for which the basis function was defined. For a
linear, one-dimensional element, for example, Eg. (16) reduces to

~

clx,t) = Cl(t) ¢?{x} + C2(t) ¢g{x) {(27)

where Cl[t} and C2(t) represent the unknown concentration values of the
two corner nodes of the element. The basis functions $g in (27) can ke

. . , 30
written in terms of a local (f) coordinate system, as follows

o _1
7 = 2(l+EOE) (28)

where €O=i;. The local coordinate £ is defined in terms of the global

coordinate system x, as

14



2{x-xl)
g = —E;——- -1 (xl < x < x2) (29)

where Ax =(x2-xl) represents the nodal distance of the element considered.
A special c¢lass of basis functions is based on Hermitian poly-
nomials. If these are used, one not only solves for the values of the
function itself, but also for the values of the spatial derivatives. For
example, the approximating function ;, when used on conjunction with the

one-dimensicnal, first-order c¢ontinuous cubic (Hermitian) basis functions,

becomes

c{x,t} =

1 1 dcj
j ¢Oj(x> C (e + ¢1j‘x’ —;—(t)} (30}

d

[ e |

1

. . 31
with the Hermitian basis functions, in terms of the g-coordinate, given by

S L - ‘

Py = = ZE+ENTEE -2) (£,=+1) (31a)
1 Ax 2 _

Py = 5 So6¥E ) T(EE-L) (Ey=+1) (31b)

Figure 1 gives a graphical representation of the four basis functions defined

by (31).
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Fig. 1. First-order continuous Hermitian basis functions32.
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2.4. Numerical implementation

Several approaches are possible for evaluating the integrals in
(25). One approach would be to expand the different coefficients under
the integral signs in terms of the basis functions and the values of the
coefficients at the element corners, analogous to (27) and (30) for linear
and Hermitian elements, respectively. For linear elements this is accomp~

lished as follows

£ = £,69(8) + £,00(5) (32)
~

where f represents spatial approximations for any of the coefficients (or
group of coefficients) in (28): (8D), q, (6R), g, or (y8), and where
fl and f2 are the values of these coefficients at the corners of the element.
The advantage of this approach is that the integrations need to be carried
out only once, thereby minimizing computational effort. Application of
{32) to each of the terms in [Pij] (Eq. 23a} and direct integration of the

spatial integrals leads to a tri-diagonal matrix of the form

B -
dl e:l 8]
b2 cl2 e2
2] = (33)
bn—l dn-l en-—-l
0 b d
n n

17



The entrias bi’ di, and ei of [P] are given in Table 1. A comparison of

(25a) and (25b) shows that the entries of [0] will become nearly identical
to those of [P] in Table 1, except that in the equations D-, q, and g have
toe be replaced by (-D+), (=q), and (-g), respectively. For the entries S5

of the vector {s} (Eq. 25¢) one obtains:

_ i
S) =2r) +r, ¥+ 2[qs{0,t+r‘lt) + qS(O,t)] {34a)
s; = ri-l + 4ri + ri+l (i =2,...,n=1) {34b)
s = r + 2r - -l—[c (2,e+4%) + q (2,t)] {34c)
n n-1 ‘n p gty - g \or

where

L Ax t+At t

roo= 35, (6; +8 . (35)

The expansions above are obtained with the assumption that the
nodal distance (Ax) is identical for all elements. The derivation of the
coefficient matrices remains essentially the same for varying Ax, except
that the final expressions will become more complicated,

It is also possible to evaluate the integrals in (25) numerically,
for example by using Gaussian guadrature. The pressure head distribution
(;) over each element is, for this purpose, first obtained from the solutions
of the flow equation by making use of an expansion similar to (27) for

linear, and (30) for Eermitian elements. This leads directly to estimates

of the soil moisture content (8) and the hydraulic conductivity (K) at

1le
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~

each numerical integration point. Differentiation of h with respect to
X, furthermore, gives an estimate of the pressure gradient distribution
over each element, information which in turn is used to calculate the
volumetric flux (q) at each integration point. The dispersion coefficient
subsequently follows from (9). For nen~homogeneous soils it is also neces-
sary to obtain estimates of the bulk density (p), the distribution constant
k), the dispersivity (A} and the rate coefficients a, 8, and Y at each
integration peint.

An obvious disadvantage of numerical integration is that the inte-
grals in (25) need to be integrated every time step. This is because
8, D, and g are functions of time. The first approach, direct integration,
was consequently follewed in the case of linear basis functions since this
approach resulted in an efficient and fairly accurate scheme. Poor results,
however, were obtained when this approach was used in the case of Hermitian
basis functions, especially for sclution of the flow eguation (Eq. 1)23.
The second approach, numerical integration, was hence used in conjunction with
Hermitian elements. A five-point Lobatto integration scheme was used for
that purpose (see Eq. 25.4.32 of Abramowitz and Stegun33}. Lobatto integration
has a distinct advantage over Gaussian integration in that this method locates
some of the integraticn points at the element corners. Inspection of Fig. 1
shows that the Hermitian basis function or their gradients become zero at
least at one, and in some cases at both corner nodes. Several of the terms
in (25) hence reduce to zero for the nodal integration points, thereby reduc-
ing cemputational effort and leading to a more efficient numerical integraticn

23
method ") .

An alternative linear finite element scheme may be obtained by

20



applying mass lumping to the time derivative. This approach was first used
34 , . ,

by Neuman Lo enhance numerical convergence when simulating infiltration

in extremely dry soil. Mass lumping in time was achieved here by approxi-

mating the last terms in (25a) and (25h) by

%

£ £
J [%% + g}¢j¢idx = { %% ¢, dx i-f

b, ¢, dx 36
. I gmj¢l {36)

0

Substitution of (36) into (25a) and (25b) and subsequent direct
integration of the spatial integrals analogous to the procedure outlined
sarlier leads to slightly different equations for the entries bi’ di’ and
e, in [P] {EqQ. 33). Table 2 gives appropriate formulas for these entries.
The matrix [Q] will become tre same as the new matrix [P] provided that
D, g, and g are repleced by (~D+), {(-q), and (~g). The vector {S}, of
course, is not affected by mass lumping.

Another scheme considered in this study is based on a finite differ-
ence approximation of the transport equation. Applying standard finite dif-
ference techniques to the derivatives in (11} and including the same disper-
sion corrections as before (Ex. 23) leads to a final matrix equation of the
type given by (24). The matrix [P] in this case becomes slightly different
than for mass-lumped linear finite elements (ses Table 3). The vector {s}
remains the same as before, waile (0] follows again from [P] by replacing

D, q, and g by (—D+), {(-q), and (-qg), respectively.
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3. RESULTS

Three example problems will be presented in this section. The first
one considers the often quoted field infiltration experiment of Warrick et
a1.35[see also Breslers, Ungs et aZ.lz, Gureghian et aZ.lS, and Segolzl];

The example is used to study the accuracy of the four numerical schemes
discussed in the previous section (i.e., finite differences, linear finite
elements, mass~lumped linear finite elements, and Hermitian finite elements).
The second example considers the movement of a chemical undergoing adsorption
and decay in a one-dimensicnal soil Profile under steady-state flow and
constant moisture content conditions (g and § are constants)., Numerical re-
sults are compared with those based on an analytical solution, leading to a
verification of the different rate terms in the transport equation. The
third example, finally, illustrates how the Hermitian finite element code
SUMATRA-1, listed in Appendix €, can be used to study water and solute move-

ment in a non-homogenesus and layered field soil.

8.1. The infiltration experiment of Warrick et al.

In this exampls (Warrick et a1.35) water and chloride are allowed to
infiltrate into a 125-om deep, homogeneous soil profile having the following

hydraulic properties:

0.6823 - 0.09524 In(|h]) h < ~29.484
6(h) = { (37a)

0.4531 - 0.02732 1n(|n]) -29.484 < h < -14,495
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4

19.34 107 |n]73-40%3

h < -29.484

K(h) (37b)

|—O.97814

516.8 |h ~29.484 < h < -14.495

where the hydraulic conductivity is given in cm/day, and the pressure

head in cm, The initial and boundary conditions are as follows:

0.1500 + 0.0008333 x 0 < x < 60

8(x,0) = (38a)
0.2000 60 < x < 125

c(x,0) = O. (38b)

h(0,t) = -14.495 (8_ = 0.38) (38c)
209 0 <t < 0.11667

c(0,t) = (384)
0. t > 0.11667

B(125,t) = -159.19 (8, = 0.20) (38e)

¢ (125,8) = 0 (385)

dx T

where the ceoncentraticn is given in meg/liter. The initial condition
{38a) defines a linear increase in the soil moisture content to a depth
of 60 cm. The equivalent pressure distribution at t=0 follows directly
from (38a) by making use of the so0il moisture retention curve (Eg. 37a).
The present example was used to evaluate the accuracy of the four

numerical schemes discussed above, i.e., finite differences (FD), linear
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finite elements (LFE}, mass-.umped linear finite elements (MFE), and
Hermitian finite elements (HFE}. Figures 2 and 3 show the computed
moisture distributions versus depth, while the corresponding seolute dis-
tributions are presented in Fig. 4 and 5. The solid line in each figure
represents the assumed "correct” solution, and was obtained by using
increasingly smaller spatial and time increments until all four schemes
(FD, LFE, MFE, and HFE) generated the same results. A constant spatial
increment (Ax) of 2.5 cm was used for the three zero-order continuous
schemes (FD, LFE, and MFE), while the Hermitian finite element scheme
used a Ax of 5 cm.

Pigure 2 shows that the FD and LFE-schemes generate moisture dis-
tributions which deviate slightly from the correct one, especially near
the toe of the wetting front. Some small oscillations are also prasent
near the toe of the mcisture front for the LFE-scheme. These oscillations
are characteristic of those cases where sharp moisture {and pressure)
fronts are simulated. Figure 2 shows that the oscillations are only sig-
nificant during the early stages of infiltration, and that they gradually
disappear in time. It appears that, at least from a practical point of
view, these oscillations are of miner importance, especially if cne is
aware of the numerical reason for their presence. The magnitude of the
oscillations can be decreased by using small spatial and time increments.

Results obtained with the MFE-scheme (Fig. 3) are nearly identical
te those obtained with the LFE-scheme, except near the toe of the moisture
front. No oscillations were observed when mass-lumping was applied to the
linear finite element scheme. Mass-lumping, hence, is very effective in

removing the undesired oscillations.
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Fig. 2. Moisture conuent profiles obtained with finite differences

(FD) and linear fin:te elements (LFF)
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(MFE) and Hermitian finite elements (HFE)

28



10

20t

o
@

DEPTH (cm)
H
O

S0

60

Correct Solution

70 ; l 1 l I [ l | |
0 S0 100 150 200 250

CONCENTRATION , ¢ (meq/liter)

Fig. 4. Chloride distributions versus depth obtained with finite dif-

ferences (FD) and linear finite elements (LFE}

29



0 ] S O
10 -—
__ 20 —
£
3 -
* 30/ _
I —
—
o
a 40 -—
-l -
O
» 50 _
60 — ===---~ MFE (Ax=2.5 cm)
00000 HFE (Ax=5.0¢m)
4 Correct Solution
ol&—1 1 1 41 4
O 50 100 150 200 250

CONCENTRATION, ¢ (meg/liter)

Fig., 5. Chloride distributions versus depth obtained with massg-lumped

linear (MFE) and Hermitian finite elements (HFE)

30



The most accurate results were obtained with the Hermitian finite
element scheme (Fig. 3). The numerical solution, obtained with a 5-point
Lobatto integration scheme, is nearly identical to the correct solution,
except again for a few oscillations near the wetting front. Approximately
the same results were obtained with a 4-point Gaussian quadrature scheme.
Application of lower-crder integration schemes, on the other hand, such as
4-point Lobatto and 3-point Gaussian gquadrature, resulted in computed
distributions which lagged slightly behind the correct sclution., A more
extensive discussion cf Fig. 2 and 3 is given in an earlier report23.

Compuated chlcride distributions versus depth are shown in Fig. 4
and 5. The most accurate results were again obtained with the HFE-scheme.
Also the FD- and MFE-schemes generated fairly accurate results, albeit less
than for the HFE-scheme. Results obtained with the LFE-scheme were consider-—
ably less accurate than those for the other schemes. It appears that most
of the observed deviations between the LFE-results-and the correct solution
were generated during the early stages of infiltration (Fig. 4). Some
serious oscillations in computed solute distributions were observed at that
time, resulting in a deeper penetration of the solute front after two hours.

Figures 2-5 demonstrate that the first-order continucus Hermitian
finite element scheme generatss solutions which are superior to those
obtained with the three zero-order continuous schemes. Unfortunately, this
was accomplished with approximately two times as much computer time.
Several reasons account for this. First, the HFE-scheme generates matrix
equations for hoth flow and transport which have a bandwidth of 7, while
the three zerc-order continucis schemes produce matrix equations which have
a bandwidth of only 3. Hence, much more time is needed for solution of the

Hermitian glcbhal matrix equation. Second, numerical integraticon technigques
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were used to evaluate the integrals of Eg. (25) for the HFE-scheme. This in
itself already leads to more computer time, but, in addition, forces one to
a more time-consuming element by element asgembly of the global matrix
equations. The HFE-scheme hence does not immediately present an attractive
alternative to the otker schemes, unless its relative accuracy dces not
change dramatically with an increase in the element size Ax. To study this,
several computer runs were made with different spatial increments. Doubling
the element size, for example, still led to fairly accurate descriptions of
the moisture and solute fronts, although now some more serious oscillations
did appear in the computed moisturs distributions23. The computer time in
this case, however, was reduced by a factor of about three, and hecame
roughly equal to the computer time needed for execution of the various
zero-corder continucus schemes.

The various curves in Fig. 2, 3, 4, and 5 were obtained with first-
type, constant pressure and concentration boundary conditions imposed at the
scil surface (Eq. 38c, 383). Several computer runs were alsc made for the
case where a constant flux is imposed, i.e. Egq. (5b) and (lda) with q, = 37.8
cm/day (equal to the hydraulic conductivity at a moisture content of 0,38
cm3/cm3) and c, = 209 meq/l. Considerably hetter and nearly identical results
were now obtained with the three zerc-order continuous schemes (FD, LFE, and
MFE}. The HFE-scheme, however, remained the most accurate one of the four.
Required computer times, when using a flux-type beoundary condition, were
approximately 25% less than when a first-type boundary condition was used
{see also van Genuchten23).

From the examples given here and sewveral other numerical experiments
it is concluded tht the FD- and MFE-schemes will generate the most stable

solutions when a steep moisture front is present, e.qg., during infiltration
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into a very dry, coarse so0il. The resulting solutions, however, may diverge
somewhat from the correct ones when the simulation progresses in time, while
the calculated wetting fronts could become more dispersed (less steep) as
compared to the correct fronts. The HFE-scheme seems superior in locating
the correct spatial location of the moisture and solute fronts, although some
oscillations may develop near the toe of the wetting front, especially when
large elements are used. If some minor oscillations are permitted, the
HFE-scheme becomes very competitive with the FD- and MFE-schemes. In many
cases no sharp concentration fronts need to be simulated. In that casge the
Hermitian finite element scheme becomes very attractive because much larger
spatial and time increments are allowed with this method. For the more
eXtreme cases, however, it appears that finite difference and mass-lumped

finite elements will generate the best results.

33



3.2. Effects of production and decay on solute tremsport.

This example considers the effects of the different rate coeffi-
cients in the transport equation (Eq. 11) on solute movement under steady
flow and constant moisture content conditions. The example is included to
verify the accuracy of the Hermitian finite element code listed in Appendix
C.

For steady flow (g is constant) and a profile at constant moisture

content (9 is constant), the transport equation (Eq. 11) reduces to

2
de 3°c dc
R'a"E'—-Da—;'z-—Vgg—-U.c+Y {32)

where U represents the combinad effect of linear decay in the solution and

absorbed phases:

H=- (G - __e-_) - {40}

Note that U here is taken to be positive for decay and negative for produc-
ticn.
Equation (39) will be solved for a semi-infinite profile and the

following initial and beoundaxry conditions

c(x,0) = ¢. {(41la}
1

Ve 0<t<¢t

(41b}
%x=0 iJ t >t
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where s and ¢, are assumed to be constant. The analytical solution,

derived in Appendix B, is given by

_ X
{co u} cl(x,t} + cztx,t) 0 <t < ¢t
clx,t) = (42}

-5 . - -
(co U) _l(x,t) + cztx,t) <, cl(x,t to} t >t

where
{(v=v*)x Fx = v*¢
e, {x,t) = —  exXp [—-—-—:I erfo [————-—-—]
1 (v+v¥) 2D 2 (DRE) Lk
' (v+v*)x Bx + v*t
+ axp [—-———] erfc [~——-—————-—]
(v-v*) 2D 2 (DRe)
2 vX g R + vt
v 1 ; v
+ == exp (~ - =} erfc [-—-———-] (43a)
2uD D R 2(DRt)lz

c,{x,t) = (1:];-" ci) exp (= Kt { lerfc[_RX_‘Et_]

2 L 2Dty ?
, 1/2 2
+ (E__t_) ! . (Rx - wvt)
TRD eXp ADRE
1 v v2t vx Ry + vt
-+ eI e (B erfc[ ;2]-1
2 (DRE)
+ L (43Db)
U
and
5 1/2
v* = (v° + & TD) (43¢)
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Analytical and Hermitian finite element results for two specific
cases are compared in Fig. 6 and 7. Figure 6 shows solute distributions
for a chemical {e.g., a pesticide) undergoing linear adsorption (R > Q)
and linear decay (M > 0) in a 100-cm deep soil profile. Parameter values

for this example were, rather arbitrarily, chosen as follows

37.5 cmz/day

v = 25 cm/day D =

p = 1.4 g/cm3 8 = 0,30 cm3/cm3

k = 0.5 & = -0.10 1/day

B = -0.05 l/day Y = 0.0 meq/liter/day
c, = 0.0 meg/liter e = 1.0 meg/liter

t = 5.0 days

It is evident Ifrom Fig. 6 that analytical and numerical results are
essentlally the same. The dashed curve was obtained without decay (@ =B =
= 0}, and is included to accentuate the effects of the first-order decay
terms on the calculated distributions. Equations (41) and (42) for no

decay reduce t036
-c . <t <
c, + {co ci) cl(x,t) 0<t<t
c(x,t) = (44)

- e - - >
ci + (co ci) cl(x,t) cO cl(x,t to] t> ¢t

where
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Calculated concentration distributions versus depth for a chem-
ical undergeing linear adsorption and linear decay during
steady leaching through a 100 cm deep s0il profile. The dash-
ed line was obtained without decay. Values of the different
parameters used in the calculations are given in the text.
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Caleulated concentration distributions for a chemical under-
going linear adsorption, linear decay, and zero-order produc-
tion during steady leaching through a 100 cm deep soil profile.
Numbers at the curves indicate times in days after leaching
was initiated. Values for the different parameters used in
the calculations are given in the text.
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2. K 2
cl(x,t) -1 erfe {E- Vt] + L;:—D-%) exp [M]

2 2(DRt)H 4DRt
1 VX v2t Rx + vt
- E exp(vx/D] {1 + —5 + _D-E) erfc [_"""‘—"‘] (45)
Y
2 (DRt)

Figure 7 presents a more general case where, in addition to linear
adsorption and linear first-order decay, also a first-order production term
is present (Y > 0). The profile, initially having a concentration of 10 meg/
litef is leached continuously (tO large} with solute-free irrigation water
until a steady-state solute distribution is obtained. The steady-state dis-

tribution follows immediately from (42) and (43) by letting t go to infinity:

= Yy Y {v-v¥ix| L Y
cl(x,t) 2(co e exp[: o ] + m {46)

The curves in Fig. 7 were obtained with the same parameter values

as before, except for the following changes

Y = 1.0 meg/liter/day c 10.0 meg/liter

t > x> c

o o 0.0 meg/liter

It is emphasized here that Eg. (11) and {39), or appropriate simpli=-
fications therecf, have found widespread application in soil science, environ-

mental engineering and water resources. Scome of the known applications include

37,38,39 9,40
r

the movement of ammonium and nitrate in soils y besticide movement

9,41

) . 1 . . .
the transport of radioactive waste materials " ~, the fixation of certain

‘ . . . . 43,44
iron and zincg chelates42, and the precipitation or dissolution of gypsum ' 145

4 . . .
or other salts 6. The Hermitian finite element code (Appendix C), hence, may

find useful application to any of these problems.
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3.3. Water and solute movement in a non-homogeneous gotl vrofile.

This example considers the infiltratien of a pulse of water and
a dissolved chemical inte a non-homogeneocus and layered soil profile.
Following infiltration, water and solute are allowed to redistribute
under the influence of gravity and a small evaporation rate at the soil
surface. The flow part of this example was discussed in detail in a prev-
ious report23, and only a brief description of the numerical experiment
will be given here.

Figure 8 gives a schematic cross-section of the assumed soil pro-
file. A clay loam layer is present immediately below the soil surface
to a depth of 25 cm, where it changes fairly abruptly to a loamy sand.
Between 25 and 75 cm the soil changes smoothly f?om a locamy sand to a
sand. A dense (restricting) layer is loccated between 75 and 87 cm. The
dense layer, in turn, is underlain by sand down to a depth of 170 cm. The
following models were used to describe the hydraulic properties of the dif-

ferent soil materialszB'47

tes-er)
A = Sr + ~ {m = 1-1/n) {47)
[1+(a]n|) "]
M 1/m.m 2
K=K O [1 - (1-87"""] (48)

where Gr and 85 are the residual and saturated moisture contents, respec-
tively, o, n, and m =(1-1/n) are parameters characteristic of the particular
seil material, KS is the saturated hydraulic conductivity, and ® is the

dimensionless soil moisture content, defined as
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Fig. 8. Schematic cross-section of the soil profile used in sxample 3.
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B -8

o r
2= _.._._........_......_9 — 8 {49)
5 r

The equation for the hydraulic conductivity was obtained by substituting
(47) into the predictive conductivity model of Mualem48 (Eg. 21 of Mualem).
An extensive discussion of Eq. (47} and (48) is given by van Genuchten47
Values for the different parameters appearing in three equations are giwven
in Table 4 for each soil type used, Figures 9 and 10 present graphical

interpretations of some of the resulting curves.

Table 4. Constants used to describe the soil-hydraulic properties of the
nine soils of example 3.

Br ES o3 n Ks SS

Soil Wo. (cm3/cm3) (cm3/cm3} (cm_l) (=) (cm/day) (cmﬁlJ
1. {Clay Loam) .20 .54 .008 1.8 25. 4.1077
2. (Dense Layer) .25 .40 .009 3. 10.° 5.107°
3. (Loamy Sand) .17 .47 010 2. 75, 1.1077
4. 1611 4611 .01036 2.178  132.2 1.1077
5, .15 .45 .0108 2.4 205. 1.1077
6. .14 .44 .0112 2.6 270. 1.1077
7. L1311 .4311 01156 2.778  327.8  1.1077
5. .1244 .4244  .0l182 2.911 371.1  1.107
9. (Sand) .12 .42 .012 3.0 400. 1.1077

Values for the parameters needed in the solute transport part of
the model are given in Table 5, Figure l1l shows how some of these parameters

change with depth. Note that the distributions remain continuous, even
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across the boundaries between two different soil types. This continuous
change of the soil properties versus depth is a direct consequence of the
fact that Hermitian basis functions are used in the simulation. The follow-
ing example may clarify this. Suppose that the soil would c¢hange suddenly
from a clay loam to a loamy sand at x=25 cm (Fig. 8). Continuity of the
soil moisture flux, g, across the interface requires that

q=x, - =x_ a-B (50)
where the subscripts ¢l and ls indicate evaluation in the clay loam and
lecamy sand layers, respectively. Because the Hermitian finite element
scheme generates a continuous pressure gradient distribution versus depth,
it follows immediately from (50) that alsc the hydraulic conductivity has
to be continuous across the interface between the twe lavers, i.e., that
Kcl=Kls for all pressure heads. It is clear that this can be the case only
when the so0il changes in a continuous manner from clay loam to loamy sand
As a result of this also the soil meoisture content, or any other soil
property will change continuously across the interface.

Several apprecaches are possible for modeling the continuous change
of cne goil material into another one. In this study Hermitian basis func-
tions are used to interpolate scoil properties between two gonsecutive nodes
when an “"abrupt" (but continucous} boundary is present, such as is the case
between the clay loam and lcoamy sand layers at x=25 ¢m in Fig. 8. Suprose,
for example, that the hydraulic conductivity, X, needs toc he evaluated cver
a gertain element having corner nodes at x=x, and x=x_. (Fig. 1l2a). Let

1 2

the conductivity-pressure head curve at x, be given by KA(h}, and at X, by

1

KB(h). The pressure head distribution between X and X, is given by
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de dH

Y 1 1
hix) = 0 (8) By + 81 (5) g+ 00, (D) B, + 6L, () 2

& (51)

. . 1
where the basis functions ¢ij(€) are given by (31) and £ by (29)}). The
hydraulic conductivity distribution between Xy and x, is now approximated
by

”~

X(x) = ¢él (E) K, (h) + ¢éz (£). %, (h) (52)

Relations similar to (52) are alsc used for the soil-moisture content,
®(x), the soil-moisture capacity, E*{x), and for anf of the parameters
listed in Table 5.

A slightly different approach is followed when the soil properties
change smeothly with depth, such as is the case between x=25 and x=75 cm
in Fig. 8. Except for the three rate coefficients (o, B, and v), all
parameters in Tables 4 and 5 are assumed to change linearly with depth
between x=28 cm (the first node located in the loamy sand) and x=73 cm
(the node located in the sand). Because the parameters a, n, Br, 85, and
KS change linearly with depth in this intexval, and because of the non-
linear properties of Eg. (45) and (486), it is not expected that the result-
ing K(h) and 8(h) curves also will change in a linear fashion with depth.
The suggested linear change of the different parameters in (45) and {46)
is used here only as a first approximation, and may not be valid in every
cagse where the scil properties change gradually with depth. In fact, when
observed curves are available for any point between 28 ard 73 cm, they can
be used directly in the calculations. BAs a consequence of this approach

each node between the loamy sand and the sand will have its own parameter
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values, including its own characteristic g(h} and K(h) curves (Soil uo.
4-8 in Figure & and Tables 4 and 5). Figure 11 shows that the three rate
coefficients (%, B, and Y} do not change linearly with depth in the inter-
val between 25 and 7% cm. It was reasoned that production and decay would
be most active near the soil surface, irrespective of the type of soil
Present, because of more favorable conditions (organic matter, oxygen, and
possibly moisture content and temperature).

The gradual change of each soil parameter with depth, whether linear
or slightly non-~linear, was used enly to interpeclate each parameter from node
to node and does not apply to the interpolation over each element beiween
two consecutive nodes in the depth interval between 25 and 75 cm. A linear
interpolation is used to obtain the distribution of each parameter over
each element in this particular depth interval. For example, for the hydraul-

ic conductivity this results in (Fig. 11B}

”~

K = ) (D) K, () + g0 (2) K (h) (53)

where the ¢f(£} now represent the linear basis functions (Eg. 28).
Initial and boundary conditions for the present example are given

by Eq. (4}, (5b), and (8c} for the flow equation, and by (13}, {l4a), and

(15a) for the mass transport equation. Values for hi(x), qo{t), ci(x),

and co(t) in these egquations are as follows:

hi(xl = =350 0 <x <170 (54a}
25.0 0<tgl.0
= 54
qo(t) (54b)
=3.5 £t > .0



_<
%

ci(x) = e 0 < x <170 (S5a)
20 0 < t < 0.50

c (£) =

0( (53b)
0 t > 0,50

The initial cornditien (55a) is an approximation and follows from (39) by
assuming that the profile reached an equilibrium state before leaching
was initiated (v and D are small, d¢/3t approaches zero).

Calculated pressure head distributions versus depth during infil-
tration and redistribution are presented in Fig. 13 and 14, respectively.
The calculated curves remain fairly smooth until the front reaches the
dense layer. The distributions become very steep here, while the pressure
gradient changes its sign from negative to positive immediately akove the
dense layer. The effect of the dense layer on the calculated curves remains
clearly visible until the later stages of redistribution {Fig. 14).

As expected, the moisture content shows a much more irregular distri-
bution versus depth than the pressure head (Fig. 15 and 16). Note that the
meisture content changes rapidly with depth around x=25 cm (the clay loam -
loamy sand boundary) and in the vicinity of the dense laver, but that the
distributicns remain continucus at all times. Figures 15 and 16 z2lso show
the distributions of Qr and SS with depth. The calculated moisture content
distributions alﬁays fall between these two curves.

Calculated solute distributions versus depth are presented in Fig.

17 and 18 for infiltration ard redistribution, respectively. Note that the
solute front moves much slower down into the profile. This is partly because

of mixing of the invading solution with the water already present in the
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Fig. 13. Calculated pressure distributions during infiltration.

Numbers on the curves indicate time in days from the
start of the infiltration experiment.
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profile, and partly because of the significant adsorption reactions in the
upper 25 - 30 cm. The scolute distributions remain very smooth, both during
infiltration and redistribution, although some effects of the dense layer
on the calculated distribution can be cbserved at a depth of approximately
80 em. Noté also that, because of the imposed small evaporation rate, some
solute is moving towards the soil surface during redistribution, resulting

in an increase in congentration with time at x=0.
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APPENDIX 4. A higher-order approximation of the time derivative in the

transport equazion.

In this Appendix a higher-order approximation for the time deriva-
tive in the transport equation will be derived. The derivation is based on

the following third-order accurate difference equation in time27:

t+4t t
S L[EE B [E , At _a.z.f.] )
t
A 2} 3t G atz 2 [3t [ at2

where the superscripts 't' and "t+At' indicate evaluation at times t and
t+At, respectively, and where At represents the time increment used in the
numerical calculations. One may easily verify that (Al) holds for any third-

degree polynomial in time, i.e., for any function £ of the form
f=p + plt + p.t7 + p_t (A2)

for all B, {(1=0,3) and t. Fquation (al) may be written for any arbitrary

function £, hence also for f=(8Rc), i.e.,

t+At
(0re) *2E _ (ore) ;{ 3(8Re) 32(6Rc):|
At 2 ot Bt2
2 t
1 [3(0Re) _ 3°(8Ec) (a3)
+ = -
2 at at2

The first-order time derivatives of (A3) are given directly by the general

transport eguation (Eg. 7):
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9 (ORrR) 2 3 3(
T = 5= (0D -5-:%} - ﬁg—ﬂ + (a8 + Bpk)e + Y6 (A4)

An approximation for the second-order derivative in (A3) may be obtained

by considering the following expansion

2°(6re) | 3 [B(8Re) |
32 ot ot
o _ _9 rd{gc)

Equation (A5) assumes that dispersion and degradation can be neglected as
higher-order effects. Reversing the order of differentiation in (AS) and

further expansion gives:

3 (0re) . 2 raas)

5% et C Y (26)

The second term on the right-hand side of (A6) will be neglected. This term
will be significant only when the solute front coincides with the moisture
front during infiltration. This will generally not be the case because the
moisture front usually propagates much faster than the solute front6'35.
Chvicusly, some small errors may be introduced in this way during the initial

stages of the infiltration process, but these are taken for granted. With

the above assumption, Eg. (A6) becomes

328re) 3, 3c

= - x= (q 3) (A7)
atz ax at
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To obtain an estimate for d¢/dt in (A7), consider again the following

approximation of (Ad):

3 {BRc}
dt

Expansion of this

Because

1l
5]
+

BR

and since p and k

Consider, furthermore, the continuity equation for moisture flow:

Substitution of (al2)

9 {ge)

ax

equation gives

ok

are independent of time, Eg,

30 3c 3q

t - - 98k T 5

3c _ Bl
OR 3t - "9 3%

(A9} becomes

into (All) leads to

(a8)

(A9)

(A10)

{all)

(a12)

(a13)

Solving this equation for 9c/3t and substitution inte (A7) gives then the



follewing approximaticn for the second-order derivatives in (A3}

7 % 3% BR i (214)

Substituting Eq. (A4) and (Al4) into {(A3) results in the following disper-

sion-corrected finite difference appreximation of the transport equation

t+AL t - t+AE
(BRe) - (9Rc}) 113 _,qn~ 2¢ N
X §-Lax(8D = gc) + (08 + Bpkle + ¥B
- £
113 + 3 7
iy _§'§(8D 3:':{ - qgc) + {8 + Bpklic + ¥B
-(AlS}
where
- 2 £ + 2A!:
D=D——g-é-— D=D+J;———- (al6)
68°R 68°R
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APPENDIX B. Analytical solution for convective-dispersion with simultane-

ous adscrption, zero-order production, and first-order decay.

In this appendix an analytical solution will be derived for the

transpert equation

2
d ¢ de 3c _
P VA T RE MY | (B1)

Initial and boundary conditions imposed on (Bl) are

c{x,0) = s {B2)
vz 0 < £ <t
ac © - °

{(-D 5‘; + vec) = {(B3)
=() 0 £t > t
o

A
=
S

- o

. (B4)

Boundary condition (B4) stipulates that the concentration gradient, 3c/3x,
remains finite (M < =) when x approaches infinity. The solution of Eg. (Bl) -
(B4) can be obtained by application of the Laplace transform. The lLaplace
transform of c with respect to time is defined by

S = o(x,s) = [ e”5% cix,t) at (B5)
0

The transform of(Bl) which satisfies the initial condition (B2) is

67



X (BB)
i

The transform of (B3) takes the form (see for example Eg. 29.3.54 of

Abramowitz and Stegun33}.

dx s ATESS

{x=0) {(B7)

The solution of {(B6) and (B7), which is consistent with (B4), is

2 bl
hA _r v _ v s + W/R
5 (cg = pexm [2:} x(4D2 t =R ]
cix,s) =
2 P
v v s + U/R
s g5+ (4D2 * To/R .
ve 2 L
VX v s + U/R,
-5 exp(-t_s) exp {55 - x(—5 + 7m ) ]
4p
[ 4 (L SEUE J’]
L 4p2 D/R
2 M
v oY vy v s + U/R
E(E'C)EXP[E"‘(2+ D/R)]
4D
+
2 N
v v, s *U/R
(s + L/R} tzn + (492 R ]
Y/R i

s(s + wR T ST /R (88}

The inverse Laplace transform of the first term of (B8) can be

obtained by first letting p = s, h - v/(2D), ¥ = D/R, and O = U/R +

&8



2 . .

v /(4DR) in Eqg. (31) of Appendix A of Carslaw and Jaeger49, and subsequently
. 2

using a = -i/R - v /(4DR) in Eg. (29.2.12) of Abramowitz and Stegun33. The

fellowing expression was cbtained

Yy v (v=v*)x Rx - v*t
T (%,8) = (¢ - DY{——— exp |:———--—-—:| erfe [—-——-—-—]
1 O u {(v+v*} 2D 2{DRt}%

e oxp [(v+v*)xJ erfo [Rx + V*t]

(v=v*) 2D 5 (DRtl;"'
v2 t BEx + vt
+ 5= exp (—“'—"5 - E?E) erfe [—%] } (B9)
H 2 (DRE)
where
b
v* = {1l + ‘11-1_2) . (B1DY
v

The inverse of the second term of (B8) follows immediately from the inverse

of the first term by making use of Eg. (29.2,15) of Abramowitz and Steg‘un33:

v [ (v-v*)x Rx - V*(t-to}
I,{x,t) = = g {———— exp ~——-—J erfc[ ]
2 o{(v—i-v*} | 2D 5 (DRt};:
Y exp &:@_&] erfc [Rx ) ]
{(v=v*) | 2D 2 (DRE) L
2 U(t-t ) Rx + v{t-t )
v VX o 0
——  aXp [-——- - ——] erfc |: ]} (B11)
21D D R 2(DRt)’:

The inverse transform of the third term of (B8) may be obtained by first

considering the transport equation (B1l) without the two rate terms, i.e.,

2
Da_c_vg_‘f._.ga_c=o (B12)
sz ax gt
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The Laplace transform sclution of this equation subject to the same initial
and boundary conditions as before, but with ¢, = 0, ¢, = 1, and to -+ oo

(i.e., a continuous feed solution), is given by

3
v X v 5 + U/R
= exp [== - x( + ) ]
_ D 2D 4D2 D/R
c = {B13)
v Vz s !’
S[EE + ("—5 + __D/R) ]
The direct solution of (B12) :itself 1536
1 Rx - vt vt : (Rx - vt)°
c = - erfc [--——-——-—J + (——) exp [-- —-——:-——]
2 2 (DRt) el TRD 4DRt
- % (1 + 2+ T3 explve/D)  erfc [3-"—-+—"‘;] (B14)
2(DRt)

Equation (B14) is, hence, the inverse transform of (Bl3). Application of
Eq. (29.2.12) of Abramowitz and Stegun33 to Egq. {Bl3) and (B1l4) leads

directly to the Laplace inverse of the third term of (B8):

Y ut 1 Rx - vt
I{x,t) = (= - c.) exp(- = { - erfc [—-——-—-——-—]
3 (11 i R 2 2(DRt)l§

+ EEE _ {Rx ~ vt)z]
TRD, % 4DRt

2
- % S ‘—’B-E) exp(vx/D) erfc [-RL*LE] } (B15)
2 (DRE)

The inverse trznsforms of the fourth and fifth terms of (B8) follew

. 33
immediately from Eq. (29.3.12) and (29.3.8) of Abramowitz and Stegun” :
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1}

k=
—_
—

|
]

14(x,t) ) (Bl16)

IS(x,t)

]
Q1
®

(B17)

The inverse transform of (B8), which is the solution of the present problem,

is hence given by see also Eq. (42) and (43)

c{x,t) = Il(x,t) + Iz(x,t) + I3(x,t) + I4(x,t} + IS(x,t) {B19)
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AFPPENDIX (

SUMATRA-1

A COMPUTER PROGRAM FOR CALCULATING
SIMULTANEQCUS WATER AND SOLUTE TRANSFER
IN A CNE-DIMENSIONAL, SATURATED-UNSATURATED

AND NON-HOMOGENEOUS SOIL PROFILE.
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This appendix gives a brief description and listing of SUMATRA-1,
a computer model for simulating simultaneous water and solute transfer in
a one~dimensional, saturated-unsaturated and non-homogeneous soil profile.
The program consists of a main program {MAIN), six subroutines (DATAIN,
MATEQ, BANSOL, MATSQ, SOLVE, and PRINT), and three functions (BC, SPR,
and S5PS). The main program controls the sequence of calculations, as
shown schematically by the flow chart in Fig. Al. The subroutine DATAIN
is first used to read the input data and to define the geometry and initial
conditions of the system. In addition, DATAIN may be used to obtain a
listing of the different physical and chemical soil properties used in the
simulation (controlled by the output code KOD3).

The subroutine MATEQ performs the necessary calculations for assembly
of the global matrix equation for flow, while the subroutine BANSOL subse=
quently solves this eguation for the updated values of the pressure head (PE).
A check on the iterative solution process is then carried out in MAIN. TIf
convergence is not met, the iterative process either continues (if NIT <
NITMAX), restarts with a smaller timestep DELT (if NIT = NITMAX), or stops
altogether (if DELT < DELMIN). The simulation, on the other hand, proceeds
in time when the imposed convargence criteria are met. The global matrix
equation for sclute transport is then assembled in MATSO and subsequently
solved in SCOLVE.

Pocssible print-out is provided by the subroutine PRINT. This sub-
routine also computes a cumulative mass balance for the soil profile. The
simulation proceeds in time until either the maximum simulation time is
exceeded (SUMT > TMAX), or a given number of time steps is executed (ISTEP =

NSTEPS}.
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Fig. 11, Generalized flow chart of SUMATRA-1.
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The functions BC, SPR, and SPS are problem-dependent. BC supplies
the transient data for the boundary conditions at the secil surface. The
function SPR defines the hydraulic functions (gtny, K{h), Cth), and h{8)]
for each soil type present. In the present version these functions are
given by means of analytical expressions. If necessary they can alsc be
supplied in table form. The function SPS, finally, specifies those soil-
physical and chemical parameters which are relevant for the sclute transpeort
part of the program, i.e., the bulk density (p), the porous matrix diffusion
coefficiant (DOT}, the dispexsivity (X}, the adsorption constant (k), and
the three rate coefficients (%, B, and y). These barameters are given for
each soll type present.

Table Cl gives a list of the most significant variables in SUMATRA-1.
Instructions for preparing the input data cards are given in Table C2, while
Table C3 specifies the actual data cards used for example 3. Part of the
computer output for this example is given in Table C4, while the listing

of the program itself is givan in Table CS5,
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Table C1.

VARIABLE

a(5)

ADC (NMAT)

ALPHA (NMAT)

AN1,AN2,AN3

AQL,A02,A03

B{7)

BC({K,SUMT)

BNl ,BN2,BN3

BO1,B0O2,BC3

C{NNZ)

CAPlL,CAP2,CAP3.

Definition of the main program variables of SUMATRA-1. If the
variable appears in only one function or subroutine, the name
of that function or subroutine is given after the definition.
If the variable represents an array, the maximum dimension of

that array is also specified.

DEFINITION

Vector used to calculate the soil meisture retention curve
of each soil type for possible print-out (DATAIN).

Values of the distribution coefficient (k) for each soil type
(sps).

Values of the coefficient a in Egq. (45) for each soil type
(SPR).

Values of (D ©)/Ax at the three interior Lobatto integration
peints, evaluated at the new time level (MATSO).

+
Values of {D 8)/Ax at the three interior Lobatto integration
points, evaluated at the told time level (MATSO)}.

Vector used to calculate the K{h) curve of each soil tvype
for possible print-out (DATAIN).

Function used to define the boundary condition at the soil
surface as a function of time:

If K=1, ho(t) in Egq. (5a) is specified;

if ¥=2, qo(t] in Egq. {5b) is specified;

if ¥X=3, co(t] in Eq. (l4b) is specified;

if k=4, co(t) in Eg. (l4¢) is specified.

Values of g/2 at the three interior integration points,
evaluated at the new time level (MATSO}.

Values at ¢/2 at the three interior integration points,
evaluated at the old time level (MATSO).

Vector of nodal concentrations and their gradients.

Functions of the soil moisture capacity at the nodal or
interior Loba%to integration pocints (MATEQ)

CONDL,COND2,COND3. Functions of the hydraulie conductivity at the nedal

CONDM

or interior Lobatto integraticn points (MATEQ).

Minimum value of the unsaturated hydraulic conductivity (SPR)
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Table C1 (continued) :

VARTABLE

CONDS (NMAT)

DELCH
DELMAX
DELMIN
DELT

DIF

DIF (NMAT)
DLO (NMAT)
DLl

DL1 (NMAT)

* DRATN

Dsl
D31 (MMAT)
DSP
DSP (WMAT)

DX {4,3)

FL

FPSI

FE(4,3)

EEINITTON

Values of the saturated hydraulic conductivity for each
soil tyvpe (SPR).

Change in DELT between two consecutive time steps (MAIN).
Maximun value of DELT during executiocn.

Minimum value of DELT permitted during execution.

Time increment.

Values of {DOT] at nodal or intericr integration point (MATSO).
Values of (DOT) for each soil type (SPS).

Values of v fcr each scil type (SPSO.

Value of & at nodal or interior integration point (MATSO).
Values of o for each soil type (SPS).

Drainace rate.

Value cf B at nodal or interior integration point (MATSO).
Values of 8 for each soil type (SPS).

Value c¢f A at nodal or interior integration point (MATSO).
Values of A for each soil type (SP3).

Derivatives of the four basis functions, evaluated at the
three interior Lobatto integration points.

Nodal distance (AX).

Weighting coefficient for finite difference approximation of
the time derivative in flow equation.

= EPSI - 1.

Right-hand side vector of glchbal matrix equation for both
the flow (MATED) and solute transport equations (MATSO).

Values of the four basis functions, evaluated at the three
interior Lobattec integration points.
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Tabie C1 (continued:

VARTABLE DEFINITION
INT (NN) Array indicating type of material interpeclation between two

consecutive nodes. If INT=1, the soil properties are assumed
to change linearly; if INT=0, a restricted Hermitian inter-~
pelation is used.

ISPR(NN) Soil property index, defining soil type for each node.
ISTEP Number of times steps since start of simulation (MAIN).
KDRAIN Drainage code for lower boundary:

=0 if the pressure head is specified.

=1 if the pressure gradient is specified.

=2 if the drainage rate (DRAIN) is specified.

=3 if both the pressure head and its gradient are specified.
KCD1 Cutput code for printing pressure heads and concentrations

after each iteration and time step:

=0, no output is given;

=1, prints PE(I) after each iteration and each time sStep;

=2, prints PE{l) after each iteration and C{I) after each
tims step;

=3, prints C{I} after each time step.
KOD2 Input code. If KOD2=0, initial moisture contents are read

in and converted to pressure heads. If KOD2=1, pressure
head wvalues are read in (DATAIN).

KOD3 Qutput code. I1f KOD3=N (N < MAT}, the soil-hydraulic proper-
ties of the first N soil-types ae printed. If KCD3=0, no
such output is given (DATAIN).

Kop4 Specifies the type of equation to be solved:
=0, solves both flow and solute transport equations;
=1, solwves only the flow egquation;

=2, solves only the transport equation.

KRAIN Rainfal’ code for scil surface boundary:
=0 if the pressure head is specified;

=1 if the infiltration rate (RAIN)} is specified.

L Element number.
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Table 1 {(continued):

VARTAELE

DEFINITION

MAT ,MAT1,MAT2 Material index of certain node or integration point.

Nl

N2

NIT
NITMAX

NITT

NSTEPS
P (NN2)

PE (NN2)

PRDEL
PRTIME

PULSE

Q0 (1)

QL(I)

ON
Q0

RO (1)

=NN2-1,

=NN2-2.

=NN2=3.

Number of elements: NE = NN-1.

Number of iterations during particular time step (MAIN).
Maximum number of iterations (set to 10) (MAIN).

Total number of iterations since start of simulation.
Humber of different scil types (dummy variable).

Number of nodas.

=2%NN.

Maximum number of time steps permitted.

Vector of pressure heads and gradients at old time level,

Estimated or zalculated vector of pressure heads and gradients
for new time level,

Time increment for printed output,
Dummy variable, used to calculate output for every PRDEL (MAIN).

Irreversible time switeh for changing from a first-type to a
flux-type boundary condition.

Data points for transient first-type boundary condition of
solute transport equation (BC).

Data points for transient third-type (flux) boundary condition
of solute transport eguation (BC).

Nodal value of wolumetric flux (q) at new time level (MATSO).
Nodal wvalue of volumetric flux (gq) at old time level (MATSO)}.

Data points for transient first-type boundary condition of
flow equation (BC).
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Table 1 (continued):

VARTABLE DEFINITION

R1(1) Data points for transient second-type {flux) boundary con-
dition of flow equatien (BC).

RAIN Transient rain or evaporation rate.

RHO (NMAT) Values of £ for each soil type (SPS).

RN {NMAT) Values of the exponent of n in Eq. (45) for each soil type
(SPR}.

RTK Value of (pk)} at nodal or interior integration point (MATSO)}.

S(NN2,4), S(NN2,7). Global matrices for flow (MATEQ) and mass transport

SPR{MAT,N.P)

SPS({MAT,N)

SR({14Q)

53 (NMAT)

(MATSO) , respectively.
Function to calculate the soil hydraulic properties of material
MAT:

if N=1, the soil moisture content is given as a function of the
pPressure head FP;

if N=2, the hydraulic conductivity is given as a function of
the pressure head P;

if N=3, the soil mocisture capacity is given as a function of
the pressure head P;

if N=4, the pressure head is given as a function of the soil
moisture content.

Function used to specify the various scil-physical and soil-

chemical properties of soil material MAT;

N=1 gives the soil bulk density (p);

N=2 gives the effective diffusion coefficient (DOT};

N=3 gives the dispersivity (}):

N=4 gives the adsorption constant (k);

N=5 gives the rate ccefficient v;

N=§ gives the rate coefficient a:

N=7 gives the rate coefficient R.

Vecter containing contributions of the three interior integra-

tion points to the right-hand side vector of each element

matrix ejuation during assembly of the global matrix equation
for flow (MATEQ).

Values of SS for each soil type (SPR).

80



2
£3
(_'I"
[y
i)
)
[t
—
£
8
Py
<t
‘-a
3
5!
o
iy
S

VARTABLE

SUMT

SUMTL1 , SUMTZ

T (NN2)

TO(I)

T1(I)

T1,T2,T3

THETA
TITLE{20)
TMAX

TMDIFF

TMIN

TMINCR

TMINF

TMINIT
TOL
TOL1
TCL2
wWC

WCN

DEFINITION
Elapsed time since start of simulation, in days.

Elapsed time since start of simulation, in hours and minutes,
respectively (PRINT).

Temporary storage vector for pressure heads and gradients
during iterative solution process of flow equation (MAIN}.

Vector used to specify the transient first-order boundary
coendition for the flow equation (BC).

Vector used to specify the transient second-type (flux)
boundary condition for the flow equation (BC).

Functions of (y8), evaluated at the three interior integra-
tion pecints (MATSO).

Dimensionless soil moisture content, ® (SPR).
Array containing information of program title cards (DATAIN).

Maximum gsimulation time.

Error in the material balance caleculations: TMDIFF=TMINF-
TMINCR (PRINT).

) . . . 3
Total amount of moisture in seoil profile (cm™).

Increasa in stored moisture since start of simulation: TMINCR=
TMIN-TMINIT (PRINT).

Cumulative uptake of moisture by profile since start of simula-
tion, i.e., cumulative infiltration minus cumulative drainage.

Total amount of moisture in soil profile at start of simulation.
Convergence criterion for iterative sclution proceés (MAIN) .
Absclute convergence criterion.

Relative convergence criterion.

Variable generally defining the soil meisture content.

Value of § at nodal or interior integration point, evaluated
at new time level (MATSO).

81



Table C1 (continued):

VARIABLE EFTNITION
WCo Value of 6 at nodal or interior integration peoint, evaluated

at old time level (MATSO),

WCR {NMAT) Residual moisture content for each soil type (SPR).
WCS (NMAT) Saturated moisture content for each soil type (SPR}.
X {NN) Nodal coordinates.
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Table C2. 1Input data instructicns for SUMATRA-1.

CARDS COLUMNS FORMAT VARIABLE COMMENT
1,2,3 1-80 20 (a4} TITLE
4 1-5 I5 NN Number of nodes.
6~10 15 NSTEPS Maximum number of time steps.

11-20 F10.0 DELT Initial time step (days).

21-30 F10.0 DELMIN Minimum permitted time step (days).

31-40 F10.0 DELMAX Maximum time step {(days).

41=50 F10.0 TMAX Maximum simulation time (days).

51-60 Fil0.0 PRDEL Time step for print-ocut (days).

61-70 Fl0.0 PULSE Time switch for soil surface
boundary condition (days).

7180 . Flo.0 DRAIN Drainage rate {cm/day).

5 1-5 I5 KRAIN Rainfall code.
6-10 IS KDRAIN Drainage cede.

11-15 I5 . KOD1 Output code.

le=20 I5 XoD2 Input code.

21-25 IS KOD3 Output code.

26-30 IS KOD4 Specifies equation to be solved.

31-40 F1Q0.0 EPSIY Weighting coefficient for flow
eguation.

41-50 F10.0 TOL1 Absolute convergence criterion (cm).

51-60 F10.0 TOL2 Relative convergence criterion.

5, atc. 1-5 i5 I Nodal number.
6-10 IS ISPR(I} Soil property index of node I.

11-20 F10.0 X(I) Coordinate of node I (cm)}.

21-30 F10.0 P(21-1} Initial pressure head if KOD2=1,
initial meisture content if
¥XoDh2=0.

31-40 F10.0 P(2I) Initial pressure gradient if KOD2=1,
initial moisture gradient if
KoDp2=0.

41-50 Fl0.0 C(21-1) Initial concentration,

51-60 Fl0.0 C({2I) Initial concentration gradient.

61-65 I5 INT(I) Interpolation index for element I.
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Table C3.

EXAMPLE 3 JOF RcPORT

SUMATRA-1L
27 5003 « 0305
1 1 0
i 1l C.y
2 1 6.0
& i 22.9
5 3 284
6 4 3649
T 5 464
8 6 55.0
9 T 63.0
10 5 69.49
11 9 T3.0
12 2 TT.9
13 2 8l.0
14 2 85.0
15 g 89.Y
le G 93.0
17 9 97.9
18 9 102.u
19 ¥ 107.0
20 9 112.9
21 9 11l8.0
22 § 125.¢
23 9 133.0
24 9 1l4l.0
25 9 150.0
26 9 150.9
27 9 173.49

1

«0UGI5
g

-350.0

-350.0

'350.0
=35d.J
-350.4
~350.9
~350.0
~350.0
=-350.0
"'jBo.G
AE LIV
‘350.0
-350,0
-350.0
~350.4J
=330.4
-350.0
~350.0
-350.0
=350,V
-350.4
“350.0
~350.C
=-350.0

0

Data input for example 3.

« s 2 &8 B % & v o o+ s v e n O

cCOO0COOOOO0O0 OO O awm

OCJDOODDDOCOCGQOODGDOOOOOCGOU‘ID
O0OO0O00O0O0OLOoO oL O

- 8 % = s o B
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8.0
0.5430
5.270
5,270
5.270
5.2T0
4.731
J.500
1.859
0.824
D.i168

05

0.004J
Q.o
J.90
D.9
Ja.U
--15‘1
‘0159
-l135
-.lll}
-0055

0.50

P

0.0



Table C4. ©Part-ial output for exanple 3,
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Table C§5. Listing of SUMATRA-1.
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OO0 OOO00

OO0

MAIN

B T L LIt I 2 P e T T T e e R T R 2 L AL S b bl

* o
* ONE-DIMENSIONAL UNSATURATED MASS TRANSPOURT *
. NOVEMBER 1978 SLP *
* =
* SUMATRA=1 »
* -
#* E

R M AR R AR K AR RN R KRR AR TR A TR G HF LR EE AL RHE RN

CIMMON /ONE/S X(30}, ISPR(30), INT(30), P(&0), PE(6O), CL(6D)
DIMENMSION TL60Q}
DATAL NITHMAX/1Q/

----- OaTAll INITIAL CONCITIONS AND PRCGRAM COMSTANTS =-=——-
CALL ODATAININNGNITEPS KRAIN,KDRAIN,KJOLyKOD4sDELT (OELMIN,DELMAX,
1TMAX  PROEL yPULSESEPILyDRATN,THINIT,TOLL,TOL2Z)

NN2=2%NN
N1=NNZ2-1
NZ=NN-1
NITT=0.
THINF=0.
PRTIME=Q.
SUMT=DELT
IS5TEP=1
RAIN=BC{2,SUMT)
DO 38 I=1le¢HNZ
8 PE(11=PII)

----- DYNAMIC PARY OF MODEL =--—--
9 NIT=0
10 NIT=NIT+]
NITT=NITT+1
IF{SUMT.GELPULSEI KRATN=]
IF(KOD4.EG.2Y GO TO 26
DO 12 I=L,NN2
12 T{IJ)=PE{I[}
CALL MATSQUINN,KRAIN,KORAINSDELT, SUMT,EPST +RAIN,DRAIN]
IF(KODLeEQs1odR KDDL 4EGa2) ARITEL{L 10020 NIT.OELT4ISTEPSUMT(PE(]
Lly1=1,N82}

----- CHECK ITERATIVE PROCESS ~—-=—--
CO 14 [=1+NMN2+2
TOL=TOLL+TOLZ*ABSIT(I}
IFCABS(PE(L}I-T{I}}-TOL} L4,14+16

14 CONTINUZ
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32

60

34

MAIN

60 T3 26

IFINIT-NITMAX] 10,1E,18
DELT=0.5%DELT

WRITZ(641006) NIT,SUMT,DELT
IF{DELT.GELDELMIN) GO TQ 22
HRITE(6+1008) DELT DELMINSUMT
DO 20 I=1l,NN

J=2%]1-1

WRITE(6,1010]) IwXU124PLI),PCIe1),PE(JLPELJ+]])
CALL EXIT

SUMT=SUMT-0ELT

DO 24 I=1,NN2
PECL}=0.5%(PULI}+PELIL)

GO TO 9

PRTIME=PRTIME+DELT

IF(XRAIN} 28,23,33

MAT=TSPR{1}

EL=X{2}-x{1)
Pl=.95733l*P[Il+.042969*P(31+EL*I.095703*?!21-.0136?2*P(¢lI
PE1=.957031*PE[1I+.042969¢PE(3J*EL*l.OQﬁTOB“PE{Zl-.ULSéTZ*PE{éIJ
P2=.65625‘IP13)-P!11}/EL+.546875*P(2}-.203125*9[4)
PE2=.65625*{PEiBJ—PE(l!l/EL+.546875#PE{2}—.2031&5*9&(4)
RAIN=O.5*{SPR{HA',E,PlJ*l1.—P2}+SPRlMAT:2oPEll*il.-PEZJ)
[FIKORAIN.EQ.2} GO 10O 32

MAT=ISPRINN)
DRAIN=0.5={SPR(MAT;Z,P(NI}}*ll.—P(NNZIl+SPR{HAT,2;PE{Nlll*(l.—PEIN

IN2) 1))

THINF=TMINF+(RAIN-DRAIN)®DILT
IF(KQD4.EQ.L) GO YO 60

————— END OF FLOW PART, START TRANSPIRT PART QF MJDEL ==—--

----- ASSEMBLE AND SOLVE GLCBAL MATRIX EQUATION FOR TRANSPORT -w—e—w
CALL MATSO(NN,KRAIN,DELT, SUMT)

IFIKODL.GTW1) mRITE(6+1012) DELT ,ISTEP, SUMT ,(CLJ} sd=1 +NN2)

CONTINUE

===== CHELK FIR 23SSIBLE PRINT-GUT =~=—v
IFIPRTIME LT JI{PRIEL=Q.5%DELTI) GG TU 34
PRTIME=PRTIME~-PRDEL

IF{KRAIN.EQ.]) RAIN&SPRUIISPR(L)e2,PEL)®(1,~PE2)
TEIKRATNZZJal) PAIN=BCL{2Z,SUMT)

IF{KGRAINLNE.L2) DRATN=SPRIISPRUNN] y24PEINLI ) *(L.~PE(NN2Z))

----- PREPARZ FOR THE NEXT TIME STEP —mm—m

CALL PRINTINU,RAIN, DRAIN, SUMT, ISTEP  NIT,NITT0ELT, THINIT,THINF)
IF(SUMT.GZ THAX WOR L ISTEP.GELNSTEPS) GO TO 42

DELS=DELT

IFINITLLE.2} DELT=1,25%DELT
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IFI(NIT.GE.60 DELT=0.80=DELT
IF{KJU4.EQ.1) G0 TO 38
DO 36 L=24NE
MAT=ESPR(L}
JaZl-1
Pl=ABS{SPRIMAT,2,PELIIY*{ L. ~PE{J+1)}}/(SPRIMAT,L,PE(JI}+SPSIHAT, L}
L¥SPS{MAT 4} +1l.E-06
36 DELT=AMINL{DELT +0 5% {X{L+Li~A{L-1}}/P1l}
38 DELT=AMINLLDSLT (Ol MAX)
IF(KOD4,EQ.2) DELT=CELS
DELCH=DELT/DcCLS
SUMT=5UMT+DelT
ISTERP=1I5TEP+]
PO 40 J=1,MN2
PELI=DELCH=(PE{JI-P{J)]
PLJI=PE(J]}
43 PELJI=PL{J)+PEL
GO TQ 9
42 WRITE {6,10L4) SUMT,ISTEP
S5TGP

e g

1002 FORMAT{/LLIX,'P=Z(}} LURING ITZIRATION (NIT=',13,' DELT ='4F10.64+" IS
JTEP =914, SUMT =',Fl0.5, "}t/ {204, 1JFL1.3))

1006 FORMATI{//LLX,yL00LH#}, MO CONVERGENCE AFTSR',13,' iTZRATIONS AT TIM
1E =" 4FBs5s' Now LELT ='2Ella4y tXy1O0LlH%})

1008 FORMATI// 11X, 80LH%;,'"DELT =7y21lebe?y 15 LESS THAN DELMIN (=%',Ell.
L4y ')y EXECUTION TZRMINATED AT TIME =1,ELllearLlX,LU{LHA®)/ /11X Y LAST
2CALCULATEL WALVES'FLLX 220 H*%} /11X "NHOCCE" yB Xy 'UEPTH' 19X+ "PLL 1! 10,
3VGRADIENT ', GX, *PEL1 T, 6X, 'GRADIENT ')

1010 FORMAT{LLX,i4syFLlO.2s 213X 2FLl2.4)1

1012 FORMATI(//L1X'CiI} FOR QELT =t4Fl0.6+', I[STEP =',14,', SUMT =',
LF10.5/{ 10Xy i3FL1l.4))

1014 FORMAT(//11X+1J01R"},*"NOGRMAL TERMINATION AT TIME =*,Fl3.5,' DAY:; A
RO STEP NUMBER =',15)

END
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SUBRIOUTINE BANSCULI{MNEQ)
PURPOSE: TO SOLVE THE GLOBAL MATRIX ZQUATICN

COMMON /TWO/ S{563¢4), FILO]
NL=NEQ-]

DO & I=1,N1

J=1-1

M=MIND{4,NCU~J}
P=5{1s1}

DO & ._=2,M

C=5{1,LI/F

Pl=u+l

JJ=0

DD 2 K=L,M

Jd=JdJ+l
SUITWdUI=SUITydJ)=-C=8(],K}
StIyLi=C

DO 6 [=1,N1

J=I-1

M=MINQO{4, NEC=1)

C=F{1]

F{11=C/S5(I,1}

DU 6 L=2+M

IT=J+L
FLIL)=FII2)=-5S{1,L)=(
FINEYI=FINEQ)/SINEWsL)
DO 8 I=14N1

Il=tE0-1

J=11-1

M=MINC{ 4, NEQ~J}

DG 8 K=2yM

L=J+K
FLIE)=FUIL}=Siil4KI®FLL)
RETURM

END
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FUNCTION BCL{K,SUMT)
PURPOSE: TO CALCULATE TRANSIZNT BOUNDARY CONJITIJNS
DIMENSIGON TO(2) 4RO{2)1+TLI4)4RIL4},S0(4),40(4),51(4),0l(4)

DATA NL/2/y TO/ 0491004/ RI/-14%a4354,-1%,4954/
DATA N2/47y T1/0490e9991eUl 100,/ 41R1/25.¢25.91=0.5,=0.5/

DATA N3/4/y S50/0.,C.1166606 10.116667T1104/4Q0/2094,20F.10erde/

DAYA N4/4/y S1/70010449:0450410047 Q172044200 40. 434/

GO TO (le6s1241814K-
00 2 I=2,N1
IF(TOLL)=-8SUMT} 214+4
CONTINUZ

BC=({TO(T}=-SUMTI#RO( I=1)+{SUMT-TO{I=L) }*RO(I)I/LTOLL}-TULI-1}}

RETURM

DO 8 [=2,N2
IF{TIOL}=SUMT]) 3.,10,10
CONTINUE

BC=(4TL(I=SuUMT xRl I=1)+{SUMT-TLOI-L3¥=RL{IIII/AETLLII-TLICI-11})

RETURN

DO 14 [=1,N3
TF{SOLLI-5UMT) 14, 14,16
CONTINUZ

BC=((SOCI}-SUMT =0 (=11 +(SUMT=SC(I=-1 1) *QO{T}/(SULL)-5S0({I-1))

RETURN

DO 20 [=1N4
TE{SI{T)-SUMT] 23420,22
CONTINUE

BC=C(SLUI)-5uMT ) s {I-1)+{SUMT=S1{I-1302QL{1) ) /032 {L)-SL{I~1})

RETURN
END
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SUBROUTINE DATAIN{MNN,NSTEPS,KRAIN ,KDRAIN,KODL,KCD%+DELTDELMIN,DEL
LMAX, TMAX, PRDEL » PULSE L EPS T, DRAIN,TAINIT,TOLL, TOL2)

PURPOSE: DEFINE GEQMETRY AND INITIAL CONDITIONS

COMMON /ONE/ X{30), ISPR{20), INT(30), P(60)s PE(60}, Cl&O)
DIMENSIUN TITLE(20), A(T), B(5}

L A e ek i e =

HRITE(&6,1000)

Lo L I=1,3

RzAD{S5,41002) TITLE

WRITE(6+1004) TITLE

WRITE(6,1006])

RZADIS,1008) NN+ASTEPS,DELT +DELMIN,DELMAX, TMAX ,PROEL » PULSE,DRAIN
REAGI5,1013) KRAIN,KDRAIN,KJID1,KCD2,K003,KOD4&,EPST,TOLL,TOL2
WRITE(691012) NN NSTEPS OELT,DELMIN,DELMAX, TMAX, PRDEL ,PULSE 4EPSI
HRITE(6,1014) TCLY,TOL2,NRAINJKDRAIN,KOOL,KOU2 K003 K304

----- READ INITIAL CONDITIONS --—--=
DO &6 I=14+NN

READ(S5,10L0) KeMAT XUK)} p21,422,23,244INTLK)
IFIKLEQ.I}Y GO TO 2

WRITE{&1018) |

CALL exIT

J=2%1-1

Ji=J+1

Cte)=23

ClJl)=24

ISPRII}=MuT

IF{KQD2.EG.C} GO TO 4

PlJ)=21

PlJly=22

GO TG & :

PLJI=SPRIMAT 4,20}

P{JLI=Z2/5PRIMAT 3,PLJ}}

CONTINUE

————— REDEFINT SURFALE BOUNDARY VALUES ===---
NN2=2%NK

EL=X(21=Xil}

TF(KRAINLEQLI) GI TG 12
RATN=80{2:0.1}

MAT=15PRI( 1]

WRITE(6,10201}
21=5PR{MAT 4+ 14P (L)}

I2=11
Z3=SPR{MA™,3,P{L1)%=P(2)
24=AMINI((.5,100./EL}
PLl2I=1-RAIN/SPRIMAT ¢2,P (L))
1=0
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I[=1+1

IF{l.LT.40) 62 T2 14

HRITE(6,10G22)

CALL EXIT
HC=Zl-EL*(SPR{HATp3;P{1]I*P(2}—Z3l/6.
L2=( le=24)% L2+ 42 uC

PULI=SPA{MAT y4,22)
Pl2I=L.-RAIN/SPR{YAT,2,P(1]]}
WRITE(641024) 1,22,4P11),P(2)
IFCABS{Z2~aC)-0.0301) 11,11,8
L1=RAIN/SPI{MAT ,1,P(1})
DSP=SPS(MAT, 2) +SPS{MAT ,3)*ABS{Z1)
22=AMAXLICapZ11%¥BL14,0.)
Cl={6.*DSP¥C(1}+Z£“EL+DSP¢EL¢C{2}}/I6.*DSP+ZI¢ELJ
IFECLLLT.CUL)} C2=aMAXL{CL,80(%+0.))
IFLCLaGT.CU1)) C25AMINLIICL,BCI4,0.1)
C{l}=Cz

Cl2r=(21=C[1)-221/D5P

GO 7O 14

P{L}=8C{1,0.)

PL2ZY=3.={Pi3}-P(1,)/EL

C{1i=BC{3,0.}

Cl2)=3.={Ci3}-C{1)I1/EL
RATN=SPROISFRILI+2,P(L)I={1,.-P{2])}
IFLKORAIN=2) 13,16,15
DRAIN=SPR{ISPRINN] ;24 PINN2=1) )% (1. ~P[NN2}}
GO TO 17
PINNZ2YI=1.-DRAIN/SPRIISPRINND2,P{NN2-1))

----- WRITE INITIAL CONDITIONS -~---
THASS=0,

TMINIT=0.

HRITE(6,10261}

NZ=NN=1

DO 18 L=1.MNE
Gl=o7407407-.0T40T41*%FLOATLINT{L))
G2=1.~-G1

MAT=13PR{L}

MAT1=1I5PR{L+1)

1=2%{ -1

I1=1+1

12=1+2

13=1+3

EL=.3333333%(A(L+1)=X{L)}

Pl=s7407407%P [ )+,2592592=P (12)+.2222222%EL%(2,5P([1)-P{L3})
Cl=.7407407¢£(1l+-25925?3*ﬁ(IZI*.ZZZEZZZ“EL“(Z.*C(Ill—ClI3i}
P2=42592593%P(11+a7407407%P {[2)+.2222222%ELe{P{[L])~2
C2=.2592593*C{I}+.740740?*C(IZ}+.2222222=EL*(C{11]—2.¢C(l3l!

ZL=SPR{MAT+1,P(1I)}
L2=GLl*SPR{MAT 1 4PL)«G2%5PRIMATL,1,PL)
13=G2%¥SPR{MAT, 1yP2) +Gl*5PR{MAT1,1,P2}
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LG4=SPRIMAT L, 1P {121}
WRITE(G6y1028) LoX{LYePOLYyP{ILl)yPLl,yP24+21522,23,CC003CUIL)+CLsC2,MA
1T, INT{L}
TMASS=TMASS4EL® (0. 5% (Z]9C{I)+74%C{12))+22%xC1+13%C2)

18 THINIT=THINIT+CL*(Q.5%{21+24)¢/2+13)
KRITE(61030) NNoXUINNY PLI21,PUNNY 24y CUT2)CUNNZ) yMATL
WRITE(6,1032) RAIN,URALN, THINI T, THASS

=m=== CALCULATE MATERIAL PROPERTIES =m==—
IF{KJD3.EG.0) GO 70 28
I1={KDO03-11/5+1
DO 22 i=1,I1
12=5%] :
I3=12-4
WRITE(6,1034) [KyK=13,12]}
12=MINO{[2,K003-12+5]}
Zl=-0.5
DO 20 Jd=1,54
Ll=1%1,.2
PO 19 ul=1l,12
K=Jl#5x{[-1} .
A{JL)=SPRIKs1s21)
1lg BlJIL)=S52R(Ky2s 1)
20 WRITE[6+1038) L1, AIK)sB{K]X=1s12}
22 CONTINUS
WRITELOL,1038)
DO 26 MAT=1,K3D3
DO 24 J=1,7
24 A{J)=3P3{MAT J)
26 WRITE(6+1340) MAT, [ALJ) +Jd=1+T)
HRITELG,1042)
28 CONTINUE

1000 FORMATELIHL 10X,y 52(1H®) /L1 Xy lH%,80X LH®/I1XslH%,9X, ' ONE-DIMENSIONA
1L UNSATURATED TRANSPORT Y, 34X, H*/ 11X ,lH*,60X, 1H*)

1002 FORMAT {2044}

1004 FORMAT{11Xs1H®, 2044, 1H=*}

1006 FORMAT(LLX,1r®, 80X, 1H*x/11X+32(1H¥))

1008 FORMATI(Z2IS.7FLQ. )

1010 FORMAT(&6I5,5F10.0)

1012 FORMATI//LLX+"INPUT PARAMETERS'/11X,16{1H=]1/L1X,
I'NUMBER IJF NOUES||o..-c.o-noooc-atoaoolNNlolcolaonooa-llt'lIS/LlXu
2TMAXTMUM NJUMBER 3F TIME STZPScsesnase (NSTEPS)uvessansanasa! 15/11K,
3'INITIAL TIME STE?.-..-..‘l'l...ltll.lDELT)lll'.l..l.‘.'Flu.5/le'
GYMINIMUM ALLOWABLS TIME STZP . e ewsnee [DELMIN) s an vvanass +FLOWS/ 11K,
STMAXIMUM ALLZWABLE TIME STEPesssveee [DELMAX)enaerwnnse! s Fldab/ 11k,
GYMAXIMUM SIMULATIZN TIME e weevaronvnnel THAX eaeeosseanat 1 FLOL3/11X,
TYPRINT DELT FIR JuTPUT eesanassersass lPRIELYsusnenvense yFLOL3/11K,
SlPULSE LENGTH FER lST-TYPE BC...C..‘PULSE].I...II.I.II !Fonﬁ/ler
SITWEIGHTING COEFFIC IENTanssrrvnservsseliPIl)ecenvnnnaae 1 FLOLS)
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1014 FORMAT(L1X,
llITERATION TOLEF\:\NCE...-.l.o:t..l...l{TGLl,I.coocoooo.l'F10.5/11A|
ZY'ITERATION TOLERANCE eeannsenvsvsnnves{TIEZ)uunrannanastbFLO.S/LLK,
3'KRAINC..CIII....Cl".......llll(RAINF&LL CGOEJ.--.-....-'!IS/].].’\'
G'KDRAINsaaaasersssssnsasasnssans {ORAINAGE COOENavnnnnnsna ' l5/11K,
SlKaDIOOOOCQClc.on..(GUTpUT FDR EVERY 1TERATIJN,IO'IOOOQQO'OISILLJ‘I
6’&002-!¢¢otll'n..{INPUT V:\RIQBLE IS pRESSURt HEAD}...U-.."IS/llX'
T'KGD5........-. o--q-(’l’tRITE MATERIAL PRDPI&RTIES].o-o..a-co'ilS/lle
B'KOD4ewaanesens e {SOLVE DHNLY FOR FLOw OR TRANSPIRTIveewese'y13)

1016 FORMAT (21545F1J.0,151)

1018 FORMAT{//5Xs»3{LH%),*ERRCP ZNCOUNTERED wHILE REAGING INITIAL CONDIT
1I0NS, CHECK NODE', 441X, "EXRFCUTIUON TERMIMNATEJD',3(LlH*]]

1020 FORMAT(//LLXxy'RECEFINED SURFACE VALUSS'/LLXy24(lr=}/L1X,* ITERATICN
10,7X,'MOTIS5Te CORT. ' p4X, "PRSSSURE Yy 4X, "GRADIENT '} '

1022 FORMAT (/789X Sl LH%), "PROBLEMS EMNCOUNTERED wHILE PCOEFINING SURFACE
LPRESSURE VALUES » cXZCUTION TERMINATED',1X,9(LlH=)}

1024 FORMATI{L3X»I9+3XyF1le4raXyFLO.334:FL04)

1026 FORMATI//11x,"INITIAL COMDITIONS*/11A,1311H=3/23X,9(01H=-],'PRESSURE
1 HEAD' 49U LlH=} 353X 3(LH=) ) *MIISTURE CUNTENT'y3LLH=1 45Xy S{IH-14* CORNC
2ENTRATION'pB{LH-)+2Xs *INDICES?/L1LX, *HWDOCc DOEPTH FUNCTN URAD F
3tL/3) F{2/3) FUNCTN FA{L/3) F(2/3) FUNCTN GRAD FL{1/3
) FL2/3) MAT  INTY)

1028 FORAATIIOK s I 4sF Tal s lX24FBa2s3Xv3F3,493%:4FB84341X42131)

1030 FORMAT(LIOX +l 4y F 7ol sl Xe2FBa2 19X F344,19X%,2F8.3,17T0,13)

1032 FORMATL// 11X " INITIAL INFILTRATION RATE' 1iX,Fllea, /L iX,PINITIAL O
LRAIMAGE RATE' 15X, F1L,&4/1LX"INITIAL AMJUNT OF MOISTURZE IN PROFILE
2V FEIe4/L X "INTITIAL MASS IN SOLUTICN'y12XsFll.%)

1034 FORMAT (1H1,10X, *SGIL~HYDRAYLIC PRIPERATIZS {(MJISTURE CONTENT AND RY
IDRAULIC CONDUCT IVITY )/ LLX s TLOIH=/ /13X 5016K ' 5IIL"/LLIX P PRESSUR
2EY 10K, 13441 LTX, I3 /13X THEAD! v 5{8Xy *ml T46X,'COND" 1)

L1036 FORMAT(LOX»Cl0.351X05{2XFT.4s01la3))

1038 FORMATL//LLIN+'PRHYSICAL AMD CHEMICAL SCIL PROPERTIEZES'/L1X.3T{1H=)//
L10X, "MATERIALY 45Xy "EULK' y X 'O IFFUSTONY 20X, ' ADSORPTICN + 34,12 {1h-
2}y "DECAY CCEFFICIENTS o120 LR~} /12K "INDEXAT 42Xy 'DENSITY 44X, LO2rF]
BCIENT s aXy PDISPERSIVITY " p X 'CONSTANT ' 44X, 'O-TH{LIQUID) " p2X¢*1=3T1(
SGLIQUIDIY 24X, '1-ST{SCLID}I)

1040 FORMAT(LIX, 14,3 X TIFLOL4s4X))

1042 FORMAT{1HL)

RETURM
END
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SUBRIOUTINE MATEQUINN, KRATN,KDRAIN,DELTySUMT,EPSTRAIN,ORAIN)
PURPOSE: TO CALCULATE THZ GLOBAL MATRIX EQUATION

COMMON JONE/ X(30), ISPR{20), INTL30}, P{60), PE(60), CL6Q)

COMMON /TwQ/ S(6d.a), F{GQ)

DIMEHNSION FE(443), UX(443), SRLLO), TioM)

DATA FE(Lo1),FZ{3,3),FE{Ly2}2FE(3,2),FE{L,3),FEL3,13,0K{1,1),DXl1,
13),0X01 92} ,0X0342) yUXtZ241)+0X{3,3)/2%,9206488,2%3.5:2%.90791512,2%~
24285714, ~ 75,75, 2%.4285714/

NE=MN-1
NM2=2%NN
Nl=MNNZ2-1
N2=HN2-~2
N3=NN2-3 )
HEQ=N1-KDRAIN/3
EPSM=EPS1-1.

02 2 I=1sNN2Z
TEI)=0.,56{(PLI)+PELT]]
00 2 J=2+44
S‘X’Jl=0.

----- CONTRIBUTIONS OF NODAL INTEGRATION POINTS ~=----
DO 4 I=1,NN

LL=2*%1~1

Ll=LL+l

[1=MAX0{I=1,1)

SI=MINOLL+15MN)
ELL=0.05%{X(JJ)=X{11))
MAT=ISPR{I)}
CAPL=SPR{MAT 3, TILL) }*ELL/DELTY
COMNDL=SPRIMAT, 2, TILLII*EL]L
S5{LL,1}=CAPL
StLL,L)=EPS|#CONDL
F{LLI=CAPL=P{LL)
FiLli={EPSM*P{L1I+].)=COND]

----- ELEMENT LOCP; CONSTRUCT GLOBAL MATRIX =---=-
DO 12 L=1,NE

LL=2%L-2

Ll=LL+]

L2=LL+2

L3sLL+3

La=LL+4

EL=X{L+l)=-XiL}

----- CALCULATSE HERMITIAN BASIS FUNCTIONS —-=——-

FE(2y1)=,1181835%EL
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FE{2,2)=.125%20

FEL2,3)=.C024606T706%E1L

DX(2,1)=.199377T+EL

DX(2,2)=-.125%EL

DX(2s3)}=~.1279491=ECL

00 & K=1,3

FE{a+K)=—FE({2,4-K])

OX(4,K1=0X{2,4-K)

————— CALCULATE MATERTAL PROPERTISS AT LOBATTO POINTS ——-—-
Wi=FE{L, LI&%T{LL}+FE{2, 1% T{L2}+FEL3y LISTILII+FE(4,1)%T(L4)
W2=FE{ L2} T{LL)+FE(2,2)%T(L2)+FEL3,2)%TIL31+FC 4,21 %T (L4}
W3=FC(1,3)%T{LLI+FE{2,3)xTIL2)+FE(3,3)*TIL3}+F={4,3)1%T{L4)
MAT1=IS5PR(L)

MATZ2=[SPR(L+1})

G2=,0861809+,101835*FLCAT{INTIL))

Gl=1.083889-G2
CONDL=(GL*SPRUIMATL,2,W 1) +G2®SPRIMATZ,2,WLl}}/EL

COND2= . TLLILLLI= (APRIMATL 2,420 +5PR(MATZ 1 2H2))/EL
COND3={G2%SPRIMATL) Zym3) +GL*SPRIMATZ,2,W3) ) /EL
ELL=.25%EL/DELT
CAPLI={GLI%SPR{MATL, 2, wl)+G2=SPRIMATZ,3,wWl) }*ELL

CAP2= . T11LlLLl={SPRINATL 3, W2} +SPR{MAT2,3,m2))=ELL
CAP3=(G2%SPR{MATLy 3,3} #G1+3PRIMAT2,3 k3T I*ELL

----- ADD SLESMENT CONTRIBUTIUNS TO GLGBAL MATRIX ———==-

K=0

DO 10 I=l.,4

Il=LL+1

0C 13 J=l14%
w1=Dx{J.l}¥DXiI,11*C0N01+DX{J,2}*DX(E,2)*CONDZ+DX(J.3!*DX(113}*
1COND3

W2=FE(J s LI*FE(Ly LIRCAPLI+FE(J 21 FELL 2V %CAP24FE(J3)%FE({],3)%CAP3
Jd=Jd+1l-1

K=K+l

S{IT Jdd)=SlIsdIl+enl=cPSI+NH2

SR{K}I=H1*xEPSH+H 2

----- CINSTRUCT RHS VECTOR ———-
EL1=4214235T7=zL*{CONDL+1.T5*COND2+COND3)
FILI)=F(LI)+SRILISPL{LL)+SR{2)#P{L2)+3R{3)*P(L3)+SR(4)*P(L4)-cLL
FILZI=FILZ2)+SR12InPiLL)+5RI5)I*P{L2)+3RI6I*PILII+SR{TIRNPILAIF
11.0990083%4%C0OND L=, G625%CIN02-.00639T45*COND3 I »ELREL
FIL3)=F(L3)+5R{3I=P{LL)+SREGIsPIL2I+3R{BI*P(LIN+SRIFI*xP(L&}I+ELL
FlL4l=F{La)*SRISIFPLLLI+SRITI®PIL2)+3R(G)*P{L3) +SR{L01*P{L4) ¢
1. 0G96889%CIND3—.0625%CIN02-.0635746*(ONDLI>EL¥EL

““““ INCLUDE BCOUNDARY CONDITIONS —--=--
[FIKAAINLEQ.L) GT TO 22

s{l.,1)=1,

FLL)=B8CL{L,5UMT)

DO 20 I=2+4
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20

22

24

26

27

28

29

33

32

34

MATEQ

FEID)=F{I)=S{1l,1)*F{L])

$(1.10=0,

GJ TO 24

$t2,11=1,

Al=AMINI{C 5,100/t X(21-X(10))

W2=14—Bl(2,SUMT I/SPRITSPR{L1Y.2,PE(L]))
FE2)=2(1a=WlI*PE{2) #nl=y2

RATN=(BCL2, SUMT I+RC (2, SUMT=0,5%DELT} *BCL12,SUMT-DELTY )/ 3.
FLLI=FLLI=S{L,2)%F{2)1+RAIN

FUAY=FL34~-502,2)%F (2}

Fla)=Fla)-S(2,31%F(2)

S{1+21=0.
502,2}1=0.
S12,31=0.
CONTINUE
IF{KDRAIN-2) 26,428,30

[F{RDRATNSEW.O) GU TO 27

MAT=[SPRINN)

DRAIN=C 5% (SPRIMAT, 2,P(NL}I+SPR{MAT,2,PZINLI D)= (L.-P(NN2)}
Ga TO 29

FINL)=F{NN2)=S{NL1+2)*P(N1}

FANZI=F{NZ)-53{N2,2) =P (N1}

FINZ)=F{N3)-3({N3,3)%P(N1)

SINLs11=S(NN2,1}

S{NZ2,2}1=5(N2,3)

SIN3,3)=5IN3,4)

GO TO 32

PE{NNZ2}=0.5%(PEANN2) +1-CRAIN/SPRIISPRINNY y2,PZ(NLI))
FINLI=F{NL)-5(N1,2)=PEI{NN2)~DRAIN
FINZ)=FIN2]=S(N2,31%PE[NNZ)

FINZI=F{N3I=S{N3,4)%PE(NN2)

Gl 7O 32

FIN2I=F(N2)=S(N2,2)=P(MLI~=S5{N2:3}*P{NN2)
FANII=F{NI}=SIN3 3 1*P{N1}-S(N3,4)%P(NN2]

CONTINUE

----- SOLVE FOR UNKNOWNS —-—=--
CALL BANSOLINEQ}

—— i s s

DO 34 [=1,N2

PELLI=F(1)

IF{KORAINLEQ.D) PEINN2)I=FINI1L
IF(KDRAINGLEQ.L) PEINLI=F(HMNL)
RETUARN

END
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MATSD
SUBROUTINE MATSCUNNyKRAIN,DELT,SUMT)

PURPOSE: TO ASSEMBLE ANG SJILVE GLOBAL MATRIX EJUATION FUR TRANSPORT

COMMON /ONE/ X(30), ISPR(301, INT(301, Plo0}, PE(SO), Cl60OI

COMMIN /THREE/ S{6C,7), FI64Q)

DIMENSION FEl4,3}, DAL4,3)

DATA FECL 1) FE(3) 21 FE(L42) 4 FEL3,2) FELLy3),FE(3,11,0X0L,1),0X(],
L3V 1DXE192090XI3+2)900&03 1) 4DX{3,3)/2%.920848842%0,5,2%,0791512 2%~
2e49285T14y=oT54.75,2%.4285T14/

NE=NN-1
NNZ=2%NN
NEQ=NN2-1
DEL=2./DELT
DO 2 I=1,NN2Z
03 2 J=1T

2 S{Il+Ji1=0,.

----- CONTRIBUTIONS COF NODAL INTEGRATION POINTS ==——-
DO 4 [=1.NN
Li=2%]1
Ll=LL+1l
MAT=1SPR{I)
TI=MAXO{I-1,1])
JU=MINOLT +1,NM)
EL1=.025%(X(JJI-X{T1[))
RTK=SPS{MAT 1} #SPS{MAT, %)
DIF=5PS(MAT ,2)
DSP=SPSI{MAT,3)
DL1=SPS{MAT,6]
DS1=5PS{MAT, T)
UM=SPRIMAT, 2,PE{LLII={1.~PE{LL]}])
QU=SPRIMAT ,2,P{LLII={1.=-P(L L))
WON=SPR{MAT, 1,PE{LL)}
WCO=SPR{MAT, 1+P{LL))
SILL»4)=ELL*(WCN={ DEL-DLL}+RTK*(DEL=0S1))
S{L1,y3)==ELL1%QN
S{LL ) =ELL*(ACN*OIF+DSPHABS (AN =, LOGEEOTRINRQN=DELT/ {wCN+RTK })
FILLY=EL boClLLI*{ACO=(DEL+DLLI #+RTK*{DEL+0SL I I+ELL={ WCO+wlN)I%SPS{MA
1745}
4 FILLI=ELL*(QO#C({LL)-ClL 1= (WCO=UIF+DSP*ABS{ QO +. 166666 7*Q0=QD*DELT
L/AtwCO+RTK )} ) )

----- LOOP OVER ELEMENTS =====
00 10 L=lsNE

Li=2%_=-2

Ll=LL+l

L2=LL+2

L3=LL+3
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MAT SO

La=LL+4

T==== CALCULATE REMAINING HERMITIAN B8ASIS FUNCTIONS -—---
EL=X(L+1li=-XiL]}
FELZyll=a1181895«EL
FEl{2+2)=4125%EL
FE{2:312.0246676%5L
DX12,13=.199377 7=,
OX{242)==.125%EL
DX(213)==,1279491L%EL
D0 & K=1,3
FE(44K)=-F2{2,4-K)
DX{4sK)=0X(2,4-K)

-——-~ CALCULATE MATERIAL PROPERTIES ~——=m

MATI=1SPR(L)

MAT2=ISPR(L+1) ‘

GLl=.5208488-.093522%FLOAT(INT(L))

G2=1.-G1
RYK=GLASPS(MATL , L)%SPS(MATL,4) +G2#SP S(MAT2, 1) =SPS(HAT2 4}
OIF=G1%SPSIMATL, 2} 4G25SPS{HAT2,2)
DSP=GL*SPSIMATL,3)+32%SPS(MAT2,3)
DL1=GL*SPS(MATL 10} +G2#SPS(MAT2 ,5}
OS1=GLleSPSIMATL 71 +G22SPS{MAT2 ,7)
P1=.92084d3%P(LLI+ 079151 24P{L3)+FE(2, L)%PIL2)+FE (4, LI4P (L)
PEL=49208488¢PE(LL)+.0T915L2%PE(LI I +FE(2, L1 4PELLZ) +FEL4s L) *PE(LS)
P22.8571425%(PIL3)~P L1} /2L +.3987554%P(L2)-.2558982%P(L4)
PE2=485T1429%(PEIL3)~PEILL))/EL+.3987554%PE(L2)~.2558962%5PE(L4)
BNIZ0.5%(GI*SPR(MATL,2,PZ 1 +G2%SPRIMAT2 v2,PEL) bwll,-PE2)
BOL=0s5%(Gi*SPRUMATLZ PL)+G2%SPRIMAT2,2,P1)) %(1.-P2)
ACN=GL*SPR (MATL, 1, PELI+G2%SPRIMAT2,1,PEL)
hC3=GLKSPQ[MAT1,L,PLJ+GZ“SPRIHAT2fl,P1]
CH1=0,25%EL=( ACH*{ DEL-CL1}#RTK % (CEL~DS1})
CDI=D.25*EL“(hCD“(DEL*DLlI+RTK*{DEL+JSIIJ

ANL=LOTF®nlNF2, *2SPXABS [BNL b=, 666666 T5BNL*BNLADELT/ (WCN+RTK 1/ EL
ACL= (OIF*WLD+2. %050 ABS (B0 L)+, 660666 T*BOL*BOL*OELT/ (WCO+R TK) ) FEL
Tl=o 13610 LL%ELe [WEOFACN I F{G1%S PS (MATL 51 +G2#SPSIMAT2,5] )
RTK=0.5%(SPS{MATL, LI*SPS(MATL, 41 +SPSIMAT2, 1) %SPS(4ATZ,4) )
DIF=0.5%(SPSIMATL, 2) ¢SPSIMAT2,2))

DSP=0.5¢ [SPSIMATL, 3) +SPS{MAT2,3))
DLL1=0.5%(SPS{MATL, 0} +SPS{MATZ, 6] )

DS L=0.5%{SPSIMATL, T)+SFPS(MAT2,T)}
P1=0.5=(PILLI*P(LI) ) +FE(2,2)%(P(L2)-P{L4})
PEL=0.5%(PE(LLI+PE (L3} I+FE(2,2 }¥(PELL2) ~PE(LS))

P2=1.5% (P{L3}~P (LI} )/EL~a253({P (L2)+P{L4))

PE2=1.5%(PEL{L3) -PE{LL})/EL-,25%(PELL2) +PE(L4) }

BN2=U,25% (SPRIMATL42,PEL} +SPRIMAT2,2,PEL))=LL.-PE2)

BO2=0.25% (3PO(MATL,2,P L) +SPRIMATZ 2,PL} )} 4(1.-P2}

WCO=0 5% (SPRIMATL,1,PL)+SPRUMATZ,1,P1))

WCN=0.S={SFRIMATL, L,PEL)+SOR(MAT2, 1,PEL})

CM2=0.25%EL* (WCN*[DEL-DLL ) #RTK*(DZL~DSL) }
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CO2=0.25%EU*(WlC=(DEL+COLL)#RTK={OCL+DS1})

ANZ={DIF*a(N+2. %D5PEABC (BN2 -0 666566 TBN25AN2Z =0 LT/ {WCN+RTK) }/EL
ADZ=(DIF®Ewl0+2.205 % 2a5(BO2 )+, 666666T7*BA22302%0c LT/ {wCO+RTK))/EL
T2=.,008889* L x| wlS+ulNI=(SPSIRATL, 51 5P 5(MAT2,5))
RTA=G2*SP3{MATL, LI=SPS(MAT L 4 +GL*SPS{MAT2,1)1%SPSIMAT2,4)
DIF=G2%3PS{MATL ,2) +G1=5P5{AAT2,2])
DSP=G2%SPS(MATL 431 +G1=SPS{MATZ,3)
OL1=G2%SPS{MATL 6} +G1=5PS(MAT2,0)

D51=02%SPS{MATL ,TI+G1%S5PSIMAT2,7)
PLl=,0791512%P{L1)+.92084du*xP(L3)+FE(2,3}*P(L2}+FE{4,3}%P(L4)
PEL=,079L512%PS(LLl)+.932C84d3%PE{L3)+FE(2+3)*PS{L2)+FE{4,3}=PE(LS)
P2=,85T7142G% (P{LZ)=PLLLYII/SL-.2553982%P(L2)+.3937554%P(L4)
PE2=43571429%(PEIL3)-PEILL})/EL=.2558982%PELL2)+,3987554%PE(L4)
BN3=0,5%(G2%5PA{MATL 2, PELI+GL*SPRIMATZ,2,PEL)I%¥{L.~PE2)
BO3=0.5%(G2=5PR{MATL+24PLI+GL®eSPRIMATZ,2,PLE}*(1.~P2)
WON=GZ%3PR{MATL L,PEL)+G1*SPR{MATZ,1,PEL)
WCO=G2%5PRIMATL 2. PLI+GLI%SPR{MAT2,1,P1])

CH3=0 . 299 EL = (wlhx{DEL-DL L }+RTK=(D2L-051)}
CO3=3.29%EL*(mCO®{UEL+DLL}#RATK=(DEL+DSL))

ANB=(JIFEWCN+2 . %OSP2ARS(BN3 -, 606066 THEN3=BN3I®DELT/ {WCN+RTK)}/EL
AJ3=[0DIF®hlU+2,*=D3P~AB5(B03)+.,666606T%E03=B0340ZLT/ {WCO+RTX))I/EL
T3=, 1361111 #cLe{ WL+ NI (G2RSPSIMATL,BH+CL2SPS{HATZ,5))

===== ASSEMBLE GLOBAL MATRIX EQUATION ==—w=-

DO 8 I=1,4%

[I=LiL+I

FOTL=FLIT Y +Ti2FE( I, 1) +T2%FELL,21+T5%FE{L,3}

GO 8 J=1,4

JJ=J+4-]

S{LisJJI=SUIT JII+.5444404% {ANL*DX(J, LI*0DXI T, LI +ANIRDX 1Sy 30%0X{1,3
1)-BNL=FS(Je EISOXE T3 LI-BMISFE{J 43 20X 1,3 ) +CNLRFE{J L =F2L{ L, L) +CN3%
PFE(JpIVRFEL T3 0+ TLLLILLLR{ ANZRDXL J,2)%0X{1,2)-uN2SFELJ+2)%0X{1,2)
A+CN2=FELJ s 21%FE(142))

B FUITI=FIII)-CILL*¥J 1% 54444844 % (ADL20X(J,2)%0X (1,1 )+A03%DX{J,3}%0X1{
11,31 =8012FE{J+1)0X0 T, L)-8032FE 0,3} =041 ,31-COL*FE(J+1}%FE(],L)~
2C03%FS{dy 31 ®FS{ 1,3 ) 1+, 711111« {A02%DX(J,2) 20K 1,23-06J2%FE(J,21*DXI
31,2)-CO2%FECM 2¥=FE(L,2) 0]

10 CONTINUE

----- END OF ELEMENT LOOP -——-
IFI{KRAIND 124124106
L2 DO 14 Jd=1,1
14 3511,J}=0.
Stlyad=1.
FUly=BC(3,35UMT)
GO Ig 29
16 F{L)=F{})#{AMAXL{D4+BC( 2y SUMT-DELT)*3C{4,SUMT-0ELTI ) +AMAXL{0.,BC{2
1y SUMT—0LS%DELT %30 {4, SUMT~0,5%0ELT 1) +AMAXLI {04 ,bC{2,SUMTI#BC {4, SUMT
21114 3.
Dd L8 Jd=1,7
18 5(2:+43=0.
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20

22

MAT SO

MAT=TSPR(1)
S(2+3)=8CL2,SUMT)/SPRIMAT,L,PE{1))
S(2f4i=-SPS(WATu2i-SPS{HATp3l*ﬂBSIS(2p3ll
F(2]=AHAX1(0-!S{2r3}}‘SC(QtSUHT,

wewme= LIWER BIUMNDAKY CONDITION {DC/DX=0)
SINEJdsDI=0.
SINZQra)=SINZI, 41 +0.5%SPRITISPRIMNDY 42, PE(NEQ) =L ~PE{NN2))

FINEG)=FINCQ)=0,0%SPRIISPRINNI y2,P{NEQ})I*{L.-P{NN2) I*C{NEQ)
SINEQ-1,6)=0.

S ‘NSQ_Z’-,l:"O.

"""" SILVE FOR NEW SCLUTICON VECTOR ===—w
CALL SOLVE(NZG)

DO 22 1=1,NEQ

Cll)=F(1}

RETURN

END
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PRINT

SUBRQUTINE PRINT{NN,RAIN,BRAIN,SUMT,ISTEP tHITsNITT,DELT »THINIT TMI
iNF}

PURPOSE: PRINT PRESSURE HEAD, MOISTURE CONTENTS AND CCNCENTRATIONS

COMMON /ONE/ X130}, ISPR(30}, INT{30}, PL&0),y PEI(50), C(60}

NEzNN-1
SUMTL=5UMT %24,
SUMT2=SUMT 1280,
WRITE{6,10062) SUMT,SUMTL, SUMTZ,DELT,ISTEP ,NIT,NITT
TMASS=0.
TMIN=0.
DO & L=1,NE
Gl=usT407407-.UT4074L*FLOATIINT(L))
62=1.-G1
[=2%| -1
Ii=1+1
12=1+2
13=1+3
MATL=[SPRI{L}
CMAT2=1SPR{L+L}
EL=w3333333%={X{L+L)-X(L}])
Pl=a74076437=PE{ 1) ¥, 2592593 %PE(12)+.2222222 %L %(2  *PE(IL)-PE{I3})
P2=e2592592%PE( 1+, 740T407*PE( 12)+.22222222EL % (PS({1L)=-2.2PE({3)}
Cl=o7407407=CI 1)+, 2595256350 {[2)+.2222222%EL%(2.%C(I1}-C(I3)}}
C2=,25923G3%C (T )r, T4l T40T=C(l2}+. 2242222*EL*(CI'll-2.*CiI3Il
L1=SPR(AATL,1,PE(T1)]
L2=G1%SPR{MATL, L PL}+G2%SPRIMATZ2,L1,P1)
Z3=0G2=5PRIMATL, L,P2) +51%SPR(MATZ,1,P2)
L4=SPR{MATZ,1,PELLIZ))
WRITECOS,L004) Lo XIL)2PECIY»PECTIL) yPL P24Z1922423,C81),C1I1),C1,C2
THASS=THMASSHEL*( 055 {2Z1sCL I 1+24%C {12 12+22%C1+23%C2)
4 TMINSTMINSEL=(D,.5%5 (21 real+22+23)
WRITEL6,10061F NNy XINN) s PE(IZI PELI3) 424,4,C012),C1(13)
THAINCR=TAIN=-TMINIT
WRITE(6,1008) RAIN,TMINF,DRAIN,TMINCRy TMIN,; TMASS

—— ot

1002 FORMAT(//LL1X ) 090 IH®=)/L1IX, *ELAPSED TIME! 85X, Y DAYS 46X, *HOURS H, 7, !
IMINUTZS ' y 38X+ "OELT? » 31Xy "ISTEPY ,5X,'NIT NITTV/24X+2F10.4,281%.4%,2
24X+ 3(aXs14)/ /723X, 90 LH~} 4 "PRESSURE HEAD',8(LlH-} 60X, =-=-=MDISTURE CON
BTENT===1,4X,B{1H=) py tCONCENTRATION' y 91 LH-}/1L1 X, "NOUE DEPTH Fu
4NCTN GRAD F{l/3) F(2/31',0X,"FUNCTN FLL1/3) FL2/3) FUNCTN
5 GRAD FUL/3)Y FLZ27301M)

L0004 FORMATILOX,[a,F 9ul 13X 4F8.2,4X,3F3.4,2X,4F8.3)

1006 FORMAT (10A ) [4sF 5.l s30)2F8.2+20XF83.,4,18%y2FB.3})

1038 FOAMAT(/LL1X,'INFILTRATION RATE'yL6(1H} sFB.3,13X: '"MJISTURE ADDED T
10 PRDFILE':LZ(lH.l.FS.S/IIK,'DRQINAGE KATE'+20(1H.) yFEoa3 415X, M31S
2TUKRE INCREASE IN PRCFILE'»9(1H.),FB8.3/11X, 'TITAL MOISTURE IN PROFI
3LEY, 81 LHG)FB8.3,15X%, " TOTAL MASS IN SOLUTICN's15{1H.),F8.3)

RETUAN
END

=
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SOLVE

SUBROUTINZ SOLVEIMEQD

PURPOSE: TO SOLVEZ THE GLNBAL MATRIX FQUATION FOR TRANSPORT
COMMON /THREE/S 5060,7), FI{6]}

NL=NEQ—-1

DO & K=1,Nl
P=1./5(K,4]

KK=K+1

KC=4

B & I=KK,MEQ
KC=KC~-1

IFIKC) 6+6,2
C==P=5{I,K(}
S{IKC)=C

[1=K(C+r1L

L=K{+3

DO & J=1l,L
Jd=J+4=KC
SIT,JJ)1=501,J}+C=StK,JJ}
CIOMNT I[NUE

0O 14 I1=2,MEQ

44=5-]

11=1

IF(JJ) 3+.8,10

JJ=1

[1=1-3

SUM=0.0

00 12 J=Jd,+3
SUM=SUM+S{ [, J)I=xF{L]])
I{=11+1
FLIY=F{I)+5UM
FANEQ)=FINEQI/SINEQ, 4}
07 18 K=1,H1

=EQ-K

Ji=1

M=MINO(Ts4+K])
SUM=0.0

DO 16 J=5,M

H=ddel
SUM=SUM+S({ ", J)xFlJJ)
FEL)=2(F(I-SUM) /501 4]
RETURN

ENG
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SPR

FUNCTION SPRIMAT.N,PR)

PURPQOSE: TO CALCULATE THE SOIL-HYDRAULIC PROPERTIES

DIMENSIIN WCRUE9), WCSUS), ALPHA(G), RN(3), CONDS{9), SS5(9)

DATA WC/423054253+ 0 170 elblival50yo140sallly 12040.1207,0057.540
Lraf0Un a7y aallyoé5dsad400a431l10a4244,.420/ALPHA/S035,.009,.010,
2s01036,.310805.01L2U,401156,40l182,00L23/AN/L.6Is34U,24092.1T78,2,
3405 2.00¢2.77312.5.L+3.00/,C0MI5/293104+75.5132.81205492270.+¢32T.8,
43?1.- lr‘r\)ﬂ-/;SS/‘ME"O?;5-E—Od,L.E-OTpL-E—OT;l-':'.-O?pl uE‘O?vloE"O?’
SLJE-0TsleE=210/

DATA CCNOM/1.2-03/

[FIPRIL,10,10

=ABS(PR)

A=ALPHALMAT }

R=AN{MAT])

S=la-=1./R

THZTA={l. +{A®P) xR }=x{ -5}

TFiN=Z} 2!‘?!6

SPAI=WCR(MAT ) +{wCS{MAT)—WCR [MAT})®THETA

RETURN

T=la=THITA={A®P )x=({2~1,)

[FITHETALLT.0.04) T=3#THETAR=(1./5)

CUND=CUNDS{MAT)I®SOATITHRETAISTXT

SPR=AMAXLICOND,CONDNMI

RETURN

T=Ll.+{A=P)=kR

C=nCR{AAT I+l wCS{MAT ) =-WCR {MAT} }=THETA

SPR=Awl=-nCRIMAT })={R=-1. )% A= {A=P)*={R-1.}/T + WCESS(MAT)/WCS{MAT)

RETURN

GT T3O (LZylaylb,Ll3) N

SPR=WCS(MAT}

RZTURN

SPR=CIONIS (MATY)

REZTURN

SPR=5S5{MAT]

ACTURN

THET A= {PR=nZRIMAT} ) A {nCS5{MAT)-WCRIMAT))

R=RMN{MAT]}

5=R/{l.-R)}

IFITHZTALGT L0.999%5%9) G3 T4 20

IPR=—[THETA¥=S=1.}o=(1./R)/ALPHALIMAT)

ReTURN

SPR=0.

RETURN

END
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SPS
FUNCTION SPS(HMAT, N}

PURPQSE: TO SUPPLY PHYSI{CAL AND CHEMICAL SCIL DATA

BULK DENSITY

DIFFUSION COEFFECIENT

DISPERSIVITY

$ ADSORPTION CONSTANT

t  ZERO DRUER L [WUID PHASE DECAY CONSTANT
i FIRST OADER L1wUTOD PHASE DECAY CONSTANT
: FIRST ORDER LO0LIO PHASE DECAY CONSTANT

am dv B

ZZFTZ2E2ZZ
N nowouonon
B IR - PR L

DIMENSION RHUO(9)y DIF(S), DSPL9), ADC{9), DLO{Y}, DLL(9), DSL{S}
DATA RHI/ 1.22,148091.41+124341.45691,69,1.5L31.53,1454/y DIF/ 9%0.6
17/+ DSP/3.5042.C0,3.00,2.7312.40,2.1051.83+1.63,1.507y A0C/.500,.2
2001.300!.247[.180!.LZO!!Oé?’lOZ?’O./! DLO/larU.p.B;-Qﬁ,.lSaoO3g.00
32]0.13[/' DL1/-010’00l_'OQZr—!J?Zf—l048'-COZQI-.OUQU_.COZ'OQ/P 051
Q/—OOBQOtl_.046'-ou3é!—-024!-t012!_.OOQs'-.UOL'OO/

- —

GO TD (2+416+B8, 10, 12,414} ,N

2 SP5=RHOIMAT)
RETURN

4 SPS=DTF{MAT)
RETURN

& SPS=DSPIMATY
RETURN

8 SPS=ADC{MAT)
RETURN

10 SPS=DLO(MAT)
RETURM

12 SPS=DLL1{HAT)
RETURN

14 SPS=DSL{MAT)
RETURN
END








